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�Q=}Wv=O� �|OtLt |tQm =[Q

�OWQ= |U=vWQ� |wHWv=O� |@w@Lt T=@a
�OWQ= T=vWQ� � GrN u}at

|Uw] u}Or=Q}Yv xH=wN |DavY x=oWv=O 'u=Qta |UOvyt |xOmWv=O

p}O@D w xDUw}B Crw} w p}O@D '|a}@] l} QLD |=yVwQ R= xO=iDU= =@ Q[=L Q=DWwv QO
=DU}==v O}iU |xiwv l} QLD CLD xk@] 3 |WQ@ ?=k l} |m}t=v}O C=YNWt 'CQ@r}y
=DU}= |=yp=vo}U x@ =DU}==v |=yp=vo}U p}O@D |=Q@ |WwQ u}vJty "CU= xOW |}=U=vW

C=HQO O=R; C=W=aDQ= w xO=iDU= |a}@] l} QLD VwQ R= u=wD@ =D 'CU= xOW O=yvW}B
p}O@D ltm x@ xOW G=QNDU= O=R; C=W=aDQ= 'QwmPt VwQ QO "OQm G=QNDU= =Q sDU}U |O=R;

CQ@r}y p}O@D R= xO=iDU= =@ w x} RHD sDU}U |Owt |=yp=vo}UR} Q x@ xDUw}B Crw} w
w |Owt |=y|}=Q}t '|a}@] |=yOt=U@ %Q}_v sDU}U |m}t=v}O C=YNWt '=yp=vo}UR} Q

VwQ ltm x@ 'Q[=L Q=DWwv QO "OvwW|t |}=U=vW |DNU w |}=Q}t |=yT} QD=t
w |}=Q}t T} QD=t '|Owt |=ypmW '|a}@] |=yOt=U@� |m}t=v}O C=YNWt |O=yvW}B

CLD |Oqwi |Oa@ 2 ?=k l} w |]N |xk@] 3 |WQ@ ?=k sDU}U l} �|DNU
"CU= xOW |}=U=vW =DU}==v O}iU |xiwv V=aDQ=
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'xDUw}B Crw} w p}O@D '|a}@] l} QLD VwQ 'sDU}U |}=U=vW %|O}rm u=oS=w
"=DU}==v O}iU |xiwv 'CQ@r}y p}O@D

xtOkt "1
|Q}oQ=m x@ =@ w =DU}==v |]}Lt V=aDQ= |=yxO=O R= xO=iDU= =@ R}v 2012 p=U QO
l} |Owt pmW |}=U=vW x@ [7�5]'u}W}B |=yVywSB |NQ@ |v=tR |xRwL VwQ
R= xO=iDU= 'Q}N= |=yp=U QO [8]"CU= xOW xDN=OQB |O=R; xHQO 6 |}xR=U sDU}U
|}xR=U |=ysDU}U |}=U=vW CyH '�WT� lHwt Cq}O@D Q@ |vD@t |=yVwQ
VywSB QO u}vJty [10w9]"CU= xDiQo Q=Qk xHwD OQwt '=yu; |@=QN |}=U=vW w
|x} RHD x@ '�CWT� 2xDUw}B Crw} w ?}=Q[ R= xO=iDU= =@ '2012 p=U QO |Qo}O
xRwQt= [11]"CU= xOW xDN=OQB|]N |O=R; xHQO 5 sDU}Ul} O=R; V=aDQ= p=vo}U
C=YNWt |}=U=vW C=ar=]t QO xm CU= |Qo}O p}O@D '�HT� 3CQ@r}y p}O@D
QO xOW |Q}oxR=Ov= |=yp=vo}U |x} RHD |}=v=wD w OwW|t xO=iDU= sDU}U l}
QO [13w12]"OQ=O =Q sDU}U |}x_Lr Ot=U@ uDi=} Qw_vt x@ Ot=U@ � u=tR |xRwL
XNWt |xR=Ov= =@ |}x@ Q[ |Q=PoQ=@ CLD |WQ@ ?=k |]N |=ysDU}U |UQQ@
sDU}U |m}t=v}O C=YNWt 'QwmPt sDU}U O=R; C=W=aDQ= R= xO=iDU= =@ '�2003�
|DNU w |}=Q}t 'sQH |=yT} QD=t w |Owt |=y|}=Q}t '|a}@] |=yOt=U@ %Q}_v
Q=@ CLD sDU}U O=R; C=W=aDQ= x@ |@=}CUO xm =Hv; R= [14]"CU= xOW |}=U=vW
CNU Q=}U@ OwHwt |=yC}OwOLtCra x@ pta QO '|ak=w |=yxR=U |=Q@ |}x@ Q[
CyH |]}Lt C=W=aDQ= CLD sDU}U MU=B C@F =Pr 'OW=@ umttQ}e O}=W w
|xiwv ,=@r=e =y|Q=PoQ=@ ẁv u}= "OUQ|t Q_v x@ ?U=vt |Q=my=Q 'sDU}U |}=U=vW

[15]"OvDUy =DU}==v O}iU

xHwD OQwt|}xR=UhrDNt|=ysDU}U|OwtC=YNWt|}=U=vW 'Q}N=|=yp=U QO
l} '|}xR=U |=ysDU}U |}=U=vW [2w1]"CU= xDiQo Q=Qk u=QoWywSB Q=}U@ |xkqa w
QO xR=U |xOW C@F |=yMU=B R= |}xR=U |=yQDt=Q=B |}=U=vW |=Q@ Twmat Ov}=Qi
|=y|oS} w u}tND '|}xR=U |=ysDU}U |}=U=vW |rY= hOy "CU= |k}kL |=}vO
|Owt |=ypmW '|Owt |=y|}=Q}t '|a}@] |=yOt=U@ %p}@k R= xR=U |m}t=v}O
|=yxR=U s}rUD Ctw=kt w Q=oOv=t |=ypmW Q}}eD 'xOW hrD |SQv= 'xR=U V=aDQ=
%Ovv=t 'hrDNt \}=QW CLD xOW C@F |}xR=U |=yMU=B |xr}Uw x@ xO}O ?}U;
|OOaDt |=yVwQ xRwQt= [3]"CU=yl} QLD `=wv= Q}=U w xrRrR '|]}Lt V=aDQ=
'1971 p=U QO "CU= xOW x�=Q= |]N sDU}U |Owt C=YNWt |}=U=vW |=Q@
Q=@ ZQat QO |}=[i |=yxR=U QO |@=QN |}=U=vW Qw_vt x@ |iO=YD Vy=m VwQ
|Q}oxR=Ov= Qw_vt x@|oDU@ty `@=D OQ@ Q=m Q@|vD@t QwmPt VwQ "OW|iQat|]}Lt
VwQ R}v '1977 p=U QO [4]"CU=yxR=U ẁv u}= QO |@=QN |}=U=vW w |}=Q}t
VR=OQB Qw_vt x@ |v=tR |xRwL |=yQDt=Q=B |}=U=vW VwQ x=Qty x@ |iO=YD Vy=m
VwQ '1995 p=U QO u}vJty [6w5]"CU= xOW xO=iDU= |]}Lt V=aDQ= |=yxO=O
w |a}@] |=yOt=U@ 'QwmPt VwQ R= xO=iDU= =@ w x�=Q= 1�NExT� |a}@] l} QLD

"CU= xOW |}=U=vW X=N |}xR=U |Owt |}=Q}t
pw�Ut xOvU} wv �

"1395 3 8 VQ}PB '1395 2 22 x}LqY= '1394 5 5 Ci=} QO %M} Q=D
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xHQ
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=ysD

U}U
|}=U

=vWu=}t |oDU@ty xvwoI}y xmv; x@ xHwD =@ "CU= |oDU@ty QwD=QB= Qov=}@ R 'u; QO xm
(RU �Yi(t; s) = 0)OQ=Ov OwHwsDU}U|O=R;C=HQO?=DWMU=B w|OwQwl} QLD

%CW=O s}y=wN =Q 6 |x]@=Q =Pr
M�R �Y �Yi(t; s) + C�R _Y �Yi(t; s)K

�RY �Yi(t; s) = 0 (6)

[15]%s} Q=O =Q 7 |x]@=Q =DU}= |=yOv}=Qi |=Q@
_RY �Yi(t� s) = R _Y �Yi(t� s) = �RY ...

Yi (t� s) (7)

%CiQo xH}Dv =Q 8 |xrO=at u=wD|t '7 w 6 |=yxrO=at R=
M�RY �Yi(t; s) + C� _RY �Yi(t; s) +K�RY �Yi(t; s) = 0 (8)

O=R; V=aDQ= p=vo}U R= |D@Uv �RY �Yi(t; s) 'OwW|t xOy=Wt xm Qw]u=ty
xHQO ?=DW p=vo}U u=}t |oDU@ty =@ Q@=Q@ xm CU= (i) Q_vOQwt |O=R; xHQO

"CU= (R �Y �Yi(t; s)) `HQt |O=R; xHQO w Q_vOQwt |O=R;
|Ot=U@ |=wDLt 'u; =@ Q_=vDt p=vo}U xm CU= |}xHQO '`HQt |O=R; xHQO
G=QNDU= Qw_vt x@ 'xH}Dv QO [8]"OW=@ xDW=O Qo}O |O=R; C=HQO x@ C@Uv |QD|ve
CU= |i=m \ki '|a}@] l} QLD VwQ R= xO=iDU= =@ |O=R; |=yxHQO O=R; V=aDQ=
xHQO |HwQN V=aDQ= w |O=R; |=yxHQO R= l} Qy |HwQN V=aDQ= u}@ |oDU@ty
R= |Q}ou}ov=}t =@ TBU w OwW x@U=Lt u=Um} |v=tR |=yxR=@ QO `HQt |O=R;
Q_vOQwt |O=R; xHQO O=R; V=aDQ= 'hrDNt |v=tR |=yxR=@ QO |O}rwD |=yp=vo}U

"O}; CUOx@

=DU}= p=vo}U x@ =DU}==v p=vo}U p}O@D VwQ "3
|=vyB =@ =DU}==v O}iU |xiwv ẁv R= ,qwtat 'xR=U l} x@ xOQ=w |]}Lt V=aDQ=
j@=]D CyH |OOa |=y|R=UpOt QO CU= |QwQ[ =Pr "CU= OwOLt |Ot=U@
"OW=@ =DU}==v O}iU |xiwv R= |OOa pOt x@ xOQ=w V=aDQ= 'C}ak=w x@ pOt QDW}@
|v=tR \ki '|O=R; xHQO l} sDU}U l} |=Q@ |a}@] l} QLD VwQ =@ j@=]t
x@ |OwQw V=aDQ= xm CU= R=Ht O=R; V=aDQ= uDi=} CyH |oDU@ty R= xO=iDU=
R= sDU}U MU=B O}=@ CQwYu}= Q}e QO w OW=@ =DU}= O}iU |xiwv ẁv R= 'sDU}U
x@ =DU}==v p=vo}U CyH |WwQ '|vwvm VN@ QO "OwW p}O@D =DU}= x@ =DU}==v Cr=L
l} QLD ZQat QO xDUUo |]N sDU}U l} OwW|t ZQi "CU= xOW x�=Q= =DU}=
u=}@ 9 |x]@=Q CQwYx@ CmQL |xrO=at "OW=@ xDiQo Q=Qk =DU}= O}iU |xiwv OQivt

%OwW|t
M�v(t) + C _v(t) +Kv(t) = w(t) (9)

'=DU}= O}iU |xiwv OQivt l} QLD ?}DQD x@ �v(t) ' _v(t) w v(t) 'w(t) 'u; QO xm
|xrO=at hQ] wO uOQm ?Q[ =@ "CU= MU=B |=DU}= ?=DW w CaQU '|}=Hx@=H
%O};|t CUOx@ 10 |xrO=at (�(t)) OQ=O |tm Q}}eD u=tR =@ xm |WwB `@=D QO 1
M �u+ C _u(t) +Ku(t) = f(t) (10)

"OwW|t u=}@ |O}rwD pOt \UwD xm CU=DU}==v O}iU |xiwv f(t) 'u; QO xm
u=tR =@ xm CU= |a@=D �(t) xm CU= u}= Q@ ZQi '10 |xrO=at x@ uO}UQ QO
w �(t) _v(t) � _u(t) u}=Q@=v@ (��(t) � 0 w _�(t) � 0) Ovm|t |tm Q}}eD

?=k l} C=YNWt |}=U=vW CyH |WwQ |x�=Q= 'Q[=L Q=DWwv QO hOy
O}iU |xiwv V=aDQ= CLD |Oqwi |Oa@ 2 ?=k l} w |O=R; xHQO 3 |]N |WQ@
=DU}==v O}iU |xiwv V=aDQ= p=ta= R= TB QwmPt VwQ QO "CU= |oDN=U |=DU}==v
C=W=aDQ= R= xO=iDU= =@ "OwW|t C@F sDU}U |O=R; C=HQO C=W=aDQ= 'sDU}U x@
%pt=W sDU}U C=YNWt ,=D}=yv w G=QNDU= sDU}U O=R; C=W=aDQ= '|O=R; C=HQO
xOW |}=U=vW |DNU w |}=Q}t |=yT} QD=t w |Owt |=y|}=Q}t '|a}@] |=yOt=U@

"CU=

|a}@] l} QLD VwQ x@ sDU}U O=R; V=aDQ= G=QNDU= "2
�xOW K}LYD�

O=R; V=aDQ= uOQw; CUOx@ ,qwtat '|}xR=U sDU}U |}=U=vW hrDNt |=yVwQ QO
'|vwvm VN@ QO "CU= |QwQ[ xR=U |m}t=v}O C=YNWt |}=U=vW CyH sDU}U
V=aDQ= |wQ R= sDU}U O=R; V=aDQ= uOQw; CUOx@ Qw_vt x@ |a}@] l} QLD VwQ

"CU= xOW u=}@ sDU}U |=DU}= |]}Lt
p@=kQ}e =} w OwW|tv |Q}oxR=Ov= |OwQw V=aDQ= '|a}@] l} QLD VwQ QO
',=}v=F &OW=@ =DU}= O}=@ |OwQw V=aDQ= ',qw= %OQ=O |U=U= \QW xU w CU= |Q}oxR=Ov=
w &OW=@ xDW=O =Q sDU}U |W=aDQ= |=yOwt uOQm Q}oQO |}=v=wD u; |Ot=U@ |=wDLt

[7]"OW=@ xDW=Ov xR=U MU=B =@ |oDU@ty xvwoI}y 'QwmPt l} QLD ',=Fr=F
"O} Q}o@ Q_v QO CU= QwmPt C=YNWt =@ |a}@] l} QLD CLD xm =Q |tDU}U

%CU= sDU}U V=aDQ= |m}t=v}O |xrO=at Qov=}@ '1 |xrO=at
M �y(t) + C _y(t) +Ky(t) = u(t) (1)

y(t) '|DNU w |}=Q}t 'sQH |=yT} QD=t Qov=}@ ?}DQD x@ K w C 'M 'u; QO xm
|OwQw l} QLD |wQ}v Q=OQ@ Qov=}@ u(t) w t u=tR QO sDU}U |}=Hx@=H Q=OQ@ Qov=}@
'OW=@ |iO=YD CQwYx@ '|OwQw l} QLD Q=OQ@ xm |v=tR "CU= t u=tR QO sDU}U

%OwW|t |U} wvR=@ 2 |x]@=Q CQwYx@ 1 |xrO=at
M �Y (t) + C _Y (t) +KY (t) = U(t) (2)

"CU= |Dq=tDL= l} QLD Q=OQ@ U(t) w |Dq=tDL= |}=Hx@=H Q=OQ@ Y (t) 'u; QO xm
sDU}U |O=R; C=HQO R= |m} ?=DW MU=B Q=Okt QO 2 |xrO=at hQ] wO Qo =

%O};|t CUOx@ 3 |xrO=at 'OwW ?Q[ ( �Yi(s))

M �Y (t) �Yi(s) + C _Y (t) �Yi(s) +KY (t) �Yi(s) = U(t) �Yi(s) (3)

4 |xrO=at '3 |xrO=at hQ] wO Q@ '(E[ ]) |[=} Q O}t= QwD=QB= p=ta= =@
%O};|t CUOx@

M�E[ �Y (t) �Yi(s)] + C�E[ _Y (t) �Yi(s)] +K�E[Y (t) �Yi(s)]

= E[U(t) �Yi(s)] (4)

%CW=O s}y=wN =Q 5 |x]@=Q p=L
M�R �Y �Yi(t; s) + C�R _Y �Yi(t; s) +K�RY �Yi(t; s) = RU �Yi(t; s)

(5)
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UOv
yt |=yp=vo}UR} Q x@ Q_vOQwt |r}rLD p=vo}U |x} RHD Qw_vt x@ 'Q[=L Q=DWwv QO

xO=iDU= OQwt QO=t lHwt "CU= xOW xO=iDU= xDUw}B lHwt ?}=Q[ R= '\@DQt
|xrO=at j@=]t xOW KqY= \rDNt CrQwt lHwt 'QwmPt p=vo}U |x} RHD CyH

[11]%CU= 17

	(t) = e�
t22 :ej!0t (17)

xDUw}B Crw} w p}O@D p=ta= R= TB "CU= QO=t lHwt |RmQt Ot=U@ !0 'u; QO xm
|xv}W}@ Q=Okt =@ Q_=vDt T=}kt QDt=Q=B '|O=R; C=HQO R= l} Qy O=R; V=aDQ= Q@
Q_=vDt '=yv; R= l} Qy xm O};|t CUOx@ xDUw}B Crw} w ?}=Q[ jr]tQOk |@Uv
|r}rLD p=vo}U |Owt |x} RHD R= |D@Uv p=L "CU= sDU}U |=yOwt R= |m} =@

%CU= xOW x�=Q= �18 \@=wQ� QwmPt CqO=at R= |m} =@ j@=]t Q_vOQwt
xpi = imag(cwt(Xp;maxi;0morl0))

or

xpi = real(cwt(Xp;maxpi;0morl0)) (18)

Crw} w ?}=Q[ |k}kL w |twywt CtUk Qov=}@ ?}DQD x@ real w imag 'u; QO xm
Crw} w ?}=Q[ jr]tQOk |@Uv |xv}W}@ =@ Q_=vDt T=}kt Q@=Q@ maxi 'pY=L
V=aDQ=Xp 'u}vJty "CU= \@DQt QO=t lHwt Qov=}@morl w s)=i Owt QO xDUw}B
sDU}U p |O=R; xHQO i Owt x@ \w@ Qt p=vo}UR} Q xpi w s)=p |O=R; xHQO O=R;
ẁtHt CQwYx@ =QXp(t) p=vo}U u=wD|t xOW QmP VwQltm x@ xH}Dv QO "CU=

"OQm x} RHD xpi |=yp=vo}UR} Q

=yp=vo}UR} Q |xvt=O w R=i |x@U=Lt "2"4
[13]%OwW|t h} QaD 19 |x]@=Q CQwYx@ 'x(t) p=vo}U CQ@r}y p}O@D

~x(t) = HT [x(t)] = 1
�

Z +1

�1
x(�)
t� � d� (19)

pY=L 'x(t) Q@ CQ@r}y p}O@D p=ta= R= xm CU= |O}OH p=vo}U ~x(t) 'u; QO xm
V=aDQ= pt=W |=yOv}=Qi R= |O=} R O=OaD '|r}rLD p=vo}U |Qw�D j@] Q@ "OwW|t
w OwW p}O@D O}OH `@=D l} x@ Ov=wD|t CQ@r}y p}O@D |xr}Uwx@ 'y(t) sDU}U
5|}x_Lr R=i w 4VwB xm OwW u=}@ Cw=iDt |mOv= |a@=wD R= |@}mQD?r=k QO u}vJty

[16]%�23 |r= 20 \@=wQ� OvwW|t xO}t=v
Zpi(t) = xpi(t) + j~xpi(t) = Api(t)exp[j�pi(t)] (20)

xpi(t) = Api(t)cos�pi(t) (21)

Api(t) =
q
x2
pi(t) + ~x2

pi(t) (22)

�pi(t) = arctan[~xpi(t)=xpi(t)] (23)

"OvQ=O |k}kL |Q}O=kt xm CU= xpi x@ \w@ Qt CQ@r}y p}O@D ~xpi(t) '=yv; QO xm
w Api w OQ=O |twywt |Q=Okt xm CU= xpi p=vo}UR} Q |r}rLD sQi Zpi(t)
|k}kL |Q}O=kt xm OvDUy xpi p=vo}UR} Q |}x_Lr R=i w VwB ?}DQD x@ �pi(t)
VwB w R=i u=wD|t 'xOW G=QNDU= |=yp=vo}UR} Q R= l} Qy |=Q@ xH}Dv QO "OvQ=O

"OQm x@U=Lt QwmPt \@=wQ ltm x@ =Q \w@ Qt

QO w =DU}==v O}iU |xiwv u=wvax@ Ov=wD@ l} QLD Qo = u}=Q@=v@ "�(t)�v(t) � �u(t)

x=ou; &OwW u=}@ 'OQ=O |tm Q}}eD u=tR =@ xm �(t) VwB |xrO=at l} =@ 11 |xrO=at
"OwW pOt VwB |xrO=at u=ty =@ Ov=wD|t R}v sDU}U |=DU}==v |=yMU=B

u(t) = �(t)v(t); f(t) = �(t)w(t) (11)

|=yxvwtv R= =DU}==v |oDU@ty |@=} RQ= w =DU}= x@ =DU}==v |=yMU=B p}O@D |=Q@
xm O};|t CUOx@ |rY= |=DU}==v |=yxO=O R= VwB `@=D =OD@= 'OwOLt |r}N |}xO=O
pOt =yxO=O |Dkwt C=a@ Qt QwPHt u}ov=}t `@=wD |@=} RQ= |xr}Uwx@ Ov=wD|t ,=@} QkD

%OwW|t u=}@ 12 |x]@=Q CQwYx@ xm CU= û2
i 'u2

i(t) |v=tR u}ov=}t "OwW

û2
i = 1

T

Z t+T2

t�T2
u2
i(�)d� (12)

|xrO=at R=TBU 'CU= xDUy; Q}eDt `@=Dl} �(�) xm OwW|t |Qw;O=} xQ=@ wO
%OwW xOR ?} QkD 15 |r= 13 |x]@=Q CQwYx@ Ov=wD|t û2

i(t) '11

û2
i = 1

T

t+T2Z
t�T2

�2(�)v2
i (�)d� �= �2(t) 1

T

t+T2Z
t�T2

v2
i (�)d� (13)

�(t) = (û2
i)0 5

(E[v2
i ])0 5 ! �(t) = (û2

i)0 5

ci
(14)

û2
i = �2(t)E[v2

i ] (15)

Q=Okt l} =OD@= '=DU}= p=vo}U x@ ZwQit |=DU}==v p=vo}U p}O@D |=Q@ u}=Q@=v@
|xQHvB l} ?=NDv= =@ w OwW|t x@U=Lt û2

i Q}O=kt TBU w ?=NDv= � |=Q@ ?U=vt
|=yxO=O R= 'C}=yvQO w x@U=Lt |v=tR |xR=@ u; QO û2

i |xv}W}@ Q=Okt '|v=tR
"OwW|t xO=O VR=Q@ |@U=vt `@=D pY=L

O}OB |}xOW T=}kt `@=D l} OOa x@ jwi `@=D Q=Okt |xv}W}@ uOQm xR}r=tQv =@
s}UkD =@ ,=D}=yv "OW=@ �(t) `@=D Q}O=kt R= |@U=vt |@} QkD hQat Ov=wD|t xm O};|t
=DU}= p=vo}U 'x_Lr Qy QO �(t) `@=D x@ ZwQit =DU}==v p=vo}U |OOa Q}O=kt

"OwW|t pY=L Q_vOQwt

sDU}U |m}t=v}O |=yQDt=Q=B G=QNDU= "4
O=R; V=aDQ= p=vo}U |Ot |x} RHD "1"4

l} |O=R; C=HQO O=R; V=aDQ= G=QNDU= CyH |}=yVwQ 'u}W}B |=yVN@ QO
l} |Owt |=yQDt=Q=B G=QNDU= 'Q[=L Q=DWwv QO|}=yv hOy "OW x�=Q=|]N sDU}U
G=QNDU= CyH |WwQ '|vwvm VN@ QO =Pr &CU= |]N |O=R; xHQO OvJ sDU}U
|=ypmW '|Owt |=y|}=Q}t '|a}@] |=yOt=U@ %Ovv=t sDU}U |Owt |=yQDt=Q=B

"CU= xOW x�=Q= sDU}U O=R; C=W=aDQ= R= |DNU w |}=Q}t |=yT} QD=t '|Owt
Ov=wD|t u}vJty p=vo}U u}= "CU=|@v=Ht CQwYx@ 'sDU}Ul} O=R; V=aDQ=

[16]%�16 |x]@=Q� OwW xO=O V}=tv =yp=vo}UR} Q R= |awtHt CQwYx@

X(t) =
nX
i=1

Ai(t)cos(�i(t)) (16)

|=Q=O p=vo}U l} QO "CU= p=vo}UR} Q R=i '�i(t) w xvt=O Ai(t) 'u; QO xm
"Ovm|t Q}}eD xvt=O R= QD`} QU |r}N V=aDQ= R=i xm OwW|t ZQi xvwou}= '?v=Ht
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"OQm x@U=Lt sDU}U |O=R; C=HQO |t=tD O=R; V=aDQ= MU=B

sDU}U |DNU w |}=Q}t |=yT} QD=t |}=U=vW "5"4
%s} Q=O =Q 30 |x]@=Q sDU}U l} Ot=aDt |=yOwt X=wN x@ xHwD =@

�TM� = diag[mj ] (30)

sDU}U sQH T} QD=t w s)=j Owt |xDi=}s}taD sQH Qov=}@ ?}DQDx@M wmj 'u; QO xm
R= xO=iDU= =@ |Owt pmW T} QD=t w sQH T} QD=t uOw@ swrat ZQi =@ p=L "CU=

%OQm x@U=Lt =Q sDU}U |DNU w |}=Q}t T} QD=t u=wD|t '32 w 31 CqO=at
K = ��T diag[kj ]��1 (31)

C = ��T diag[cj ]��1 (32)

xm � sDU}U s)=j Owt |xDi=}s}taD |DNU w |}=Q}t Qov=}@ ?}DQDx@ kj w cj '=yv; QO xm
T} QD=t Qov=}@ ?}DQD x@ K w C u}vJty w �Ov};|t CUOx@ 33 |x]@=Q j@=]t

"CU= sDU}U |DNU w |}=Q}t
kj = mj!2

j ; cj = 2�j!j (33)

G}=Dv w |R=UpOt "5
|]N |xk@] 3 |WQ@ ?=k sDU}U l} |m}t=v}O C=YNWt 'Q[=L VN@ QO
|HvUQ=@Da= CyH TBU "CU= xOW |}=U=vW xOW x�=Q= VwQ R= xO=iDU= =@
QO xOW pOt |Oqwi |Oa@ wO ?=k l} |m}t=v}O C=YNWt 'xOW QmP VwQ

"CU= xOW xU}=kt QwmPt Q=Ri=sQv G}=Dv =@ w |}=U=vW 'SAP2000Q=Ri=sQv

\@DQt l} QLD w pw= pOt C=YNWt "1"5
MATLAB Q=Ri=sQv QO '|]N |xk@] 3 |WQ@ ?=k sDU}U l} '|vwvm VN@ QO
xk@] Qy sQH 'QwmPt pOt QO "CU= xOW |R=UpOt 1 pmW j@=]t �Simulink�
w K2 = 800KNm 'K3 = 900KNm Q@=Q@ C=k@] |DNU w 1000kg Q@=Q@
'C2 = 1 5KN:sm 'C3 = 2 2KN:sm Q@=Q@ C=k@] |}=Q}t w K1 = 700KNm
|=DU}==v O}iU |xiwv ?=DW |OwQw CLD sDU}U "CU= xOw@ C1 = 2KN:sm

"CU= xOW C@F |O=R; C=HQO R= l} Qy ?=DW w xDiQo Q=Qk |O}rwD
1200 COt x@ =DU}= O}iU |xiwv l} 'sDU}U x@ l} QLD p=ta= Qw_vt x@

|xrO=at =@ xvt=O p}OaD `@=D l} TBU "CU= xOW O}rwD x}v=F
�(t) = 4� (e�0 002t � e�0 004t)

|wQ}v '3 pmW "�2 pmW� CU= xOW O}rwD =DU}=Q}e p=vo}U w ?Q[ p=vo}U QO
"OyO|t V}=tv =Q x}v=F 1200 COt x@ 3 |O=R; xHQO x@ OQ=w |=DU}=Q}e

'4 pmW "OwW|t C@F sDU}U |O=R; C=HQO |t=tD |HwQN V=aDQ= TBU
QO "CU=DU}==v ẁv R= xm OyO|t u=Wv =Q sDU}U 1 |O=R; xHQO |Q=@H= V=aDQ=
sQH T} QD=t w C@F C=W=aDQ= R= xO=iDU= =@ sDU}U |m}t=v}O C=YNWt 'xt=O=

"CU= xOW |}=U=vW ,qt=m 'sDU}U

sDU}U |Owt |=y|}=Q}t w |a}@] |=yOt=U@ |}=U=vW "3"4
xm CU= \@DQt |}x_Lr R=i |}x_Lr jDWt 's)=i Owt |}x_Lr 6|}x} w=R Ot=U@

[16]%OwW|t u=}@ 24 |x]@=Q CQwYx@
!i(t) = _�pi(t) = xpi(t) _~xpi(t)� _xpi(t)~xpi(t)

A2
pi(t)

= Im[
_Zpi(t)
Zpi(t)

]

(24)

sDU}U |}=Q}t xJv=vJ 'sDU}U |Owt |}=Q}t |x@U=Lt Qw_vt x@ u}vJty
[14]%OwW|t xO=iDU= 26 w 25 CqO=at R= 'OW=@ nQR@ |}x} w=R Ot=U@ w sm |r}N
ln Api(t) = ��i!it+ lnBpj (25)

�i(t) = �d(ln(Api(t)))
!i(t)dt

(26)

"CU= QwmPt |xrO=at -=O@t R= ZQa ln Bpi '25 |xrO=at QO xm
|=yQ=Owtv 'OW=@ sm �i xJv=vJ '|vwvm VN@ QO xOW x�=Q= \@=wQ x@ xHwD =@
��i!i Qov=}@ ?}DQD x@ QwmPt |=yQ=Owtv ?}W w |]N '�pi � t w ln Api � t
|=yQ=Owtv 'OW=@v lJwm �i xm |DQwY QO |rm Cr=L QO um}rw "CU= !di w
|xvt=O C=Q}}eD '|OOa G}=Dv =@ j@=]t CQwY u}= QO w CU= |]NQ}e QwmPt
=t= 'OwW|t pt=L Ot=U@ u}ov=}t Q=Okt |r=wL QO Ot=U@ C=Q}}eD ?@U p=vo}U
|x@U=Lt Qw_vt x@ |]}=QW u}vJ QO xH}Dv QO "OyO|tv Q}}eD =Q u; u}ov=}t Q=Okt
|xv}tm T=U=Q@ VR=Q@ Ov}=Qi R= sDU}U |a}@] |=yOt=U@ w |Owt |=y|}=Q}t

"�13 w 12 |=ypmW� OwW|t xO=iDU= C=a@ Qt

|Owt |=ypmW |}=U=vW "4"4
G=QNDU= |=yp=vo}UR} Q R= xO=iDU= =@ u=wD|t xm OW xO=O u=Wv u}W}B |=yVN@ QO
x�=Q= \@=wQ u}vJty w sDU}U |O=R; C=HQO R= |m} 'O=R; V=aDQ= MU=B R= xOW
VN@ QO hOy "OvwW |}=U=vW sDU}U |a}@] |=yOt=U@ w |Owt |=y|}=Q}t 'xOW
V=aDQ= R= xOWG=QNDU= |=yp=vo}UR} Q R= xO=iDU= =@ xm CU= |WwQ |x�=Q= '|vwvm
|}=Q}t w |DNU |=yT} QD=t '|Owt pmW |=yQ=OQ@ '|O=R; C=HQO |t=tD O=R;

"OvwW |}=U=vW sDU}U
|=yx}=QO |x@U=Lt Qw_vt x@ [14]'2003 p=U QO xOWs=Hv= C=ar=]t j@]

%OwW|t xO=iDU= 28 w 27 CqO=at R= |Owt pmW T} QD=t
j�pij=j�qij = exp[A0pi(t0)�A0qi(t0)] (27)

'pi;q = �0pi(t0)� �0qi(t0) (28)

VR=Q@ `@=D Q=Okt ?}DQD x@ �0qi(t0) w �0pi(t0) 'A0qi(t0) 'A0pi(t0) =yv; QO xm
"CU= t0 |x_Lr QO �qi(t) w �pi(t) 'ln(Aqi(t)) 'ln(Api(t)) Q=Owtv Q@ xDi=}
OwW|t x}YwD w CU= C=a@ Qt |xv}tm VwQ T=U=Q@ VR=Q@ |xwLv u}vJty
hqDN= ''pi;q "OwW Q=}DN= xDi=} VR=Q@ `@=D |v=tR |xR=@ |v=}t |x]kv 't0 |x_Lr
|Q=Okt xm 'CU= |UQQ@ OQwt p=vo}UR} Q wO =@ Q_=vDt |r}rLD p=vo}U wO u=}t R=i
|=yx}=QO Ctqa u}}aD Qw_vt x@ p=L "OQ=O �(2m + 1)� =} �2m� =@ Q@=Q@

%s}vm|t xO=iDU= 29 \@=wQ R= |Owt pmW T} QD=t8<:'pj;k = �2m� ! �pj=�kj > 0
'pj;k = �(2m+ 1)� ! �pj=�kj < 0

(29)
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|vwvm |xrLQt QO xOW C@F |HwQN C=W=aDQ= '=DU}==v |OwQw l} QLD x@ xHwD =@
|}=U=vW p}OaD `@=D '3 VN@ QO xOW x�=Q= VwQ x@ xHwD =@ =Pr 'CU=DU}==v ẁv R=
x@ '6 w 5 |=ypmW "OwW|t p}O@D =DU}= |=yp=vo}U x@ |HwQN |=yp=vo}U w
xHQO =@ Q_=vDt |xDi=} p}O@D |HwQN p=vo}U w xOW |}=U=vW p}OaD `@=D ?}DQD
p=vo}U 'OwW|t xOy=Wt 6 pmW QO xm Qw]u=ty "OyO|t u=Wv =Q sDU}U 3 |O=R;

"CU=DU}= ẁv R= xDi=} p}O@D |HwQN

sDU}U |m}t=v}O |=yQDt=Q=B G=QNDU= "3"5
|=yp=vo}U x@ 'QwmPt sDU}U |O=R; C=HQO |HwQN |=yp=vo}U xmv; x@ xHwD =@
V=aDQ= '2 VN@ QO xOW QmP VwQ R= xO=iDU= =@ p=L 'CU= xOW p}O@D =DU}=
1 |O=R; xHQO O=R; V=aDQ= '7 pmW "OwW|t G=QNDU= |O=R; |t=tD C=HQO O=R;
xHQO O=R; V=aDQ= |xDUw}B Crw} w ?}=Q[ jr]tQOk QwDvm p=L "OyO|t u=Wv =Q
s}UQD 8 pmW j@=]t xOW KqY= \rDNt CrQwt lHwt R= xO=iDU= =@ 1 |O=R;

"O}; CUOx@ |rLt |xv}W}@ \=kv x@ \w@ Qt T=}kt |=yQDt=Q=B =D 'CU= xOW
|=yT=}kt QO 'Crw} w?}=Q[ jr]tQOk|@Uv |xv}W}@ Q}O=kt '8 pmW j@=]t
w swO 'pw= |=yOt =@ Q_=vDt ?}DQD x@ xm CU= xO=O MQ 665 w 982 '3285
x@ xDUw}B Crw} w ?}=Q[ |twywt CtUk p=L "CU= |UQQ@ OQwt |xR=U swU
|O=R; C=HQO R= l} Qy O=R; V=aDQ= =@ Q_=vDt 'xOW QmP T=}kt |=yQDt=Q=B <=R=
QO "CU= sDU}U |W=aDQ= |=yp=vo}UR} Q Qov=}@ xm CU= xOW x@U=Lt sDU}U

"xOW |}=U=vW p}OaD `@=D "5 pmW

"1 |O=R; xHQO =@ Q_=vDt |xDi=} p}O@D |HwQN p=vo}U "6 pmW

"xOW pOt |]N |xk@] 3 |WQ@ ?=k sDU}U "1 pmW

"xO=iDU= OQwt p}OaD `@=D Q=Owtv "2 pmW

"3 |O=R; xHQO x@ OQ=w =DU}=Q}e |wQ}v "3 pmW

"1 |O=R; xHQO |HwQN p=vo}U "4 pmW
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"�3 Ot� 1 |O=R; xHQO O=R; V=aDQ= |Owt |x} RHD R= pY=L p=vo}UR} Q "11 pmW

"1 |O=R; xHQO swO Owt =@ Q_=vDt R=i Q=Owtv Q@ xOW VR=Q@ \N "12 pmW

%OwW|t x@U=Lt pmW u}= x@ swO Owt |}=Q}t C@Uv

!d2 = 35
��2!2 = �1 5! �2 = 1 5

!2
! !2

r
1� (1 5

!2
)2 = 36

! !2 = 36 031 �2 = 1 5
36 031 = 0 0416

Ot=U@ Q}O=kt =D OwW|t s=Hv= xOW G=QNDU= |=yp=vo}UR} Q |t=tD |=Q@ Q=m u}=

"1 |O=R; xHQO O=R; V=aDQ= "7 pmW

"1 |O=R; xHQO O=R; V=aDQ= |xDUw}B Crw}w ?}=Q[ jr]tQOk QwDvm "8 pmW

"�1 Ot� 1 |O=R; xHQO O=R; V=aDQ= |Owt |x} RHD R= pY=L p=vo}UR} Q "9 pmW

|O=R; xHQO O=R; V=aDQ= |Owt |x} RHD R= pY=L p=vo}UR} Q '11 |r= 9 |=ypmW
"OwW|t xOy=Wt 1

|i=m 'sDU}U Owt Qy |}=Q}t C@Uv w |a}@] Ot=U@ |x@U=Lt Qw_vt x@ p=L
�pi� t |=yQ=Owtv QO 3�4 Ov@ QO QwmPt |xOW VR=Q@ \N ?}W ?}DQD x@ CU=
�32 � t |=yQ=Owtv ?}DQD x@ '13 w 12 |=ypmW QO "O}; CUOx@ ln Api � t w
sDU}U 1 |O=R; xHQO swO Owt =@ Q_=vDt xm CU= xOW xO=O V}=tv ln A32� t w

"CU=
w |a}@] Ot=U@ '=yv; Q@ xDi=} VR=Q@ \N w '13 w 12 |=ypmW x@ xHwD =@
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p@=k |WwQ Q[=L Q=DWwv QO xOW x�=Q= VwQ w OvDUy Q_=vDt |Qw�D |=yT} QD=t
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"CU= xOW p=ta= Q}D QU=QU QO CN=wvm} |xOQDUo CQwYx@ 5Ton/m |xOQDUo
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