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|xQiL h=Q]= \}Lt QO VvD |=Q@ uwUvw}DU= \rDNt p}Uv=DB `@=wD R= 'Q[=L VywSB QO
|=Q@ QwmPt p}Uv=DB `@=wD "CU= xOW xO=iDU= u=UWm |Rri |xLiY pN=O QO pmW|[}@
=@ p}Uv=DB `@=wD ?}=Q[ "OvDUy xO=iDU= p@=k |}xLiY VvQm ZQi =@ w |vqw] |=ypvwD
|r=wDt C=kDWt |Q}oQ=mx@ =@ TBU w OvOt; CUOx@ xr�Ut C=}[Qi w |RQt \}=QW x@ xHwD
x@U=Lt pmW |[}@ pvwD h=Q]= QO |WQ@ w |QwLt |=yVvD '\@DQt `@=wD <RH x@ <RH w
xO=iDU= \w@ Qt p�=Ut pL |=Q@ |QwLtwO w |QwLtl} |=HQ@ |=yVvD \}=QW R= "OvOW

wQtrk x@ pmW |[}@ pvwD h=Q]= |xk]vt 'T}Oty CW=ov R= xO=iDU= =@ "CU= xOW
'|a=aW w |QwLt |=yVvD R= xOt; CUOx@ G}=Dv "Ci=} p}O@D pmW |}xQ}=O pvwD h=Q]=
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xOW xO=O KQW `@=vt |NQ@ QO KwQWt w pYit Qw]x@ xm OvwW|t Q} wYD =} pkDvt

[17w16]"CU=
xOW xO=U w s_vt |UOvy `]=kt =@ |=ypvwD |=Q@ xOW QmP |=ypLx=Q QDW}@
QwLt wO 'OQ=wt QDW}@ QO QwmPt `]=kt "CU= xOw@ |QwLtwO VvD u=O}t CLD
|r}rLD VwQ l} 'Q[=L VywSB QO "OvQ=O uQ=kD QwLt l} smCUO =} uQ=kD
`]=kt |=Q@ "CU= xOW x�=Q= |w[}@ |=ypvwD |=Q@ w \rDNt p}Uv=DB `@=wD Q@ |vD@t
'uwUvw}DU= VwQ "1 %CU= VwQ 3 smCUO |=v@t Q@ p}rLD ẁv pmW |[}@
QwmPt |=yVwQ "|}xrtHOvJ |QU R= xO=iDU= VwQ "3 '|r} wW}rNV=t VwQ "2
QO |U=tt =} |]}Lt VvD u}}aD CyH [21�16w13]'`@=vt |NQ@ QO |rm CQwYx@
|=ypvwD h=Q]= VvD |R=UpwtQi 'Q[=L Q=DWwv QO "OvwQ|t Q=mx@ pvwD K]U
u}}aD w xO=O \U@ u; |=yxir-wt s=tD |=Q@ w |�RH w |}xrLQt CQwYx@ |w[}@
Qo}Om} =@ C=}�RH QO QwmPt |=yVwQ |r}rLD |=ypL CU= |y}O@ "CU= xOW
nvU |xOwD pN=O w pvwD K]U QO |RQt \}=QW |oty |rw 'OvDU}v u=Um}
|vwo =vwo w OOaD Qou=Wv xm 'Ovvm|t O}}-=D w j}OYD =Q C}=yv|@ RQt QO pvwD h=Q]=
jOY |RQt \}=QW uDiQo Q_vQO =@ w l}vwtQ=y|@ |xrO=at QO xm CU= |DqO=at

"Ovvm|t
`]=kt |=Q@ Ovv=wD|t xOW QmP OQ=wt QO|r}rLD |=yVwQx@ Ovtxkqa u=oOvv=wN
|=ypvwD |=Q@ '[32�22]`@=vt x@ [21�4]`@=vt Q@ xwqa pmW |[}@ w |}xQ}=O |=ypvwD =}
w pmW |tyU |=ypvwD |=Q@ w [34w33'19'16]`@=vt x@ |r}]DUt w |a@ Qt '|FrFt

[36w35]"Ovvm xaH=Qt `@=vt x@ hrDNt `=wv= QO |wQ}=OQ}e

Q}}eD w VvD u=R}t u}}aD QO |r}rLD |=yVwQ 'nvU l}v=mt u=UOvyt ORv
|L=Q] |=Q@ |O=}v@ w |U=U= VwQ l} xW}ty 'pvwD h=Q]= u=UWm pmW
uoty s=UH= |=Q@ |Oa@ wO |v=UWm |Qw�D QO "CU= xOw@ hrDNt |=ypvwD
'OwW Q_vhQY |tHL =} |}xvO@ |=ywQ}v C=Q}}eD R= xm |akwt 'OQou=Uty w
CUOx@ |}xLiY VvQm w |}xLiY VvD Cr=L wO |=Q@ VvD u=Um} \}=QW
`} RwD =@ u=wD|t =Q j}ta pvwD l} h=Q]= VvD u=UWm `} RwD u}=Q@=v@ [1]"O};|t
\}=QW CLD w pmW Q_v R= pvwD x@ x}@W M=QwU =@ |Rri |xLiY l} QO VvD
\UwD 'QiY |}xvO@ |wQ}v w OwW|t p=ta= xLiY |=yx@r Q@ xm u=Um} |RQt
M=QwU h=Q]= VvD u}}aD |=Q@ pL u} QD|t}Ok "OR u}tND l}vwtQ=y|@ `@=D
xOW x�=Q= 1960 w 1952 |=yp=U QO C}=yv|@ |xLiY l} QO |}xQ}=O

[3w2]"CU=
'VvD `} RwD u}}aD |wQ Q@ QwmPt |xv}tR QO |WywSB |=yC}r=ai u} QDsyt
|xv}W}B w C=}@O= xm CU= xOw@ |}xQ}=O |=ypvwD |L=Q] w pmW Q}}eD 'VvD RmQtD
R= xO=iDU= =@ pvwD h=Q]= VvD p}rLD |=Q@ [15�4]"OQ=O OwHw u; OQwt QO |v=w=Qi
`]kt p}O@D |=Q@ T}Oty CW=ov =@ p=kDv= VwQ R= =OD@= '\rDNt p}Uv=DB `@=wD
|vwQ}@ \=kv 'QwmPt CW=ov QO "OwW|t xO=iDU= |}xQ}=O =} QDxO=U `]kt x@ pvwD
|}xQ}=O `]kt |vwQO =} |vwQ}@ \=kv x@ l}x@l} p=kDv= R= xO=iDU= =@ pvwD h=Q]= w
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RwDp}O@D xQ}=O |xO=U pmW x@ l}x@l} |R=UQ} wYD =} p=kDv= \UwD =Q pvwD |UOvy

w \w]N u}@ |=}=wR u; QO w CU= hwQat T}Oty CW=ov x@ Q_vOQwt p=kDv= "OQm
Qy 'u=t} Q |x} Q_v j@] "Ov=t|t C@=F p=kDv= R= TB w u}W}B \@DQt |=y|vLvt
"OQm p}O@D xQ}=O x@ T}Oty CW=ov R= xO=iDU= =@ u=wD|t =Q xDUw}B |xDU@ |vLvt
`=aW x@ |}xQ}=O |rN=O =} |vwQ}@ \}Lt x@ u=wD|t =Q pvwD h=Q]= \}Lt u}vJty
h=Q]= \}Lt xm z = w(�) p=kDv= `@=D "OQm Q} wYD l}x@l} p=kDv= \UwD w OL=w
`=aWx@ |}xQ}=O |vwQ}@ \}Lt x@ =Q z C=YDNt |=[i QO =Q pmW |[}@ pvwD
[1]'CU= xOW x�=Q= 'uwUvw}DU= \UwD w Ovm|t pYw � C=YDNt |=[i QO OL=w

%CU= 9 |xrO=at CQwYx@
z = w(�) = c cosh � (9)

y w x Q}O=kt "� = � + i� w OQ=O |oDU@ pvwD Q]k x@ w C@=F Q=Okt c 'u; QO xm
CUOx@ 10 \@=wQ j@] w 9 |xrO=at \U@ \UwD pmW|[}@ pvwD |]}Lt \=kv

%Ov};|t
x = c cosh � cos �; y = c sinh � sin � (10)

\@=wQ R= �0 w c QDt=Q=B 'OvW=@ b w a |[}@ pvwDlJwm w nQR@ |=yQ]k s}v Qo =
a = 2m |=Q@ p=Ft u=wvax@ "Ov};|t CUOx@ b = c sinh �0 w a = c cosh �0
w c2 = a2 + b2 �QDt 2 `=iDQ= w QDt 4 Q]k O=a@=x@ pmW |[}@ pvwD� b = 1m w
xOy=Wt 1 pmW QO jwi pvwD T}Oty CW=ov "OvDUy �0 = ln

p3 = 0 594
"OwW|t

xOQm x�=Q= =Q 11 CqO=at uwUvw}DU= '�(z) w  (z) \rDNt p}Uv=DB `@=wD |=Q@
%CU=

4 (z) = Ac cosh � +Bc sinh �

4�(z) = Cc2� +Dc2 cosh 2� + Ec2 sinh 2� (11)

CQwYx@ '� |xLiY w z |xLiY QO |WQ@ w |QwLt |=yVvD u}@ \=@DQ=
%OwW|t u=}@ 12 \@=wQ

�� + �� = �x + �y

�� � �� + 2i��� = e2i�(�y � �y + 2i�xy) (12)

\=kv QO w x QwLt =@ C@=F � |=Q=O |vLvt Q@ T=tt \N u}@ |x} w=R � 'u; QO xm
w z |xLiY wO QO VvD |=yQwLt u=QwO x@ xHwD =@ '12 CqO=at "CU= p=kDv=
|Q}= `@=D wO xHQO C=kDWt R= xO=iDU= \UwD "Ov};|t CUOx@ � |x} w=R CLD �

"pmW |[}@ `]kt =@ pvwD |=Q@ T}Oty CW=ov "1 pmW

xr�Ut |R=UpwtQi "2
uoty w u=UWm \}Lt w Q=OM=QwU |Rri |xLiY l} QO VvD |Oa@ wO `} RwD
1 |x]@=Q R= xO=iDU= =@ u=wD|t =Q xQwLtwO w xQwLtl} |Q=PoQ=@ u=O}t \}=QW CLD
'|Q=oR=U CqO=at 'pO=aD CqO=at |Q}oQ=mx@ =@ xm OQm u}}aD �l}vwtQ=y|@ `@=D�

%O};|t CUOx@ ' |Q}= `@=D R= xO=iDU= w VvQm VvD CqO=at

r4' = @4'
@x4 + 2 @4'

@x2@y2 + @4'
@y2 = r2(r2') = 0 (1)

`@=D swO jDWt |Q}oQ=mx@ \UwD QwmPt |xLiY QO |WQ@ w |QwLt |=yVvD
%�2 \@=wQ� Ov};|t CUOx@ '

�xx = @2'
@y2 ; �yy = @2'

@x2 ; �xy = � @2'
@x@x

(2)

%CWwv =Q 3 |x]@=Q u=wD|t Q}HvR uwv=k R= xO=iDU= =@
@
@x

= @
@z

+ @
@�z
; @

@y
= i( @

@z
� @
@�z

) (3)

j@=]t u=wD|t 'xOW QmP CqO=at R= xO=iDU= =@ =Q x ?UL Q@ swO jDWt
%CWwv 4 |x]@=Q

@2

@x2 = @
@x

( @
@x

) = ( @
@z

+ @
@�z

)( @
@z

+ @
@�z

) = @2

@z2

+ @2

@�z2 + 2 @2

@z@�z
(4)

%OwW|t u}}aD 5 |xrO=at j@] y x@ C@Uv swO jDWt 'x@=Wt VwQ x@
@2

@y2 = � @2

@z2 � @2

@�z2 � 2 @2

@z@�z
(5)

%CWwv =Q 6 |x]@=Q u=wD|t TqBq `@=D |=Q@ '5 w 4 |xrO=at wO `tH R=

r2 = @2

@x2 + @2

@y2 = 4 @2

@z@�z
(6)

'�1 |x]@=Q� l}vwtQ=y|@ |xrO=at QO 6 |xrO=at |Q}oQ=mx@ R= xO=iDU= =@
%O};|t CUOx@ 7 |x]@=Q

r4 = r2(r2) = 4 @2

@z@�z
(4 @2

@z@�z
) = 16 @4

@z2@�z2 (7)

`@=D ?UL Q@ �7 |x]@=Q� |�RH C=kDWt =@ p}Uv=Qi}O |xrO=at pL \UwD
%�8 |x]@=Q� Ov};|t CUOx@�(z) w  (z) \rDNt p}Uv=DB `@=wD ''

' = Re[�z (z) + �(z)] (8)

u; |k}kL Q=Okt Re w z \rDNt Q}eDt GwORt �z '\rDNt p}Uv=DB `@=D ' 'u; QO xm
|twywt OOa i w |k}kL O=Oa= y w x '�z = x� iy 'z = x+ iy xm |}=H "CU=
`} RwD \UwD =Q |vqw] pvwD l} h=Q]= VvD u=wD|t Cy@=Wt Crax@ "OvDUy OL=w
u}=Q@=v@ "OQw;CUOx@ |Oa@ wOVvQmC}a[w =@ u=UWm |Rri |xLiYl} QOVvD
pmW w |RQt \}=QW |Q}oQ=mx@ w �(z) w  (z) \rDNt p}Uv=DB `@=wD u}}aD =@
TBU w OQw; CUOx@ =Q hrDNt |=ypvwD h=Q]= VvD `} RwD u=wD|t pvwD |UOvy
pmW =OD@= O}=@ Q=m u}= |=Q@ "OQm |L=Q] =Q pvwD |Q=Oyov sDU}U ẁv 'u; x@ xHwD =@
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UOv
yt 16 CqO=at R= u}=Q@=v@ "OwW|t xDiQo Q_v QO |ivt |WWm VvD w C@Ft |Q=Wi

%OQw; CUOx@ =Q 17 \@=wQ u=wD|t

�x + �y = p; �y � �x + 2i�xy = �pe�2i� (17)

|RQt \}=QW '13 CqO=at sDU}U QO 17 CqO=at \}=QW |Q=Po|=H =@
%Ov};|t CUOx@ \rDNt p}Uv=DB `@=wD |=Q@ 18 CqO=at

8<:4Re 0(z) = p

2[z0 00(z) + �00(z)] = �pe�2i�
(18)

j@=]t Q}HvR uwv=k \UwD '11 CqO=at pw= |xrO=at R=  0(z) |x@U=Lt |=Q@
%OwW|t |Q}ojDWt 20 w 19 |=yxrO=at

4 0(z)4 = 4@ 
@�
� @�
@z

= 4 
0
�

z0�
Ac sinh � +Bc cosh �

c sinh �
= A+B coth � (19)

at � )1 4 0(z) = A+B = A+B1 + iB2;

4Re 0(z) = Re(A+B1 + iB2) = A+B1 = p (20)

swO \QW R= |W=v 18 CqO=at R= swO |xrO=at j}OYD |=Q@ x@=Wt VwQ x@
|=yQDt=Q=B u}@ \=@DQ= '\rDNt p}Uv=DB `@=wD R= swO jDWt |Q}oQ=mx@ =@ '|RQt

%O};|t CUOx@ 23 |r= 21 \@=wQ j@=]t Q_vOQwt

 00z =
 00� z0� �  0�z00�

z03�
; z0 = c sinh�; z00 = c cosh� (21)

4 00z = 1
c3sinh3�

"
(Ac cosh � +Bc sinh�)c sinh�

�(Ac sinh� +Bc cosh�)c cosh�

#
B

c sinh3� [sinh2� � cosh2�] = B
c sinh3� (22)

4�z 00z = �B= cosh ��= sinh3 � (23)

j@]  (z) C=kDWt x@=Wt VwQx@ �(z) \rDNt p}Uv=DB `@=D swO jDWt
%OvwW|t x@U=Lt 24 CqO=at

�00z =
�00� z0� � �0�z00�

z03�
= 1
c3 sinh3�

�[(Dc2 cosh 2� + Ec2 sinh2�)c sinh�

�1
4 (Cc2 + 2Dc2 sinh2� + 2Ec2 cosh2�)c cosh�]

= 1
sinh2� [D cosh 2� + E sinh2� � 1

4C coth �

�1
2D sinh 2� coth � � E

2 cosh 2� coth �] (24)

CqO=at u=wD|t '18 CqO=at swO |xrO=at QO �00z w �z 00z uOQm u} Ro}=H =@

w pvwD h=Q]= QO x]kv Qy QO VvD C}a[w '8 |xrO=at |Q}oQ=mx@ w �2 CqO=at�
%O};|t CUOx@ 13 CqO=at R= z |xLiY QO8<:�x + �y = 4Re 0(z)

�y � �x + 2i�xy = 2[�z 00(z) + �00(z)]
(13)

w pvwD h=Q]= QO VvD C}a[w '12 CqO=at QO 13 CqO=at |Q=Po|=H =@
%OvwW|t u}}aD 14 CqO=at j@] � |xLiY QO8<:�� + �� = 4Re 0(z)

�� � �� + 2i��� = 2e2i�[�z 00(z) + �00(z)]
(14)

C=YDNt QO z = w(�) CW=ov `@=D |Q}oQ=mx@ \UwD � |x} w=R xm |}=H
[2]"O};|t CUOx@ 15 |xrO=at \UwD p=kDv=

e2i� = w0(�)
w0(�) (15)

|xrO=at '4 (z) `@=D QO Ac cosh � |xrtH 'CU= z = c cosh � xmv; Crax@
A Qo = "CU= ReAzz '8 |xrO=at VvD `@=D QO u; w OwW|t Az x@ p}O@D 11
OOa O}=@ A u}=Q@=v@ 'OW=@ QiYQ}e O}=@ uwJ w OwW|t QiY 'OW=@ |twywt OOa
R= Qo = =Q} R 'OW=@ |k}kL OOa O}=@ 11 CqO=at QO C QDt=Q=B u}vJty "OW=@ |k}kL
|[Qi |xQ}=O l} pwL w Qw=DWo |xrO=at QO �(z) w  (z) \rDNt p}Uv=DB `@=wD
QiY O}=@ l}rw@ QB}y `@=wD Ca}@] p}rO x@ 'OwW |Q}op=QoDv= 2� w 0 |xrY=i QO
Qo}O [2]"OwW|tv xOW QmP QU}t 'C |twywt Q}O=kt |=Q@ CQwY u}= Q}eQO "OvwW
|Q}oQ=mx@ \UwD xm OvDUy \rDNt O=Oa= E w D 'B '11 CqO=at |=yQDt=Q=B
s=Hv= \@DQt C=@U=Lt j@] � C=YDNt QO VvD C}a[w w pvwD |RQt \}=QW
QO w pvwD RmQt pO=at |x]kv QO (p) =HQ@ |Q=Wi w |QwLtlD VvD Qo = "OvwW|t
xDiQo Q_v QO 2 pmW j@=]t 'OR=U|t x QwLt x@ C@Uv � |x} w=R xm x0 O=ODt=
u=wD|t x0y0 C=YDNt x@ xy C=YDNt R= VvD |=yQwLt u=QwO \UwD 'OwW

%CWwv =Q 16 |xrO=at8<:�x0 + �y0 = �x + �y

�y0 � �x0 + 2i�x0y0 = e2i�(�y � �x � 2i�xy]
(16)

hqNQ@ xm CU= QmP p@=k �y0 = �x0y0 = 0 w �x0 = p xm |}=H
VvD 'nvU l}v=mt QO '|v=UWm |Qw�D w Kr=Yt Ctw=kt QO G}=Q |Q=PoCtqa

"pvwD QwLt x@ C@Uv p |=HQ@ VvD C}a[w "2 pmW
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RwD%CWwv u=wD|t 'Re(coth � tanh ��) = 1 xmv; x@ xHwD =@

2) (
�B
2 + B

2 csch
2�) cosh ��

3 + 6) �2D1 + 2 sinh2�
sinh �

+ 2Dcosh2�
sinh �

�4D sinh � + 2D sinh � = �2D sinh �

4 + 8) �2E cosh �

5 + 7) 1
2C cosh �csch2� + Ecsch� coth �

= 1
2C

cosh �
sinh2� + Ecsch� coth � = (1

2C + E)

csch� coth �

33 |x]@=Q R= 2 � [00] Q=Okt '32 |xrO=at QO jwi \@=wQ |Q=Po|=H =@
%O};|t CUOx@

f(2A+B coth �) sinh ��( �B +Bcsch2�2) cosh ��

+(C + 2E)csch� coth � � 4D sinh � � 4E cosh �g (33)

33 |xrO=at QO Q}O=kt u}= Qo = 'CU= �� = 2�0�� w � = �0 pvwD |xQ=w}O QO
cosh(2���) w sinh(2�0��) CqtH w OvwW xDiQo Q=Qk cosh �� w sinh �� QO

%CWwv =Q 34 |x]@=Q u=wD|t 'OvwW xO=O \U@ u; QO

(2A+B coth �)(sinh 2�0 cosh � � cosh 2�0 sinh �)

( �B +Bcsch2�)(cosh 2�0 cosh � � sinh 2�0 sinh �)

+(C + 2E)csch� coth � � 4D sinh � � 4E cosh � = 0
(34)

|a=aW VvD xmv; p}rOx@ 'Ow@ Oy=wN QiY Q@=Q@ 34 |xrO=at pvwD |xQ=OH QO
%�35 |xrO=at� CU= QiY pvwD K]U Q@ p=ta= |WQ@ w

2A sinh 2�0 cosh � � 2A cosh 2�0 sinh �

+B coth � sinh 2�0 cosh � �B coth � cosh 2�0 sinh �

+ �B cosh 2�0 cosh � � �B sinh 2�0 sinh � +Bcsch2�

� cosh 2�0 cosh � �Bcsch2� sinh 2�0 sinh �(C + 2E)

�csch� coth � � 4D sinh � � 4E cosh � = 0 (35)

w sinh � 'cosh � x@ C@Uv 35 |xrO=at CqtH |Q}oQwDm =i R= TB
%OwW|t pY=L 36 CQ=@a 'coth �csch�

(2A sinh 2�0 �B cosh 2�0 + �B cosh 2�0 � 4E) cosh �

�(2A cosh 2�0 + �B sinh 2�0 + 4D �B sinh 2�0) sinh �

+(C + 2E +B cosh 2�0) coth �csch� = 0 (36)

uOwRi= =@ "Ow@ Ovy=wN QiY Q@=Q@ RDv=QB pN=O Q}O=kt '36 CqO=at x@ xHwD =@
37 CqO=at sDU}U 'u; x@ 31 w 21 CqO=at |RQt \}=QW R= |W=v CqO=at

%CWwv =Q 27 |r= 25

2f�B4
cosh ��
sinh3� + 1

sinh2� [D cosh 2� + E sinh 2�
1
4C coth � � 1

2D sinh 2� coth � � E
2 cosh 2� coth �g

�pe�2i� (25)

at � )1 cosh ��
sinh3� = 0; sinh �

sinh2� = 0; coth � = 1 (26)

�pe�2i� = 2[Dcosh2� + sinh2�
sinh2� + 2E sinh � cosh �

sinh2�

�D2
sinh 2�
sinh2� �

E
2 cosh 2�] = 2[D(coth2 � + 1)

+2E coth � �D coth � � E
2 (coth2 � + 1)] (27)

%OwW|t xO=U 28 |xrO=at CQwYx@ 27 |xrO=at � ) 0 |=Q@

2(2D + 2E �D � E) = 2(D + E) = pe�2i� (28)

u=wD|t x=ov; 'OwW QUm swO |xrO=at R= pw= |xrO=at '14 CqO=at QO Qo =
%CWwv =Q 29 |xrO=at

2(�� � i���) = 4Re 0(z)� 2e2i�[�z 00(z) + �00(z)] (29)

u=wD|t '29 |xrO=at QO p}Uv=DB `@=wD swO w pw= C=kDWt |Q=Po|=H =@
%CWwv =Q 32 |r= 30 CqO=at

2(�� � i���) = A+B1 coth � � 2 sinh �
sinh ��

f�B4
cosh ��
sinh3�

+ 1
sinh2� [D cosh 2� + E sinh 2� � 1

4C coth �

�1
2D sinh 2� coth � � 1

2E cosh 2� coth �]g (30)

= csch��f(A sinh �� + B + �B
2 coth � sinh ��)

+B
2 cosh ��csch2� � 2

sinh �
[00]g (31)

= csch��f(A + B + �B
2 coth �) sinh �� + B

2 cosh ��csch2�

�2D cosh 2�
sinh �

� 4E cosh � + 1
2C cosh �csch2�

+2D cosh � coth � + Ecsch� coth � + 2E cosh �g (32)

Oqwm ; pN=O QO ?}DQDx@ CqtH |R=Ul}miD =@ '32 |x]@=Q QO xm |Qw]x@
%CWwv u=wD|t

1) (A+ B
2 coth �) sinh ��

2) �B
2 coth � sinh �� +

�B
2 cosh ��csch2�

= (
�B
2 coth � tanh �� +

�B
2 csch

2�) cosh ��
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yt %Ov};|t CUOx@ 43 \@=wQ R= M2 w M1 Q}O=kt u}vJty

M1 = pc[12e
2�0 cos 2�(cosh 2� � cos 2�);

M2 = pc[1� (cos 2� + i sin 2�)][cosh � sinh �

(cos2 � + sin2 �) + (�1
2 cosh

2� sin 2� + 1
2 sinh2� sin 2�)]

= pc
2 (1� e2�0 cos 2� � ie2�0 sin 2�)(sinh 2� � i sin 2�)

(43)

%O};|t CUOx@ 44 |x]@=Q R= R}v M2 |k}kL Q=Okt
ReM2 = pc

2 (sinh 2� � e2�0 cos 2� sinh 2� � e2�0 sin 2� sin 2�)

(44)

%O};|t CUOx@ 45 |xrO=at w 44 w 43 CqO=at R= xO=iDU= =@ ReM Q=Okt
ReM = pc

2 (e2�0 cos 2� cosh 2� � e2�0 cos 2� cos 2�
+ sinh 2� � e2�0 cos 2� sinh 2� � e2�0 sin 2� sin 2�) (45)

%|w=UD R= xO=iDU= =@
e2�0 cos 2�(cosh 2� � sinh 2�) = e2(�0��) cos 2�

%CWwv =Q 46 |xrO=at u=wD|t '45 |xrO=at R= |Q}oQwDm =i w |R=UxO=U w

ReM = pc
2 [e2(�0��) cos 2� + sinh 2� � e2�0 cos 2(� � �)] (46)

QO |QwLt |=yVvD ẁtHt '40 |xrO=at QO N w M Q}O=kt |Q=Po|=H =@
%O};|t CUOx@ 47 |xrO=at R= xO=iDU= =@ � |xLiY

�� + �� =

p[e2(�0��) cos 2� + sinh 2� � e2�0 cos 2(� � �)]
cosh 2� � cos 2� = R (47)

15 |xrO=at R= xO=iDU= w �z 00z |=Q@ '23 |xrO=at QO B Q=Okt uO=O Q=Qk =@
%OQm x@U=Lt 48 CqO=at R= xO=iDU= =@ u=wD|t =Q 2e2ia�z 00z Q=Okt e2ia |=Q@

2e2i��z 00z = 2 sinh �
sinh ��

cosh �� p
4sinh3�

(�1 + e(2�0+2i�)) = p cosh ��
2 sinh �� sinh �

��1 + e(2�0+2i�)

sinh �
(48)

%OyO|t xH}Dv =Q 49 |xrO=at '48 |xrO=at uOQm =} wo

2e2i��z 00z = p cosh ��
cosh 2� � cos 2�

� (�1 + e2�0+2i�) sinh ��
sinh � sinh ��

= p(�1 + e2�0+2i�)
(cosh 2� � cos 2�)2 sinh 2��

(49)

%OwW|t pY=L
2A sinh 2�0 � 2iB2 cosh 2�0 � 4E = 0
2A cosh 2�0 � 2iB2 sinh 2�0 + 4D = 0
C + 2E +B cosh 2�0 = 0
A+B1 = p

D + E = � p2e
�2i� (37)

B2 w A |=yQDt=Q=B '37 CqO=at sDU}U QO sHvB w swO 'pw= CqO=at pL R=
j@] E w D 'C 'B1 |=yQDt=Q=B �sQ=yJ w swU� CqO=at |x}k@ pL =@ TBU w

%Ov};|t CUOx@ 38 CqO=at
A = pe2�0 cos 2�;B = p(1� e2�0+2i�)

B1 = p(1� e2�0 cos 2�); B2 = p(1� e2�0 sin 2�)

C = �p(cosh 2�0 � cos 2�)

D = �1
2pe

2�0 cosh 2(�0 + i�)

E = 1
2pe

2�0 sinh 2(�0 + i�) (38)

p}Uv=DB `@=wD CqO=at '11 CqO=at QO 38 CqO=at |=yQDt=Q=B |Q=Po|=H =@
%OvwW|t u}}aD �39 CqO=at� \rDNt

4 (z) = pc[e2�0 cos 2� cosh � + (1� e2�0+2i�) sinh �]

4�(z) = �pc2(cosh 2�0 � cos 2�)

+1
2e

2�0 cosh 2(� � �0 � i�) (39)

QO  0(z) \rDNt p}Uv=DB `@=D |=Q@ B w A |=yQDt=Q=B Q}O=kt uO=O Q=Qk =@
%CWwv =Q 40 |xrO=at u=wD|t 14 |xrO=at

�� + �� = 4Re 0(z) = 4Re 0(�)
c sinh �

= pe
2�0 cos 2� sinh � + (1� e2�0+2i�) cosh �

sinh �
= M
N

(40)

%xmv; x@ xHwD =@
sinh � = sinh � cos � + i cosh � sin �

cosh� = cosh � cos � + i sinh � sin �

sinh2� � cosh2� = �1; sinh2� + cosh2� = cosh 2�
%OwW|t xO=U 41 |xrO=at CQwYx@ 'uOQm =} wo R= TB 40 |xrO=at

N = c(sinh2�cos2� + cosh2� sin2 �)

= c[12 (sinh2� � cosh2�) + 1
2 (sinh2� � cosh2�)

� cos 2�] = c
2 (cosh 2� � cos 2�) (41)

%�42|xrO=at� R=CU=CQ=@a uOQm =} wo R=TB '(M) 40|xrO=at QUmCQwY
M = pc[e2�0 cos 2�(sinh � cos � + i cosh � sin �)

+(1� e2�0+2i�)(cosh � cos � + i sinh � sin �)

�(sinh � cos � � i cosh � sin �)] = M1 +M2 (42)
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RwD%O};|t CUOx@ 58 |xrO=at

cosh 2(� � �0 � i�) = cosh 2[(� � �0) + i(� � �)]

cosh 2(� � �0 � i�) = cosh 2(� � �0) cos 2(� � �)

+i sinh 2(� � �0) sin 2(� � �) (57)

sinh 2(� � �0 � i�) = sinh 2(� � �0) cos 2(� � �)

+i cosh 2(� � �0) sin 2(� � �)

2 sinh � sinh �� = cosh 2� � cos 2�
2e2i��00z = p

(cosh 2� � cos 2�)2 f�2e2�0(cosh 2�
�cos2�)[cosh 2(� � �0) cos 2(� � �) + i sinh 2(� � �0)

sin 2(� � �)] + (sinh 2� � i sinh 2�)(cosh 2�0 � cos 2�)

+e2�0(sinh 2� � i sinh 2�)[sinh 2(� � �0) cos 2(� � �)

+i cosh 2(� � �0) sin 2(� � �)]g = q1 + iq2 (58)

CQwYx@ u=wD|t =Q 58 |xrO=at |twywt VN@ w |k}kL VN@ u}vJty
%CWwv 60 w 59 CqO=at

q1 = p
(cosh 2� � cos 2�)2 f�2e2�0(cosh 2� � cos 2�)

� cosh 2(� � �0) cos 2(� � �) + sinh 2�(cosh 2�0

� cos 2�) + e2�0 [sinh 2� sinh 2(� � �0) cos 2(� � �)

+ sin 2� cosh 2(� � �0 sin(2� � �)]g (59)

q2 = p
(cosh 2� � cos 2�)2 f�2e2�0(cosh 2� � cos 2�)

� sinh 2(� � �0) sin 2(� � �) + sinh 2�(cosh 2�0

� cos 2�) + e2�0 [sinh 2� cosh 2(� � �0) sin 2(� � �)

� sin 2� � sinh 2(� � �0) cos(2� � �)]g (60)

|WQ@ w |]}Lt '|a=aW |=yVvD 'xOt; CUOx@ CqO=at x@ xHwD =@ uwvm =
w xYqN 61 CqO=at \UwD u=wD|t pmW |[}@ pvwD h=Q]= R= x]kv Qy QO =Q

%OQm u}}aD
�� + �� = R; ��� = 1

2 (p2 + q2)

�� � �� + 2i��� = (p1 + q1) + i(p2 + q2)

�� = 1
2 (R� p1 � q1); �� = 1

2 (R+ p1 + q1) (61)

pvwD |xQ=OH Q@ |r=ta= |=yVvD 'xOW QmP C=@U=Lt V}=tR; w u=LDt= |=Q@
CUOx@ 62 CqO=at R= xO=iDU= =@ w 61 CqO=at QO � |=Q@ �0 |Q=Po|=H =@

%Ov};|t

��(� = �0) = 0; ���(� = �0) = 0
��(� = �0) = p

(cosh 2�0 � cos2�)

[sinh 2�0 + cos2� � e2�0 cos 2(� � �)] (62)

|xrO=at u=wD|t '49 |xrO=at |twywt w |k}kL |=yVN@ uOQm =OH \UwD
%CWwv =Q 50

2e2i��z 00z = p
(cosh 2� � cos 2�)2 [�1 + e2�0(cos 2�

+i sin 2�)][sinh 2� cos 2� � i cosh 2� sin 2�] = p1 + ip2
(50)

%O};|t CUOx@ 52 |x]@=Q R= p2 Q=Okt w 51 |x]@=Q R= p1 Q=Okt u; QO xm

p1 = p
(cosh 2� � cos 2�)2 [(1�+e2�0 cos 2�) sinh 2�

cos 2� + e2�0 sin 2� sin 2� cosh 2�] (51)

p2 = p
(cosh 2� � cos 2�)2 [(1� e2�0 cos 2�)

� cosh 2� sin 2� + e2�0 sin 2� cos 2� sinh 2�] (52)

Q=mx@ u}v=wk R= xO=iDU= =@ 39 CqO=at R= \rDNt p}Uv=DB `@=D pw= C=kDWt
%OvwW|t x@U=Lt 53 \@=wQ j@] 21 w 20 CqO=at QO xOQ@

�00� = �pc2

4 [cosh 2�0 � cos 2� + e2�0 sinh

2(� � �0 � i�)] = �pc2

4 e2�0 cosh 2(� � �0 � i�) (53)

%O};|t CUOx@ 55 w 54 \@=wQ R= z x@ C@Uv �(z) swO jDWt TBU

�00z = p
4 sinh3� [�2e2�0 sinh � cosh 2(� � �0 � i�)

+ cosh �(cosh 2�0 � cos 2�) + e2�0 cosh �

� sinh 2(� � �0 � i�)] (54)

2e2i��00z = 2 sinh �
sinh ��

p
4 sinh3� [e] = p

2
1

sinh � sinh ��

� 1
sinh �

[e] = p
cosh 2� � cos 2� [�2e2�0 cosh 2

�(� � �0 � i�) + coth �(cosh 2�0 � cos 2�)

+e2�0 coth � sinh 2(� � �0 � i�)] (55)

coth � = |v} Ro}=H =@ 'CU= 54 |xrO=at |xWwQm pN=O Q=Okt [e] xm |}=H
%CWwv =Q 56 |xrO=at u=wD|t 55 |xrO=at QO sinh 2��i sin 2�

cosh 2��cos 2�

2e2i��00z = p
(cosh 2� � cos 2�)2 [�2e2�0(cosh 2�

� cos 2�) cosh 2(� � �0 � i�) + (sinh 2� � i sin 2�)

�(cosh 2�0 � cos 2�) + e2�0(sinh 2� � i sin 2�)

� sinh 2(� � �0 � i�)] (56)

j@=]t u; |}=yv Q=Okt '56 |xrO=at QO 57 |=yxrO=at |=y|w=UD R= xO=iDU= =@
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yt \=kv w �0 x@ \w@ Qt � = 0 55 xm |Qw]x@ "OvDUy 3 w 2 '1 5 '1 '0 55 |=y�

\w@ Qt � = 0 w � = 0 55 C=YDNt xm CU= QmP x@ sRq "CU= pvwD |L]U
\w@ Qt � = 90 w � = 0 55 C=YDNt w pvwD CU=Q CtU |Q=w}O |x]kv x@
|=yVvD 'OwW|t x_Lqt =ypmW QO xm Qw]u=ty "OvDUy pvwD hkU |x]kv x@
|]}Lt w |a=aW |=yVvD "OvDUy QiY pvwD |xQ=w}O |wQ Q@ |WQ@ w |a=aW
Q@=Q@ QwmPt VvD u=O}t |=Q@ ?U=vt Q}F-=D `=aW w OvDUy C@=F hrDNt |=y� |=Q@

"CU= � = 1 25

2 p=Ft "4
�h = 20MPa|ki=|xQwLtl}VvD u=O}tCLD 1p=FtC=YNWt =@pvwD Qo =
pvwD h=Q]= hrDNt \=kv QO |WQ@ w |]}Lt '|a=aW |=yVvD `} RwD 'OQ}o Q=Qk
Qw]u=ty "Ov};|tCUOx@ 'w4 |r=hr=4 |=ypmW j@=]t 'hrDNt |=y� w � |=Q@
'QwmPt VvD C}a[w QO 'OwW|t xOy=Wt G4 w ?4 'hr=4 |=ypmW QO xm

CUOx@ CqO=at =@ 62 |xrO=at pvwD K]U QO xOt;CUOx@ �n |]}LtVvD
|R=UpwtQi\UwD [18w16]"OQ=Opt=mj@=]D|r} wW}rNV=t w uwUvw}DU=\UwD xOt;
|=HQ@ |=yVvD u=O}t CLD 'pmW |[}@ pvwD h=Q]= QO VvD `} RwD |xOW x�=Q=
"CU= xOW u}}aD p=Ft 3\UwD 'xQwLt wOVvD u=O}t w |Owta w|ki= |xQwLtl}

1 p=Ft "3
CLD c =

p3m w b = 1m 'a = 2m|=yQ]k s}v O=a@=x@pmW|[}@pvwD |=Q@
|]}Lt '�� |a=aW |=yVvD �v = 10MPa s�=k |=H Q@ VvD u=O}t VvD
w3|r=hr=3 |=ypmW QO 'Ov=xOt;CUOx@ 56 CqO=at\UwD xm ��� |WQ@ w ��
� x@ C@Uv G3 w ?3 'hr=3 |=ypmW QO QwmPt |=yVvD "OvwW|t xOy=Wt
"Ov=xOW sUQ xHQO 90 w 67 5 '45 '22 5 '0 C@=F |=y� |=Q@ w �x QwLt�
|=Q@ w �x QwLt� � Q}eDt x@ C@Uv =yVvD w3 w 'x3 'O3 |=ypmW QO u}vJty

"|Owta |QwLtl} VvD u=O}t CLD pvwD h=Q]= QO ��� |WQ@ w �� |]}Lt '�� |a=aW |=yVvD C}a[w "3 pmW

"|ki= |QwLtl} VvD u=O}t CLD pvwD h=Q]= QO ��� |WQ@ w �� |]}Lt '�� |a=aW |=yVvD C}a[w "4 pmW
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"|QwLtwO VvD u=O}t CLD pvwD h=Q]= QO ��� |WQ@ w �� |]}Lt '�� |a=aW |=yVvD C}a[w "5 pmW

C=O=yvW}B w G}=Dv "6
C}a[w u}}aD |=Q@ xm 'uwUvw}DU= VwQ T=U=Q@ |r}rLD VwQ 'Q[=L VywSB QO
G}=Dv "CU= xOW x�=Q= w \U@ 'OwQ|t Q=mx@ pmW|[}@ |=ypvwD h=Q]= VvD
T}Oty CW=ov x=Qty x@ \rDNt p}Uv=DB `@=wD |R=UpwtQi xm OyO|t u=Wv
h=Q]= VvD RmQtD u}}aD |=Q@ OvtDQOk VwQ l} 'pmW |[}@ |=ypvwD |=Q@
xOW xDiQo Q_v QO u=UWm w OQou=Uty 'uoty CQwYx@ nvUxOwD "CU= u;
VvD QO OQ@ Q=m p@=k |}xLiY =} |QwLtwO C}a[w QO |v=O}t VvD "CU=
w VvD RmQtD u=R}t OyO|t u=Wv G}=Dv "CU= xOw@ |}xLiY VvQm w K]Ut
"OQ=O |oDU@ =HQ@ =} |v=O}t VvD C}a[w x@ COWx@ pvwD h=Q]= QO u; C}akwt
"CU= |v=O}t |=yVvD u}tND w |Q}oxR=Ov= CkO R= QF-=Dt 'G}=Dv CkO u}=Q@=v@
|[}@ |=ypvwD `=wv= |L=Q] |x}rw= pL=Qt QO OQ@ Q=m p@=k 'xOW x�=Q= pLx=Q
Ov=wD|t u}vJty w CU= uwo =vwo |=HQ@ VvD |=yC}a[w Q}F-=D CLD pmW
u=Wv pvwD uwt=Q}B QO VvD RmQtD Q@ =Q =HQ@ |rY= |=yVvD CyH |oDU@=w

"OyO

QO |]}Lt |=yVvD w xHQO � = 55 |=Q@ pvwD h=Q]= QO |a=aW |=yVvD
p=Ft QO "OvDUy Cw=iDt 1 p=Ft |=yCr=L =@ =yv; w OvDUy C@=F xHQO � = 25
"Ow@ Oy=wN � = 1 25 Q@=Q@ xOt; CUOx@ Q}F-=D `=aW '1 p=Ft C}a[w x@=Wt '|vwvm

3 p=Ft "5
|QwLt |ki= VvD =@ xQwLtwO |=HQ@ VvD |v=O}t C}a[w '|vwvm p=Ft QO
wO x@=Wt '\}=QW Q}=U "CU= �v = 10MPa s�=k VvD w �h = 20MPa

xOW QmP|=yVvDC}a[w|=Q@|WQ@ w|]}Lt '|a=aW|=yVvD "CU= 2 w 1p=Ft
C}a[w'|vwvmp=Ft QO "OvwW|t xOy=Wt 'w5|r=hr=5|=ypmWQOpvwDh=Q]= QO w
QO|]}LtVvD "CU= 2 w 1 p=Ft wO =@ Cw=iDt �� |]}Lt w �� |a=aW |=yVvD
OwHw � = 30 QO xv}W}@ |WQ@ VvD w CU= |w=Ut w C@=F pvwD K]U \=kv s=tD
?wr]t Q}F-=D `=aW xmCiQo xH}Dv u=wD|tG5 w '?5 'hr=5|=ypmW x@ xHwD =@ "OQ=O
"CU= 2 w 1 p=Ft wO x@=Wt w � = 1 25 Q@=Q@ xOWQmP |v=O}t VvD C}a[w |=Q@
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