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pLt QO XwYNx@ w |vRw |vD@ |=yOU CUOq=@ xHw QO |oOQwNlQD |xO}OB RwQ@
ẁkw x@ uRNt |m}D=DUwQO}y Q=@ R= |W=v |WWm |=yVvD O=H}= p=@vO x@ xm xvW=B

x@ xHwD =@ "CU=yxR=U ẁv u}= QO ptDLt |=y?}U; `=wv= u} QD`}=W R= |m} 'OOvw}B|t
uDiQo Q_vQO 'QwmPt |WWm |=ylQD pN=O x@ uRNt Oy pO=at |Q=Wi =@ ?; OwQw u=mt=
|}x_Lqt p@=k Q}F-=D Ov=wD|t xR=U |oOQwNlQD R}r=v; QO lQD pN=O ?; Q=Wi |ak=w `} RwD
`} QUD =Q lQD |wQW}B xH}Dv QO w OW=@ xDW=O lQD lwv h=Q]= QO VvD u=O}t C}a[w QO

lQD pN=O ?; Q=Wi `} RwD p=ta= CyH Q[=L Q=DWwv QO xOWx�=Q= |WvmQOv= pOt "Ovm
|oOQwNlQD |R=UpOt |=Q@ |WNQJ |WNB lQD pOt "1 %CU= |rY= VN@ wO pt=W
pNrND ?} Q[ w |}xQiL Q=Wi sQD wO uOQm xDU@=w w Cw}=@ QF-wt VvD |xrO=at "2 &uD@
=v} wm |vRw OU 'Q[=L Q=DWwv |xt=O= QO "xOQwNlQD u=tr= CQ=UN u=R}t x@ \}Lt QF-wt

w OU |rm MU=B QO xO}OB u}= |Q=PoQ}F-=D OvwQ w ?=NDv= |OQwt |xar=]t l} u=wvax@
u; R= |m =L xOt; CUOx@ G}=Dv "CU= xOW xar=]t ?q}U |Q=PoQ=@ QF= CLD xR=U |Q=O}=B
u}vJty w OU |@=QN OvwQ QO |}x_Lqt p@=k Q}F-=D 'lQD pN=O ?; Q=Wi p=ta= xm CU=
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'?q}U Q=@ '|oOQwNlQD '|vRw |vD@ OU 'lQD pN=O ?; Q=Wi %|O}rm u=oS=w
"|m}rwQO}y CUmW

xtOkt "1
CN=U u}L QO |}=QH= C=_Lqt T=U=Q@ xm |ki= |=yRQO 'Qo}O |wU R=
OU QO h}a[ C=LiY u=wvax@ 'OvwW|t x}@aD |v}at |a=iDQ= pY=wi QO w OU
"OvQ=O |}=RUx@ Vkv OU |oOQwNlQD pQDvm w C}=Oy QO wQ u}= R= w Ovvm|t pta
=yu; `=UD= =} w VWm s}kDUt QF= CLD CUOq=@ CtU R= QwmPt |=yRQO |oOWR=@
QO w OwW|t RQO pN=O x@ Q=Wi CLD ?; OwQw Ea=@ '|a=HDQ= Q}e VRer u}L QO
"OW Oy=wN p=ta= RQO |=yxQ=w}O x@ xOQDUo |wQ}v l} CQwYx@ ?; Q=Wi xH}Dv
|ki= |=yRQO pLt QO sy w OU |xvO@ QO 2xOWVNB |=ylQD QO sy u}=Q@=v@
uOW R=@ =} w CQ=UN ẁQW ,=twta hQ=aDt |m}D=DU= |=y|Q=PoQ=@ QO xm � |}=QH=
=} lQD |=yxQ=w}O x@ ?; Q=Wi p=ta= '�ODi=|t j=iD= OU CUOq=@ CtU R= =yu;
pYi QO w OU |xvW=B pLt QO QwmPt |=ylQD Qo = "Ow@ Oy=wNv Q=_Dv= R= QwO 'RQO
CQ=UN ptLDt 3xvW=B RQO 'Qo}O CQ=@ax@ =} w OvwW O=H}= nvU w uD@ lQDWt
"OW Oy=wN p=ta= RQO =} lQD |rN=O |=yxQ=w}O x@ ?; Q=Wi Q=Okt u} QDW}@ 'OwW
Q@ OQ=w 4|xOvvmOvr@ |wQ}v xm xvW=B RQOpN=O QO QwmPt?; Q=Wi `} RwD|ovwoJ
VRer w |vwoS=w Q@=Q@ QO xR=U |Q=O}=BVy=m xH}Dv QO w Ovm|t O}OWD =Q OU |xOa=k
|=yptar=QwDUO QO EL@ OQwt syt C=aw[wt R= |m} 'CW=O Oy=wN x=Qty x@ =Q
|wQ}v '|vD@ |=yOU|@=QN R= xOW C@F j@=wU QO "CU= |vD@ |vRw |=yOU |L=Q]

R= |m} 'VWm QO uD@ ha[ p}rO x@ |vD@ |=yOU QO |oOQwNlQD |xO}OB
|xrLQt QO u=UOvyt VqD seQ|ra "CU= xR=U O}it Qta pw] QO `}=W |=yxO}OB
OU |xvO@ R= |WN@ xQ=wty 'lQD OaDUt j]=vt |R=Uxv}tm Qw_vt x@ OU |L=Q]
p}qO "OQ}o|t Q=Qk |oOQwNlQD ZQat QO |Q=OQ@xQy@ =} w CN=U pL=Qt |] QO
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|oOQwNlQD ptLDt R}v |O=a |Q=OQ@xQy@ \}=QW QO |DL |vRw |vD@ |=yOU
RQO '|ki= |=yRQO pLt R= ,=twta QwmPt |=ylQD '|vRw |=yOU QO [1]"OvwW|t
R= =yu; R= |Q=}U@ w [2]'OvwW|t ẁQW OU `]kt |v=yo =v Q}}eD C}akwt =} w xvW=B
=Q xvO@ uD@ pN=O x@ ?; Pwiv u=mt= xH}Dv QO w OvwW|t R=e; OU CUOq=@ xHw
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iQO "CU= ?U=vDt lQD |m}rwQO}y |oOWR=@ swU u=wD =@ lQD |v=QPo?;
[20�18]|r}rLD pL w xOt;CUOx@ |v=QPo?; ?} Q[ R= xO=iDU= =@ 'xt=O=
?; Q=Wi `} RwD '�=QPo =} s�=O CQwYx@� Vw=QD CqO=at [23�21]|OOa =}
CqO=at ?}mQD R= Vw=QD |xrO=at "Ot; Oy=wN CUOx@ lQD pN=O QO
u=} QH |=Q@ �|UQ=O |xrO=at� sDvtwt w �|oDUw}B |xrO=at� sQH |=k@
pN=O ?; Q=Wi |xQ=Ro uOQm OQ=w =@ uwvm = "Ot; Oy=wN CUOx@ lQD pN=O
u=wD|t '�11Cw}=@ QF-wt VvD |xrO=at j} Q] R=� VvD CqO=at QO lQD
|UQQ@ lQD C}a[w KqY= =} w CUmW |wQW}B w xaUwD QO =Q u; QF=

[24]"OQm
w ?U=vt |}=Qosy x@ uO}UQ =D 12|v=Uwv pL CQwYx@ xOWQmP |xNQJ Q=QmD
[25]'13Q}oQO ,qt=m CQwYx@ Vw=QD w VvD CqO=at |xawtHt u=tRsy pL =}
`=@W=Q}e =} [30�26]'�|R=i wO� `=@W= pNrNDt \}Lt l}v=mt ?wJQ=J QO w
hrDNt u=QoWywSB xm OvQ=O |Dwk w ha[ \=kv s=Om Qy [33�31]'�|R=i xU�

"Ov=xOQm |UQQ@
u=R}t |x@U=Lt |=H x@ 'CU= swO VwQ x@=Wt u; |rm |wor= xm swU VwQ QO "3
Vw=QD CqO=at pL TBU w �u; |oOWR=@ Q=Okt x@ xHwD =@� lQD |v=QPo?;
pN=O ?; Q=Wi `} RwD uDi=} Qw_vt x@ xOt; CUOx@ |v=QPo?; ?} Q[ T=U=Q@
|oOQwNlQD R= |W=v CQ=UN u=R}t ?UL Q@ ?; Q=Wi `} RwD ,=t}kDUt 'lQD
xH}Dv QO w Ov}=Qi |xt=O= [34]"OwW|t G=QNDU= |QDxO=U \@=wQ R= xO=iDU= =@ w
Q_v QO swO VwQ Ovv=ty R}v |oOQwNlQD C}a[w QO ?; Q=Wi p@=kDt Q}F-=D
|m} xm OwW K} QYD O}=@ swO VwQ =@ swU VwQ |xU}=kt QO "OwW|t xDiQo
uDi=} xH}Dv QO w lQD pN=O R= u=} QH |=QPo pL u=mt= 'swO VwQ |=}=Rt R=
pL u=mt= \ki swU VwQ QO xm |r=L QO 'CU= u=tR wQtrk QO Q=Wi |vLvt
sy=Qi xOQ=w Q=@ <=R= x@ w lQD pN=O QO Q=Wi |}=yv |vLvt uDi=} xH}Dv QO w s�=O

"Ow@ Oy=wN
'|U} wvOm j} Q] R= swU VwQ |xaUwD =@ =D CU= xOW |aU Q[=L Q=DWwv QO
Q_vQO =@ w ?q}U Q=@ QF= CLD |oOQwNlQD R= TB |vRw |vD@ OU l} Q=DiQ
|rY= R}=tD xHw Ck}kL QO "OwW |UQQ@ lQD pN=O ?; Q=Wi VvmQOv= uDiQo
|vD@ OU Q=DiQ QO lQD pN=O ?; Q=Wi Q}F-=D |UQQ@ 'x@=Wt C=ar=]t =@ Q=m u}=
QO w xO=U |WwQ R= xO=iDU= =@ xvW=B C}akwt QO |oOQwNlQD ẁkw R= TB |vRw
=v} wm |vRw |vD@ OU |oOQwNlQD p}rLD Qw_vt u}= |=Q@ "CU= |OQ@ Q=m p=L u}a
?; Q=Wi C=Q}F-=D |R=UpOt uwO@ w =@ Cr=L 2 QO �|OQwt |xar=]t l} u=wvax@�
|x}rm "CU= xOW xU}=kt QwmPt p}rLD wO G}=Dv 'xt=O= QO w xOW s=Hv= lQD pN=O
u=@ R R= xO=iDU= =@ OU |xvO@ |oOQwNlQD w VvD p}rLD s=Hv= |=Q@ sRq pL=Qt
xOW |U} wvOm FEAPpv OwOLt <=RH= |twta |xt=vQ@ QO uQDQi |U} wvxt=vQ@

"CU=

lQD |R=UpOt |=yVwQ "2
Cw=iDt x=oO}O 2 'OQ=Ov=DU= OwOLt <=RH= VwQ QO lQD |R=UpOt |=Q@ |rm Qw] x@
|oDUw}B=v 'OQivt lQD pOt QO "15|WNB lQD pOt w 14OQivt lQD pOt %OQ=O OwHw
Q}}eD u=O}t QO 17|wk |oDUw}B=v l} CQwYx@ 16VvQm RmQtD R= |W=v |m}D=tv}U
|=yxQo pLt R= lQD Qw=Ht |=yu=tr= uOW =OH u; |xtRq xm OwW|t p=ta= u=mt
Q}Ut R= x}rw= |v}@V}B x@ R=}v VwQ u}= 'xH}Dv QO "CU= lQD Q}Ut |wQ lQDWt

w =B wQ= |=yOU R= OQwt 3 smCUO |@=QN QO QF-wt pt=wa R= |m} u=wvax@ xOvvmOvr@
[4w3]"CU= xDW=O Vkv =m} Qt; |=yOU R= OQwt 4

CQwYx@ 5xOQDUo Q=@ l} p=ta= 'RQO =} lQD pN=O x@ ?; OwQw Q}F-=D u}rw=
pw= Owt 6VvD COW ?} Q[ V}=Ri= xH}Dv QO w RQO =} lQD |=yxQ=w}O Q@ |Q=Wi
u}= "OW Oy=wN lQD |wQW}B `} QUD Ea=@ ,=a@] xm CU= lQD lwv QO CUmW
xDN=vW 7�|}xwo Ci=mW QF=� u=wva =@ xm lQD pN=O QO ?; Q=Wi Q}F-=D |xwLv
OwN x@ =Q |m}rwQO}y CUmW x@ \w@ Qt |=yVywSB ẁ[wt u} QDW}@ 'OwW|t
u; |oOWR=@ V}=Ri= w lQD |wQW}B w OWQ u; |xH}Dv w [5]'CU= xO=O X=YDN=
p=ta= xH}Dv QO w lQD |Q}PBPwiv V}=Ri= x@ QHvt OwN |x@ wv x@ xr�Ut u}= xm CU=
w `} RwD R=@ |xNQJ ?}DQD u}O@ "OW Oy=wN lQD |=yxQ=w}O x@ QDW}@ ?; Q=Wi
Qo}O |wU R= lQD |wQW}B w xaUwD w wU l} R= lQD pN=O ?; Q=Wi |vLvt Q}}eD
u}= uDiQo Q_vQO "CW=O Oy=wN xt=O= Q=O}=B \}=QW x@ uO}UQ =D w xOv}=Ri= CQwYx@
R�=L Q=}U@ Ov=wD|t xR=U |vt}= w |Q=O}=B |UQQ@ =} VvD R}r=v; QO p@=kDt C=Q}F-=D
xR=U |Q=O}=B C=@U=Lt QO lQD pN=O ?; Q=Wi R= uOQm Q_vhQY "OW=@ C}ty=
xr�Ut u}= [6]"OwW u=v}t]= CyH hqN QO |Q=O}=B ?}=Q[ OQw;Q@ x@ QHvt Ov=wD|t
CUOq=@ |=ylQD pN=O QO |O}OW Q=Wi xm Ovr@ |vD@ |=yOU OQwt QO XwYNx@

"CW=O Oy=wN |}x_Lqt p@=k Q}F-=D 'OwW|t O=H}=
xHwD OQwt xOWQmP p@=kDt C=Q}F-=D uDiQo Q_vQO |=Q@ |OOaDt |=yVwQ
=Q QwmPt |=yVwQ u=wD|t xO=U |Ov@xDUO l} QO xm CU= xDiQo Q=Qk u=QoWywSB

%OQm s}UkD xwQo 3 x@
C=Oy=Wt x@ O=vDU= =@ R}v w x}rw= C=ar=]t G}=Dv T=U=Q@ =yVywSB R= |NQ@ QO "1
O=yvW}B lQD pN=O ?; Q=Wi `} RwD |=Q@ |YNWt |wor= ,=t}kDUt '|@ QHD
|oOvwWsQv C=@U=Lt w CU= lQD |oOWR=@ u=R}t R= |a@=D \ki xm OwW|t
|=yVwQ QO "OwW|t s=Hv= `} RwD u}= ^=Lr =@ |oOQwNlQD ẁQW R= TB VvQm
=} w |]N 'C@=F |xO=U `@=D l} R= lQD pN=O ?; Q=Wi `} RwD |=Q@ x}rw=
'C=ar=]t p}tmD =@ w xt=O= QO =t= [7]"CU= xOW xO=iDU= lQD pw] pm QO |tyU
lQD hrDNt |=yCtUk QO ?; Q=Wi h}YwD |=Q@ |}x]@=[ 3 `@=D l} R=
CU= CQwY u}O@ xOW QmP VwQ QO |O=yvW}B |wor= "CU= xOW xO=iDU=
Q=Wi 'CU= w2 Q=Okt R= QDnQR@ u; |oOWR=@ xm 'lQD R= |}x}L=v QO xm
lQD |xv=yO Q=Wi pO=at u; Q=Okt w OwW|t `} RwD CN=wvm} CQwYx@ ?;
Q=Okt R= QDtm u; |oOWR=@ xm 'lQD lwv x@ l}ORv |x}L=v QO "Ow@ Oy=wN
u}@ xm lQD R= |rw] QO "OW Oy=wNv O=H}= |Q=Wi xvwoI}y R}v 'CU= w1
Q=Wi 'OwW|t xDN=vW �p=kDv= |x}L=v� u=wva =@ w OQ}o|t Q=Qk x}L=v wO u}=
|OL Q}O=kt "O@=}|t Vy=m QiY Q=Okt x@ lQD |xv=yO QO xv}W}@ Q=Okt R=
OQ=wt R= p=kDv= |x}L=v pw] QO Q=Wi Q}}eD |xwLv u}vJty ww2 ww1 |oOWR=@
'xOWs=Hv= |=yVywSB QO ,qFt "CU= hrDNt u=QoWywSB EL@OQwt |iqDN=
[9]'|tyU [8]'|]N hrDNt `@=wD p=kDv= |x}L=v pw] QO Q=Wi C=Q}}eD |=Q@
R}v |OQ=wt QO w O=yvW}B [13]'|}xrB |DL w [12]'|}=tv [11w10]'xU |xHQO
xOW xDU@=w VWm QO uD@ |oOvwWsQv |vLvt pmW x@ Q=Wi C=Q}}eD |wor=

[14]"CU=
QO VvD pO=aD |]NQ}e CqO=at pL =@ =OD@= 'C=ar=]t R= Qo}O |}xQ=B QO "2
"OwW|t XNWt uD@ |oQwNlQD C}a[w '�|v=tR s=o =}� |Q=PoQ=@ wtv Qy
9|v=QPo?; w 8|Q}PBPwiv V}=Ri= QO Kr=Yt |oOQwNlQD Q}F-=D 'Qo}O |wU R=
'u; T=U=Q@ xm [17�15]'OwW|t |UQQ@ 10xU |xHQO uwv=k ltm x@ u;
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|WNB lQD |Q=DiQ pOt "1"2
CQwYx@ OQ=wt u}= O}=@ '|WNB lQD |Q=DiQ pOt R= ?U=vt h} QaD |x�=Q= |=Q@

%OwW XNWt j}kO
Cr=L QO Kr=Yt Q=DiQ '|O=yvW}B pOt QO %Kr=Yt|oOQwNlQD R= p@k Q=DiQ �hr=
R= w xOW ZQi |]N |a=HDQ= CQwYx@ ,qt=m |Q=Wi p=tQv |=yVvD Qw[L
"CU= xOW Q_vhQY 25Q=Wi QO uD@ uOW OQN R= |W=v |r=tDL= CQ=UN
Q=DiQ 'CUmW ẁQW |x]@=[ jkLD R= p@k =D R}v |WWm |=yVvD u=O}t QO
VvD |O=}v@ |x]@=Q "CU= xOW xDiQo Q_v QO |]N |a=HDQ= u=vJty Kr=Yt

%Ow@ Oy=wN 3 |x]@=Q CQwYx@ Kr=Yt |]N |a=HDQ= Cr=L QO VvQm �
f�g = [D]f"g (3)

Cr=L QO 'CU= Kr=Yt |Q=DN=U T} QD=t u=ty xm [D] T} QD=t u; QO xm
%OwW|t h} QaD 4 |x]@=Q CQwYx@ |}xLiY VvD w OQou=Uty

[D] = E
1� �2

26641 � 0
� 1 0
0 0 (1� �)=2

3775 (4)

"CU= Kr=Yt uwU=wB ?} Q[ � w |a=HDQ= pwOt E 'u; QO xm
|x]@=[ u=wvax@ |SQv= |x]@=[ R= Q[=L VywSB QO %CUmW ẁQW Q=}at �?
x=oQy xm CU= xOW ZQi T=U= u}= Q@ "CU= xOW xO=iDU= CUmW ẁQW
(� = 1

2�1"1) VvQm |rY= QwLt |=DU=Q QO Kr=Yt |a=HDQ= |WvQm |SQv=
Owta =ylQDR} Q R= |}xawtHt 'Ovm Rw=HD �cr CUmW ẁkw |=Q@ sRq |SQv= R=
QO xmv}= x@ xHwD =@ "CiQo Oy=wN pmW lch ZQa x@ |Ov=@ QO w =DU=Q u; Q@
VvD uOw@ C@Ft 'CU= xOW xDiQo Q_v QO |WWm |oOQwNlQD \ki QwmPt pOt
u}=Q@=v@ "OQ}o Q=Qk Q_vOt CUmW ẁQW |x]@=[ QO O}=@ R}v (�1) xv}W}@ |rY=

%OQm KQ]t 5 |x]@=Q CQwYx@ u=wD|t =Q CUmW ẁQW |x]@=[
� = 1

2�1"1 =
Z "1

0
�d" � �cr; �1 > 0 (5)

Kr=Yt |QwLtlD VvQm � VvD |vLvt Q} R K]U pO=at �cr 'u; QO xm
Q=DiQ R= xJv=vJ "CU= ft |WWm Ctw=kt |xv}W}@ x@ uO}UQ =D �VWm QO�
|WWm Ctw=kt |xv}W}@ x@ uO}UQ R= p@k CUQO VWm QO uD@ |]NQ}e

%OQw; CUOx@ 6 |x]@=Q CQwYx@ =Q �cr u=wD|t 'OwW Q_vhQY
�cr = f 2

t

2E (6)

|R=UxO=}B|}xvwox@ pOt u}= xmCU= u; 'OQ}o Q=Qk xHwD OQwt O}=@ xm|tyt |xDmv
xO=O O}OH |oOQwNlQD |xR=H= u=tr= l} x@ \ki 'Q=QmD Qy QO xm CU= xOW
|xOQwNlQD Q}e |=yu=tr= s=tD =OD@= 'Q=QmD Qy QO pOt u}= QOCk}kL QO "OwW|t
xU}=kt sy =@ (� = 1

2�1"1) |a=HDQ= |WvQm |SQv= u=R}t Q_v R= xR=U �sr=U�
QO w OW=@ xDW=O =Q � |WvQm |SQv= R=QD u} QDW}@ xm |v=tr= \ki w OvwW|t
=O}B |oOQwNlQD |xR=H= 'OW=@ xOQm <=[Q= R}v =Q CUmW ẁQW Q=}at ut[
|=yu=tr= |oOQwNlQD u}@ VvmQOv= =D OQm Oy=wN ltm xr�Ut u}= "OQm Oy=wN
pQDvm =@ w G} QOD x@ |oOQwNlQD |xaUwD 'ut[ QO w OwW jkLt ,qt=m Qw=Ht
xm CU= xOW xi=[= |O}k '|}=Qosy \QW x@ xD@r= "OQ}PB CQwY |@U=vt

xD@r= xm CW=O Oy=wN OwOLt <=RH= 18|xm@W OOHt |R=UR=@ R}v w lQD |wQW}B
=@ |O}OH VwQ 'Q}N= |=yxyO QO "CU= |]NQ}e |=yR}r=v; QO |}xv} RyQB C=}rta
xYQa x@ =B CUmW l}v=mt p�=Ut |xRwL QO 19xDi=}xaUwD OwOLt <=RH= u=wva
|oDUw}B=v u=wD|t 20xOW|ve pmW `@=wD R= xO=iDU= =@ xm CU= xDW=Po OwHw
xH}Dv QO w OQm |R=Ux}@W �=yu=tr= u}@ RQt QO ,=twRr xv w� u=tr= pN=O QO =Q QwmPt

"OQm `iDQt =Q OwOLt <=RH= |xm@W OOHt |R=UR=@ pmWt
|m}D=tv}U |oDUw}B=v |xaUwD w O=H}= pY= Q@ xm OQivt lQD VwQ p@=kt QO
"CU= xDUw}B |=y\}Lt l}v=mt Q@ |vD@t |WNB lQD VwQ 'CU= Q=wDU= xR=U QO
`@D x@ w OwOLt <=RH= |xm@W |xUOvy QO |oDUw}B=v xvwoI}y QwmPt VwQ QO
R= xO=iDU= =@ VvQm RmQtD w OwW|tv O=H}= 'VvQm w u=mt Q}}eD |=yu=O}t QO u;
QO "OwW|t |R=Ux}@W lQD Q@ Owta |=DU=Q QO Ctw=kt w |DNU |=yxir-wt Vy=m
|}xawtHt '|oOQwNlQD R= TB xm CU= u}= Q@ ZQi |WNB lQD VwQ QO Ck}kL
Ov=@� x@ xm Kr=Yt R= |YNWt ZQa QO w sy |R=wt CQwYx@ =ylQDR} Q R=
w KqY= x@ R=}v sOa x@ xHwD =@ "OW Ovy=wN `} RwD 'CU= swUwt �|oOQwNlQD
QO w xOw@ QDxO=U QwmPt VwQ |R=UxO=}B 'OwOLt <=RH= |xm@W |xUOvy |R=UR=@

"OQ=O |QDW}@ C}@=PH |D=@U=Lt ^=Lr R= xH}Dv
R}v |WNB lQD pOt 'lQD |xLiY QO |WQ@ |DNU KqY= |xwLv T=U=Q@
"CU= |R=UxO=}B p@=k 22�RCM� |WNQJ w 21�FCM� C@=F lQD VwQ 2 x@
u}rw= |=Q@ [21]23CUmW ẁQW Q=}at jkLD ZLt x@ 'C@=F |WNB lQD VwQ QO
u}= R= w CiQo Oy=wN pmW xv}W}@ |rY= VvQm |=DU=Q Q@ Owta lQD O=ODt= 'Q=@
x@ QHvt R}r=v; pw] QO lQD |=yQwLt uOw@ C@=F "Ov=t Oy=wN C@=F xQ=wty Oa@ x@
|=DU=Q R= VvD |rY= |=yQwLt h=QLv= xH}Dv QO w lQD |xLiY |wQ VQ@ O=H}=
T=U=Q@ lQD |xLiY QO |WQ@ |DNU Q=Okt QwmPt VwQ QO "OW Oy=wN lQD
Ov=wD|t ?} Q[ u}= xm OW Oy=wN KqY= 24�VQ@ |=k@ ?} Q[� u=wva =@ |@} Q[
|x]@=Q� OwW xDiQo Q_v QO �|oOQwNlQD p=tQv VvQm u=R}t x@ xDU@=w� Q}eDt =} C@=F

%�1
Gnp = �G (1)

pwOtGnp w sr=U Kr=Yt |a=HDQ= |WQ@ pwOtG 'VQ@ |=k@?} Q[ � 'u; QO xm
?}DQD x@ R}v p w n |=yT} wvQ} R "CU= lQD |xLiY QO xOQwNlQD Kr=Yt |WQ@
|WNB lQD VwQ QO "CU= u; |R=wt w lQD |xLiY Q@ Owta |=yO=ODt= =@ Q_=vDt
u=}@ x@ w OwW|tv O=H}= |WQ@ VvD 'lQD |xLiY QO xm OwW|t ZQi |WNQJ
xQ=wty |rY= VvD w �lQD |=yQwLt� |rY= VvQm |=yQwLt R}r=v; pw] QO Qo}O
|=yQwLt VNQJ =@ x=Qty xm CU= u; Qt= u}= |xtRq "Ow@ Ovy=wN j@]vt syQ@
"Ovm u=QwO xR=Ov= u=ty x@ R}v lQD |=yQwLt 'lQD |Q}opmW R= TB |rY= VvD
KqY= 2 |x]@=Q j@=]t lQD |xLiY QO |WQ@ |DNU O}=@ QwmPt hOy jkLD |=Q@

%OwW
Gnp = �n � �p

2("n � "p) (2)

=@ Q_=vDt ?}DQD x@ R}v 2 |x]@=Q QO p w n |=yT} wvQ} R '1 |x]@=Q Ovv=ty
|WNB lQD pOt QO xD@r= xm CU= u; |R=wt w lQD |xLiY Q@ Owta |=yO=ODt=
QO "Ow@ Ovy=wN xv}tm w xv}W}@ |rY= |=yVvD |=DU=Q Q@ j@]vt xQ=wty |WNQJ
u=R}t w xO=iDU= |WNQJ |WNB lQD VwQ R= lQD |R=UpOt |=Q@ 'Q[=L VywSB
QO |vD@ |=yOU QO CUmW |xO}OB |R=Ux}@W QO VwQ u}= |}=Q=m w |Ovtv=wD

"CU= xOW |UQQ@ lQD pN=O ?; Q=Wi Qw[L
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i[38�36]"|oOvwWsQv |vLvt |=yQDt=Q=B |=Q@ |O=yvW}B Q}O=kt "1 pwOH
z3 z2 z1 |oOvwWsQv |vLvt ẁv
2 0 � � |]N

3 6 0 8 0 33 �1981� uwUQDB |]NwO5 0 0 75 0 25 �1988� utD} w

5 136 � � �1986� CQ=yv} Q |}=tv

h} QaD |xwLv w �|]NwO |oOvwWsQv ZQi =@� pm VvQm � VvD |vLvt "2 pmW
"OwHwt p=tQv VvQm =@ Q_=vDt |QDw |v=UWm pwOt

R= TB |twta C=YDNt x=oDUO QO Kr=Yt |Q=DN=U T} QD=t Dt 'u; QO xm
\w@ Qt l}B wQDwDQw= |Q=DN=U T} QD=t p=kDv= R= =Q u; u=wD|t xm CU= lQD ẁkw

%OQw; CUOx@ 12 |x]@=Q j@=]t (Dnp) lQD |xLiY x@
[Dd] = [T ]T [Dnp][T ] (12)

|rLt C=YDNt x=oDUO QO xm (Dnp) 28|QDw |Q=DN=U T} QD=t 'u; QO xm
|}xLiY VvD |Oa@ wO Cr=L QO T p=kDv= T} QD=t R}v w CU= xOW s}_vD lQD

[39]%Ot; Ovy=wN CUOx@ 14 w 13 \@=wQ T=U=Q@

[Dnp] = E
1� ��2

2664 � �� 0
�� 1 0
0 0 � 1���2

2(1+�)

3775 (13)

[T ] =

2664 cos2� sin2� cos�:sin�

sin2� cos2� �cos�:sin�
�2cos�:sin� 2cos�:sin� cos2� � sin2�

3775 (14)

|=yQwLt�lQD|rLtC=YDNt x=oDUOu}@|x} w=RhQat14|x]@=Q QO� QDt=Q=B
lQD |=yQwLt xJv=vJ "CU= u=tr= QO |twta C=YDNt x=oDUO w �p w n
Ctqa 'OvW=@ xDW=O OQoCa=U O=B u=QwO '|twta C=YDNt x=oDUO x@ C@Uv
xOWO=H}= CQ=UN u=R}t R= |YN=W Ov=wD|t xm � QDt=Q=B "Ow@ Oy=wN C@Ft �
QO |QDw |v=UWm pwOt s}UkD pY=L 'OW=@ |oOQwNlQD CiQW}B u=R}t =}
pwOt x@ ("max) OwHwt p=tQv VvQm =@ Q_=vDt w lQD |xLiY Q@ Owta |=DU=Q

"�2 pmW� CU= |oOQwNlQD R= p@k Kr=Yt |x}rw= |v=UWm
� = Esn

E
; 0 � � � 1 (15)

VvQm p@=kt QO VvD� |}=tv w |]NwO '|]N |oOvwWsQv |=y|vLvt "1 pmW
"�|oOQwNlQD

O=OaD Qy |=Q@ lQD |vRxv=wH \}=QW =D Ovm|t s}_vD |}xvwo x@ =Q =yQ=QmD O=OaD
'CyH u}= R= "OwW sy=Qi 'OvQ=O |oOQwNlQD u=mt= R}r=v; s=o l} QO xm u=tr=
Oy=wNv O=H}= s=o Qy QO lQD |wQW}B u=R}t |=Q@ |D}OwOLt I}y VwQ u}=

"OQm
RmQtD |R=Ux}@W |=Q@ '|WNB lQD pOt QO %Kr=Yt |oOQwNlQD R= Oa@ Q=DiQ �G
Owta |=DU=Q QO Ctw=kt w |DNU Vy=m Q=my=Q R= 'lQD ẁkw R= TB VvQm
p=tQv |oOQwNlQD VvQm R= |a@=D xm Vy=m u}= u=R}t "OwW|t xO=iDU= lQD Q@
Q=Okt '|vLvt u}= "OwW|t XNWt 26|oOvwWsQv |vLvt T=U=Q@ 'CU=
VvQm R= |a@=D CQwYx@ =Q (scr) lQD Kw]U u}@ xOW pkDvt |WWm VvD
|oOvwWsQv |vLvt h}YwD |=Q@ "OyO|t u=Wv (ecr) p=tQv |oOQwNlQD
|=yQDt=Q=B "�1 pmW� OwW|t xO=iDU= |}=tv w |]NwO '|]N `@=wD R= ,=DOta
|]NwO |oOvwWsQv |vLvt QO 27?}W Q}}eD |x]kv C=YDNt ecr1 w f1
x@ xm CU= p=tQv |oOQwNlQD VvQm |xv}tm hQat R}v ecrf QDt=Q=B "OvDUy
pY= T=U=Q@ "OwW|tv pkDvt lQD Kw]U u}@ |WWm VvD xvwoI}y u; <=R=
pO=at O}=@ p=L Qy QO |oOvwWsQv |vLvt Q} R pm K]U 'CUmW |SQv= |=k@
|rm Qw] x@ "OwW|t u}}aD T=U= u}= Q@ R}v ecrf QDt=Q=B Q=Okt w OW=@ Gf=lch
x@U=Lt p@=k 9 |r= 7 \@=wQ x@ xHwD =@ ecrf w ecr1 w f1 QDt=Q=B xU Q}O=kt

%CU=
f1 = z1ft (7)

ecr1 = z2
Gf
lch:ft

(8)

ecrf = z3
Gf
lch:ft

(9)

swO |xW} Q pO=at xm CU= xOQwNlQD u=tr= |xYNWt pw] lch 'u;QO xm
[35]%OwW|t xDiQo Q_v QO u=tr= CL=Ut

lch =
p
Ae (10)

"OQw; CUOx@ 1 pwOH j@=]t u=wD|t R}v =Q z3 =D z1 Q}O=kt
11 |x]@=Q CQwYx@Kr=Yt |xOQwNlQDCr=L QOVvQm �VvD |O=}v@ |x]@=Q

%Ow@ Oy=wN
f�g = [Dd]f"g (11)
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QW

u=Qt
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UOv
yt CUmW |SQv= QDW}@ Vy=m u=mt= xH}Dv QO w OW Oy=wN Q@=Q@ |WWm Ctw=kt

|xR=Ov= |xv}W}@ |=Q@ T=U= u}= Q@ "CW=O Oy=wNv OwHw u=tr= Oa@V}=Ri= QF= QO
[29]%CU= xOW x�=Q= 17 |x]@=Q j@=]t |D}OwOLt |WNB lQD pOt QO u=tr=
lmax = 2GfE

f 2
t

(17)

�|WWm Ctw=kt |R=Ht Vy=m� u=wva =@ |Qo}O VwQ R= xO=iDU= =@ OvJ Qy
Q_v QO QDnQR@ R}v �17|x]@=Q� xOW QmP |xv}W}@ Q=Okt R= =Q u=tr= |xR=Ov= u=wD|t
|OOa CqmWt 'u=tr= |xR=Ov= V}=Ri= |=Q@ QwmPt VwQ R= xO=iDU= |rw 'CiQo
xOW EL@ u; OQwt QO C=ar=]t R= |NQ@ QO xm CW=O Oy=wN x=Qty x@ =Q |Y=N
|oOvwWsQv pwOt s}_vD VwQ R= xO=iDU= Q@ xwqa 'Q[=L VywSB QO [39]"CU=
|xm@W O=ODt= x@MU=B ?P=m|oDU@=wp}OaD |=Q@ 'u=tr= |xYNWt pw]T=U=Q@
|=Hx@ 'RmQtDtQ}e |=ypOt QO xO=iDU= OQwt VwQ R=uDiQo xO}= =@ R}v OwOLt <=RH=
u=R}tu}}aDCyHu=tr=VvQm\UwDt R= 'Tw=o|x]kv Qy|rLtVvQm R= xO=iDU=
Q=QmD Qy QO xm?}DQD u}O@ "OwW|t xO=iDU=VvD Q=Okt OQw;Q@ 'xt=O= QO w CQ=UN
\=kv s=tD VvQm \UwDt =OD@= �u=tr= K]U QO C=@U=Lt R= xrLQt Qy QO =}� R}r=v;
OQw;Q@ x@ \w@ Qt C=@U=Lt s=tDTBU w OwW|t x@U=Lt Q_vOQwt u=tr= QO Tw=o
|rLt |Q=DN=U T} QD=t p}mWD CyH � w � |=yQDt=Q=B |x@U=Lt� CQ=UN
u}=Q@=v@ "OwW|t s=Hv= QwmPt \UwDt VvQm T=U=Q@ '�13 |x]@=Q j@=]t u=tr=
xmr@ 'x]kv u=ty VvQm C=aq]= R= \ki xv Tw=o |x]kv Qy QO VvD OQw;Q@ |=Q@
|=ypOt =@ xU}=kt QO xD@r= "OW Oy=wN xO=iDU= R}v Qw=Ht Tw=o \=kv C=aq]= R=
`k=w QO w EL@ OQwt u=tr= R= QD=Qi |}xOwOLt QO |Q}o\UwDt u}= xm RmQtDtQ}e
Q[=L VywSB QO |O=yvW}B pOt QO 'OwW|t s=Hv= |oOQwNlQD Ov=@ ZQa QO
=O}B xaUwD u=tr=l} ZQa |xR=Ov= x@\ki|oOQwNlQD Ov=@ xmCU= xOW ZQi
"Ow@ Oy=wNEL@ OQwt u=tr= wQtrk x@ OwOLtVvQm|Q}o\UwDt 'xH}Dv QO w Ovm|t
'CU= |WNB lQD VwQ pwtat CqmWt R= xm VvD |oOWpik Qo}O |wU R=
lQD VwQ =@ xU}=kt QO QwmPt VwQ R= xOt; CUOx@ G}=Dv xm OwW|t Ea=@
'Q=m u=}=B QO ,=DOta xR=U u=mt Q}}eD � Q=@ MU=B |vLvt w QDW}@ |DNU 'OQivt
VvD |oOWpik OvJ Qy "OW=@ xDW=O |}x_Lqt p@=k |ak=wQ}e Ov=tUB Ctw=kt
p}rO x@� u=mtQ}}eD u=O}t |oDUw}B=v ?U=vt=v |m}D=tv}U h}YwD ZQ=wa R=
CQ=UN pOt <=vFDU= x@� xDUw}B\}Ltl}v=mt Q@|vD@t |=ypOt QO �lQD ẁkw
xJv=vJ OUQ|t Q_v x@ =t= &CU= |WNB lQD pOt XwYNx@ w �36OQou=Uty
Oy=wN p}OaD xOW QmP pmWt 'OW=@ lQD O=ODt= |R=wt xOQwNlQD u=tr= |=yx@r
l}ORv |xtRq OvyO|t u=Wv QDj}kO |=y|UQQ@ xm CU= |r=L QO u}= [43]"OW
xm CU= u; 'Qo}Om} x@ OQivt lQD w |WNB lQD VwQ R= xOt; CUOx@ MU=B uOw@
Ov=@ |B wmUwQm =t |=DU=Q =@ w Qo}Om} =@ u=tr= hrDNt Tw=o \=kv QO lQD O=ODt=
Tw=o \=kv R=l} Qy QO|oOQwNlQD xJv=vJ 'Qo}O u=}@ x@ [44]"OvW=@ |R=wt lQD
u=tr= |=yx@r uOw@ |R=wt CQwY QO |DL 'OW=@ xDW=O |Dw=iDt |=DU=Q 'u=tr=
|v}t[D xH}Dv QO w Ow@ Oy=wN ptDLtVvD |oOWpik 'lQD O=ODt= =@ xOQwNlQD
"CW=O Oy=wNv OwHw OQivtlQDVwQ x@|WNB lQDVwQMU=B uOw@l}ORv |=Q@
|=DU=Q u}}aD 'VvD |oOWpik Vy=m |=Q@ |O=yvW}B |=ypLx=Q R= |m}
=} w u=tr= Tw=o \=kv VvQm \UwDt T=U=Q@ lQD VvQm u=R}t w |oOQwNlQD
Ck}kL QO "CU= lQD ẁkw R= TB u=tr= RmQt QO Tw=o |x]kv l} R= xO=iDU=
QU=QU QO |oOQwNlQD VvQm CN=wvm} `} RwD ZQi xm CU= |WwQ =yvD u}=
VywSB QO 'CU= xOW u=wva R}v ,q@k xm xvwou=ty [40]"Ovm|tv Zkv =Q u=tr=

pt=m |oOQwNlQD xm |v=tR w CU= 1 Q@=Q@ � Q=Okt '|oOQwNlQD Ov}=Qi R=e; QO
'OwW|tv s=Hv= lQD |=yx@r u}@ |WWm VvD p=kDv= xvwoI}y Qo}O w OwW|t
|xLiY QO VQ@ |=k@?} Q[ R}v � QDt=Q=B "Ow@ Oy=wN QiY Q@=Q@ QDt=Q=B u}= Q=Okt
|WQ@ |DNU x@ |oOQwNlQD |xLiY QO |WQ@ |DNU C@Uv u=ty =} lQD
|=yQwLt j=@]v= swRr x@ xHwD =@ "CU= |oOQwNlQD R= p@k Kr=Yt |x}rw=
QO |WQ@ |DNU '|WNQJ |WNB lQD pOt QO VvD |rY= |=yQwLt Q@ lQD
T=U=Q@ � Q=Okt xH}Dv QO w OQm x@U=Lt 2 |x]@=Q R= O}=@ =Q lQD |xLiY

[39]%Ot; Oy=wN CUOx@ 16 |x]@=Q

� = Gnp
G

= 1 + �
1� ��2 (�"n � "p

"n � "p � ��); 0 � � � 1 (16)

|=yO=ODt= '|WNQJ |WNB lQD pOt QO 'CU= xOW u=}@ R}v ,q@k xm Qw]u=ty
|=DU=Q =@ Q_=vDt ?}DQD x@ 'OvDUy lQD |R=wt w Owta |=yQwLt xm p w n

"OvDUy xv}tm w xv}W}@ |rY= |=yVvD
|xOta pmWt %30VvD |oOWpik w 29VvQm RmQtD |xOvvmOwOLt VwQ �O
|=y\}Lt l}v=mt Q@ |vD@t xm VvQm |oOvwWsQv |xO}OB |R=UpOt |=yVwQ
'xR=Ov= %pt=W OwOLt <=RH= |xm@W C=YNWt x@ MU=B |oDU@=w 'OvDUy xDUw}B
=@ |}x}L=v QO CQ=UN w VvQm RmQtD u; p}rO xm CU=yu=tr= O=ODt= w pmW
pwY= =} w 31Xkv |Qw�D T=U=Q@ =Q VvQm RmQtD |xO}OB ẁkw "CU= QiY sHL
jkLD C}ak=w QO VvQm RmQtD u}= xJQo xD@r= [40]"OQm x}HwD u=wD|t l}t=v}OwtQD
l} =} \N l} |wQ CUmW w lQD uOW RmQtDt R}v u; |xH}Dv w Ovm|t =O}B
xr�Ut u}= 'xDUw}B \}Lt l}v=mt Q@ |vD@t |OOa |=ypOt QO =t= 'CU= K]U
|xm@W C=YNWt x@ MU=B |ak=wQ}e |=y|oDU@=w w CUQO=v G}=Dv x@ QHvt

"OW Oy=wN OwOLt <=RH=
w Q}@=OD 'OwOLt <=RH= |xm@W x@MU=B |xOWQmP|ak=wQ}eC}U=ULVy=m |=Q@
|=yl}vmD�u=wva =@ ẁtHt QO xmCU= xOWxO=iDU= w O=yvW}B|irDNt|=yVwQ
Q_vQO QwmPt |=yVwQ u} QDxO=U "OvwW|t xDN=vW �VvQm RmQtD |xOvvmOwOLt
OwOLt w [41]32'|Ov=@ lQD pOt QO |oOQwNlQD Ov=@ |=Q@ xYNWt ZQa uDiQo
u} QDpt=m R= "CU= QwmPt Ov=@ ZQa u=R}t x@ u=tr= |xR=Ov= |xv}tm uOQm
xQ=W= 33RmQtDtQ}e |xDUw}B \}Lt |=ypOt x@ u=wD|t R}v xOWu=wva |=yVwQ
[42]"OvDUy VvQm u=}O=Qo =} w |v=mt |Q}o\UwDt |=yp=QoDv= Q@ |vD@t xm OQm
VvQm - VvD |vLvt Q} R K]U uOQm xDU@=w =@ '|WNB lQD |=ypOt QO ,qwtat
CUmW l}v=mt C=YNWt u} QDsyt R= |m} u=wvax@� |QwLtlD |WWm
s}_vD u; `@D x@ w (lch) u=tr= |xYNWt pw] x@ �CUmW pw= Owt QO Kr=Yt
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|oOvwWsQv |vLvt ẁv ?=NDv= u; j@=]t xm CU= xOW xO}Wm Q} wYD x@ 11 pmW
xO=iDU= Cr=L QO \ki w Ow@ Oy=wNv Q=PoQ}F-=D xR=U MU=B QO u=OvJ xr�Ut u}= QO
QO u; C=}�RH xm Ow@ Oy=wN Cw=iDt |tm xR=U MU=B '|]N |oOvwWsQv |x]@=Q R=

"CU= xOW xO=O K}[wD xt=O=
u}rw= xm OwW|t xOy=Wt |QDt 0 1 |=ys=o QO uRNt ?; R=QD V}=Ri= =@
R=QD <=R= x@ w �9 pmW j@=]t AA0 `]kt� OU |xvW=B C}akwt QO |oOQwNlQD
lQD |wQW}B 'QDt 112 x@ uRNt R=QD uO}UQ =D "CU= xOW O=H}= QDt 82 6 ?;
lQD u}= pw] Cr=L u}= QO xm OQm Oy=wN =O}B xt=O= uw}U=Ovwi RQO O=ODt= QO \ki
K]U uO}UQ =@ "Ow@ Oy=wN OU |xOa=k ZQa �40 OwOL |va} QDt 28 5 Q@ dr=@
xHw |v=kwi CtUk QO w OU |xvO@ QO |O}OH lQD 'QDt 112 1 R=QD x@ uRNt ?;

"G=D |ki= u=mt Q}}eD Q@=Q@ QO OU CWB ?; R=QD "11 pmW

=v}wm |vRw |vD@ OU R}r=v; "6
|=yOU R= OQ@ Q=mQB |xvwtvl} u=wvax@ Ovy QO =v} wm |vRw |vD@ OU '|vwvmVN@ QO
?q}U |Q=PoQ=@ QF=CLDCUmWl}v=mt =@\@DQt C=ar=]t QO xar=]t OQwt |vRw
9 pmW QO |Oa@ wO CQwYx@ QwmPt OU |xUOvy C}a[w "CU= xOW |UQQ@
QO u; |Oa@ wO pOt R}r=v; CyH xO=iDU= OQwt OwOLt <=RH= |xm@W C=}�RH w
|ak=w pmW =@ ZwQit |xUOvy |�RH Cw=iD =yvD "CU= xOW xO=O u=Wv 10 pmW
"CU= xOW Q_vhQY u; R= Q[=L VywSB QO xm CU= OU CUOq=@ xHw ?}W 'OU

"CU= 3 pwOH j@=]t xOWs=Hv= |=yR}r=v; QO xO=iDU= OQwt Kr=Yt C=YNWt
'CU= xOW s=Hv= u=QoWywSB Q}=U C=ar=]t QO xm |y@=Wt |=yR}r=v; x@ xHwD =@

"=v}wm |vRw OU |[Qa `]kt |UOvy C}a[w "9 pmW

"=v}wm OU |Oa@ wO p}rLD CyH xO=iDU= OQwt OwOLt <=RH= |xm@W "10 pmW
"=v}wm |vRw |vD@ OU Kr=Yt C=YNWt "3 pwOH

�(kg=m3) E(MPa) � ft(MPa) Gf (N=m)

2450 25000 0 2 1 0 100

32



4/
1|

xQ=t
W'

33
�2

|xQ
wO'

�13
96

u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt

p=ta= uwO@ QDt 117 ?; R=QD <=R= x@ =v}wm OU |oOQwNlQD C}a[w "13 pmW
"�hr= R}r=v;� lQD pN=O ?; Q=Wi

Q=Wi ?PH QO =Q syU u} QDW}@ 'OU |xOa=k CtU x@ |wQW}B w swO s�=k |xN=W
T=U= u}ty Q@ "CU= xDW=O OU u=mt Q}}eD pQDvm w |QPowQ QDt 14 R= |W=v ?;
Ctw=kt OQw;Q@ w |UQQ@ Qw_vt x@ OwN C=ar=]t QO u=QoWywSB R= |NQ@ xm CU=
`]kt QO xD@r=� |v=kwi lQD |R=UpOt |wQ Q@ \ki =v} wm OU |oOQwNlQD |}=yv
|Q=PoQ=@ QF= CLD lQD u}= |wQW}B w xaUwD R= |W=v OU CUmW R}r=v; w �BB0
R=QD <=R= x@� R}r=v; |=yDv= QO OU |oOQwNlQD C}a[w [52w50]"Ov=xOQm RmQtD ?q}U

"CU= xOW xO=O u=Wv 13 pmW QO �QDt 117 ?;
|]NQ}e |oOvwWsQv \@=wQ R= xO=iDU= Cr=L x@ \w@ Qt EL@OQwt G}=Dv
|=yO=yvW}B T=U=Q@ |]NwO \@=wQ w CQ=yv} Q O=yvW}B T=U=Q@ |}=tv |x]@=Q�
xOy=Wt R}v 11 pmW QO xm xvwou=ty "CU= |oOQwNlQD pOt QO �utD} w w uwUQDB
|=y|vLvt `=wv= Q}=U =@ xU}=kt QO |]N |oOvwWsQv |x]@=Q R= xO=iDU= 'OwW|t
|v=kwi lQD |wQW}B w |Q}opmW |x_Lr QO ?; R=QD V}=Ri= Ea=@ |oOvwWsQv
|x]@=Q R= xO=iDU= CQwY QO xD@r= "OW Oy=wN QDt 112 5 x@ QDt 112 1 R=
`]kt CUOq=@ CtU R= u=tr= u}rw= QO QDt 112 1 ?; R=QD QO '|]N |oOvwWsQv
Qo}O u=tr= wO QDt 112 5 =D 112 1 ?; R=QD R= w OR Oy=wN xv=wH lQD 'CC 0
Ovy=wN lQD ptLDt R}v CC0 `]kt R= QDu}}=B w QDq=@ QDt 2 25 |=yC}akwt QO
|wQW}B xR=U jta =D xQ=@l} x@ xm CC0 `]kt QO lQD |ak=w |Q}opmW |rw 'OW
QDt 112 5 ?; R=QD QO 'OyO|t p}mWD =Q MU=B |vLvt |ki= ,=@} QkD VN@ w Ovm|t
Cr=L QO |v=OvJ Cw=iD R}r=v; G}=Dv Q}=U '11 pmW j@=]t "CUw}B Oy=wN ẁkw x@
Ovy=wNv =y|oOvwWsQv `=wv= Q}=U x@ C@Uv |]N |oOvwWsQv |x]@=Q R= xO=iDU=

"CW=O

lQD pN=O ?; Q=Wi QF= ^=Lr =@ R}r=v; "2"6
|O=yvW}B sD} Qwor= j@=]t lQD pN=O ?; Q=Wi C=Q}F-=D uDiQo Q_vQO =@ xrLQt u}= QO
x@� ?; R=QD |}xrLQt V}=Ri= QF= CLD =v} wm OU OOHt R}r=v; x@ '|r@k |=yVN@ QO
u=wva =@ =Q R}r=v; u}= TB u}= R= xm CU= xOW xDN=OQB �s=o Qy QO QDt 0 1 u=R}t

R}r=v;� lQD pN=O ?; Q=Wi p=ta= uwO@ =v}wm OU |oOQwNlQD C}a[w "12 pmW
�hr=

xHw ?}W Q}}eD pLt QO lQD u}= OwQ|t Q=_Dv= OvJQy "OwW|t O=H}= CUOq=@
Cq=L QO OwOLt <=RH= R}r=v; G}=Dv |rw 'OwW O=H}= �BB0 `]kt� OU CUOu}}=B
CU= C}ak=w u}= Qov=}@ hrDNt |oOvwWsQv |=y|vLvt R= xO=iDU= ZQi =@ w OOaDt
CC0 `]kt QO |va} BB0 `]kt R= QDu}}=B QDt 5 85 OwOL O}OH lQD u}= xm
hqNQ@ xR=U jta x@ u; |wQW}B w CC0 `]kt QO lQD O=H}= "OW Oy=wN O=H}=
10 8 OwOL xm |}xvwox@ 'ODi=|t j=iD= R}r=v; s=o l} QO w xQ=@l}x@ xvW=B lQD
w =Hl} CQwYx@ �`]kt ZQa R= �45� CC0 `]kt ZQa QDt 23 7 R= QDt
u}}=B CtU x@ lQD TBU w OW Oy=wN lQD ptLDt QDt 112 1 ?; R=QD u=ty QO
,=@} QkD CtUk "Ovm|t |wQW}B OU |xOa=k CtU x@ R}v QDt 4 OwOL w xOW p}=tDt
O} -wt '11 pmW QO QDt 112 1 ?; R=QD <=R= x@ xR=U MU=B |vLvt R= 51x=Dwm |ki=
'12 pmW "CU= CC0 `]kt QO |v=kwi lQD |xQ=@l} w |v=yo =v |wQW}B u}ty
w 112 ?; |=yR=QD <=R= x@ w R}r=v; |r=wDt s=o wO QO =Q OU |oOQwNlQD C}a[w
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?; |wQW}B w Pwiv p=tDL= uDiQo Q_vQO =@ w =yv; R= |Q=OQ@xQy@ |xQwO pw] QO |vD@
?; Q=Wi Q}F-=D |UQQ@ OUQ|t Q_vx@ 'xOWp}mWD |=ylQD pN=O QO Q=Wi CLD
p@=kDt Q}F-=D R}v w lQD |wQW}B `} QUD xH}Dv QO w |oOWR=@ V}=Ri= QO lQD pN=O
|tyt |xr�Ut Ov=wD|t u; pN=O QO ?; Q=Wi |rw] p}iwQB Q}}eD QO lQD |oOWR=@
CU= xOW |aU Q[=L Q=DWwv QO =Pr "O}; ?=UL x@ |vD@ |=yOU CUmW R}r=v; QO

"OwW |UQQ@ xO=U |WvmQOv= |wor= l} R= xO=iDU= =@ xOW u=wva |xr�Ut xm
u}= QO OwHwt |WywSB j@=wU T=U=Q@ u; C=}rm xm |WvmQOv= |wor= u}= QO

uDiQo Q_vQO uwO@ w =@ OU G=D |ki= u=mt Q}}eD p@=kt QO uRNt ?; R=QD "14 pmW
"lQD |rN=O ?; Q=Wi

Q=Wi ^=Lr =@ QDt 101 ?; R=QD <=R= x@ =v}wm OU |oOQwNlQD C}a[w "15 pmW
"�? R}r=v;� lQD pN=O ?;

Q}}eD p@=kt QO uRNt ?; R=QD CQwYx@ xR=U MU=B "CN=vW s}y=wN �?� R}r=v;
"CU= xOW xO=O u=Wv 14 pmW QO OU G=D |ki= u=mt

p@=kDt Q}F-=D w lQD pN=O QO ?; Q=Wi |xaUwD uDiQo Q_vQO =@ '14 pmW j@=]t
101 x@ QDt 117 OwOL R= xR=U \UwD ptLD p@=k ?; R=QD |xv}W}@ 'sy Q@ wO u}=
lQD |wQW}B <=R= QO xR=U G=D u=mt Q}}eD V}=Ri= |xwLv "CU= xDi=} Vy=m QDt
QDt 101 R=QD |xv}W}@ x@ MU=B |vLvt uOW ?v=Ht w R}r=v; |}=yDv= |=ys=o QO
QO ?; Q=Wi p=ta= uwO@ Cr=L QO xR=U MU=B |}=yDv= C}a[w =@ |O=} R Cy@=Wt
Q=Wi p=ta= Cr=L QO xR=U |@=QN w |Q=O}=B=v xD@r= "OQ=O �hr= R}r=v;� lQD pN=O
CU= AA0 `]kt QO xvW=B lQD |wQW}B p}rO x@ \ki '�? R}r=v;� lQD pN=O ?;
u}ty x@ "CU= xOWv O=H}= xR=U Qo}O |=yC}akwt QO |oOQwNlQD xvwoI}y w
R= QF-=Dt ,qt=m xR=U |Q=O}=B=v w |oDN}Uo '�hr=� R}r=v; hqNQ@ Cr=L u}= QO p}rO
�?� R}r=v; |=yDv= QO xR=U |oOQwNlQD C}a[w "CU= xvW=B lQD |wQW}B |xwLv

"CU= xOW x�=Q= 15 pmW QO
Q=Qk Q_vOt lQD pN=O QO ?; Q=Wi |xaUwD 'R}r=v; QO xJv=vJ 15 pmW j@=]t
?; R=QD <=R= QO xm |}=H =D 'OW Oy=wN RmQtDt xvW=B R=QD QO \ki |oOQwNlQD 'OQ}o

34



4/
1|

xQ=t
W'

33
�2

|xQ
wO'

�13
96

u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt xR=U |oOQwNlQD MU=B j}kOD w Ow@y@ Ea=@ ,=a@] xm OwW|t ?wULt Q[=L

"OW Oy=wN
u=wvax@ QDt 70 |xOa=k ZQa w 103 `=iDQ= =@ =v} wm |vD@ |vRw OU 'xt=O= QO
|wor= u}= R= xO=iDU= =@ '|vD@ |=yOU CUmW R}r=v; QO OQ@ Q=mQB |=yp=Ft R= |m}
CLD xR=U |oOQwNlQD C}a[w x@ 'Q[=L p}rLD QO "CU= xOW p}rLD |O=yvW}B
uRNt ?; R=QD |H} QOD V}=Ri= R= |W=v l}D=DUwQO}y ?; Q=Wi w uRw |Q=PoQ=@ QF=

"CU= xOW xHwD ?q}U \}=QW QO
CU= xO=O u=Wv |@ wN x@ =v} wm OU |oOQwNlQD p}rLD R= xOt; CUOx@ G}=Dv
w R}r=v; G}=Dv QO |}x_Lqt p@=k Q}F-=D Ov=wD|t lQD pN=O ?; Q=Wi uDiQo Q_vQO xm
CU= |QOk x@ Q}F-=D u}= "OW=@ xDW=O ?; R=QD |}xrLQt V}=Ri= QF= CLD xR=U MU=B
Cr=L QO xm u; |}=yv Ctw=kt xH}Dv QO w xR=U |OH |@=QN w CUmW Ov}=Qi xm
u; |wQW}B |xwLv w |v=kwi lQD Q=DiQ R= QF-=Dt 'lQD pN=O ?; Q=Wi ^=Lr uwO@
h} QaD xvW=B lQD Q=DiQ T=U=Q@ \ki lQD pN=O ?; Q=Wi p=ta= Cr=L QO 'CU=
Oy=wNv =O}B R}v |vRxv=wH u=mt= |DL |v=kwi lQD xm CU= |r=L QO u}= w OwW|t
\UwD ptLD p@=k ?; R=QD |xv}W}@ xm OvyO|t u=Wv xOW s=Hv= |=y|UQQ@ "OQmv
OwOL x@ lQD pN=O ?; Q=Wi p=ta= uwO@ Cr=L QO QDt 117 OwOL R= =v} wm OU
CU= xOW XNWt u}vJty "O@=}|t Vy=m QwmPt Q=Wi p=ta= Cr=L QO QDt 101
sy w lQD |vRxv=wH CaQU V}=Ri= Ea=@ sy lQD pN=O ?; Q=Wi uDiQo Q_vQO xm

"OwW|t |oOQwNlQD p}tmD w |vRxv=wH R=i wO u}@ Q}N-=D Vy=m

|WNQJ |WNB lQD pOt R= 'CU= xDiQo pmW xOWs=Hv= |@ QHD C=ar=]t w xv}tR
u}@ \=@DQ= u=}@ |=Q@ Cw}=@ QF-wt VvD VwQ R= w xR=U |oOQwNlQD h}YwD |=Q@
"CU= xOW xO=iDU= xOQwNlQD u=tr= p=tQv VvD |=yxir-wt w ?; |}xQiL Q=Wi
l}v=mt Q@ |vD@t xm |WNB lQD pOt R= xO=iDU= CQwY QO xm CU= |a}@] xD@r=
?; Q=Wi h}YwD |=Q@ QF-wt VvD swyit R= O}=@ Q=J=v x@ 'CU= xDUw}B |=y\}Lt
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|}=Qosy pQDvm |=Q@ sy w lQD |vRxv=wH ẁQW |=Q@ sy |SQv= Q=}at uDiQo Q_vQO
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l} |xv}W}@ |=Q@ |vRxv=wH u=mt= uOQm sy=Qi 'VvD |oOWpik Vy=m R}v w OwOLt
h} QaD u}vJty w lQD |wQW}B Ov}=Qi ?U=vt pQDvm hOy =@ R}r=v; Q=QmD Qy QO u=tr=
|xawtHt u}@ R= |vRxv=wH x@ R=Ht u=tr= =yvD X}NWD CyH |@U=vt sD} Qwor=
VywSB QO O}OH w syt C=mv R= R}r=v; Q=QmD Qy QO |oOQwNlQD OaDUt |=yu=tr=

=yCWwv=B
1. Rescher
2. difused cracks
3. base joint
4. uplift force
5. traction
6. stress intensity factor (KI)
7. wedge splitting e�ect
8. permeability
9. transmissivity
10. cubic law
11. biot e�ective stress
12. staggered solution
13. fully coupled solution
14. discrete crack
15. smeared crack
16. strain localization
17. strong discontinuity
18. mesh re�nement
19. extended feinite element method
20. enriched shape function
21. �xed crack model
22. rotating crack model
23. crack initiation criterion
24. shear retention factor
25. crushing
26. softening curve
27. kink point
28. secant modulus matrix

29. strain localization limiter
30. stress lock-in
31. imperfection theory
32. crack band model (CBM)
33. nonlocal continuum models
34. softening modulus
35. post-peak region
36. isotropic damage model
37. strength degradation
38. sti�ness degradation
39. secant unloading
40. body force
41. biot coe�cient
42. grain deformability
43. bishop coe�cient
44. fracture process zone (FPZ)
45. steady state 
ow
46. open source code
47. Robert L. Taylor
48. assemblage
49. initial notch
50. crack mouth opening displacement (CMOD)
51. plateau area
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