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� u=UWmwmU} w uw}U=Ovwi |wQ Q@ xm |}x}q |D} RwBt=m |=yQ}D |m}t=v}O Q=DiQ
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xr�Ut uOW QDxO}J}B w |}=yv MU=B u}}aD QO CkO V}=Ri= ?Hwt 'C@=F CaQU
QO Q}eDt CaQU =@ x}rkv |xr}Uw l} p@=kDt |m}t=v}O QF= 'QDV}B [37�32]"OwW|t
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UOv
yt 6 |x]@=Q '4 |x]@=Q u}iQ] QO 'i(x) |rN=O ?Q[ uOQm p=ta= =@ p=L

%OwW|t pY=L�
@2

@x2

�
EI @

2

@x2

� nX
j=1

aj(t)'j(x)
��

; 'i(x)
�

+
�
�A @2

@t2

� nX
j=1

aj(t)'j(x)
�
; 'i(x)

�
= hP (x; t); 'i(x)i

(6)

"OvDUy Ot=aDt |]N u=UWm |xDUw}B \}Lt l} 'O=R; V=aDQ= pmW `@=wD
=yv; Ot=aD C}Y=N xm OvW=@ xOW R}q=tQv |DQwY x@ pmW `@=wD OwW|t ZQi

%OwW h} QaD 7 |x]@=Q CQwYx@
�AhPi(x); Pj(x)i = �ij (7)

w Q}D |=Q@ C@=F `]kt OwHw CQwY QO "CU= QmwvwQm |=DrO `@=D �ij 'u; QO xm
7 |x]@=Q 'Ovvm|t jOY Q}D O=R; V=aDQ= |xrO=at QO 'i(x) `@=wD xmv}= x@ Q_v

%OwW|t xO=U 8 |x]@=Q CQwYx@
�ai(t) + !2

iai(t) = N'i(x0(t)) (8)

pmW '8 |x]@=Q h} QaD R= xO=iDU= =@ "CU= Q}D O=R; V=aDQ= Ot=U@ ! 'u; QO xm
%CWwv 9 |x]@=Q CQwYx@ u=wD|t =Q 7 w 2 \@=wQ |xOW xO=U

M(t) d
2

dt2a(t) +C(t) d
dt
a(t) +K(t)a(t) = F (t) (9)

?=DW s=o x@ s=o |Q}op=QoDv= VwQ R= xO=iDU= =@ 9 |xrO=at 'Q[=L VywSB QO
K(t) '|}=Q}t T} QD=t C(t) 'sQH T} QD=t M(t) "CU=xOW pL [38]'C@=F
C=Q=@a |U} QD=t ?}=Q[ "OvDUy sDU}U wQ}v T} QD=t F (t) w |DNU T} QD=t

%OvDUy 14 |r= 10 \@=wQ CQwYx@ QwmPt

a(t) =

"
a1
a2

#
(n+1)�1

(10)

M(t) =

"
M 11 M 12
M 21 M 22

#
(n+1)�(n+1)

(11)

C(t) =

"
C11 C12
C21 C22

#
(n+1)�(n+1)

(12)

K(t) =

"
K11 K12
K21 K22

#
(n+1)�(n+1)

(13)

F (t) =

"
F 1
F 2

#
(n+1)�1

(14)

'|i=[= \QW |xrO=at l} lQLDt Qou=Uwv sDU}U QO '2 |x]@=Q x@ xHwD =@
CQwYx@ =Q u; u=wD|t xm OwW|t O=H}= 8 |x]@=Q QO OwHwt \@=wQ Q@ uwRi=

%OQm u=}@ 15 |x]@=Q

M d2

dt2 (W (x0(t); t) + y(t)) + c _y(t) + k�y(t) = �Mg (15)

"lQLDt Qou=Uwv QF= CLD lR=v |xv=yO OvJ Q}D "1 pmW

[38]%OQw; CUOx@
@2

@x2

�
EI @

2

@x2W (x; t)
�

+ �A @2

@t2W (x; t) = P (x; t) (1)

`]kt K]U A '|tHL sQH � '`]kt |UQv}= u=tt I '|v=UWm pwOt E 'u; QO xm
xm OwW|t ZQi "CU= Q}D pw] OL=w Q@ xOvvm QF= |HQ=N |wQ}v P (x; t) w Q}D
|oOW=OH |xO}OB w Ov=t|t |k=@ Q}D =@ pt=m T=tD QO 'CmQL u}L QO lQLDt Q=@
Q}D |xR=U w lQLDt Qou=Uwv VvmQOv= uDiQo Q_vQO =@ "ODi=|tv j=iD= Q}D K]U R=

%OQm h} QaD 2 |x]@=Q CQwYx@ =Q P (x; t) u=wD|t8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

N = fS + fD

fS = k�y(t)

fD = c _y(t)

a = d2
dt2 (W (x0(t); t) + y(t))

Ma = �Mg � fS � fD
P (x; t) = N�(x� x0(t))

(2)

^=Lr x@ xm CU= l =Q}O =DrO hQat �(x � x0(t)) CQ=@a '2 |x]@=Q QO
&CU= x0(t) Q}eDt C}akwt =@ RmQtDt Q=@ l} `} RwD |x}L=v |xOvvm u=}@ '|[=} Q
xr�Ut |oO}J}B Q@ C=@U=Lt sHL ^=Lr R= xm CU= lQLDt sQH |Owta ?=DW a
|wQ}v fD w Qvi |rN=O |wQ}v fS 'Qou=Uwv sQH M 'Vv=Qo ?=DW g "O}=Ri=|t
u=R}t �y(t) = y(t)� y0 'Qou=Uwv |}=Q}t Q=Okt c Qvi |DNU k 'Qo =Q}t |rN=O
K]U ptar=Tma |wQ}v N w y0 pO=aD C}a[w R= Qou=Uwv sQH RmQt s�=k C=Q}}eD
|@}mQD CQwYx@ =Q u=mt Q}}eD `@=D u=wD|t "CU= Q}D |wQ Q@ Qou=Uwv R= |W=v Q}D
pmW x@ 'j(x) Q}D O=R; V=aDQ= pmW `@=wD w aj(t) u=tR x@ xDU@=w |=yCQ=@a R=

%OQm ZQi 3 |x]@=Q |QU

W (x; t) =
nX
j=1

aj(t)'j(x) (3)

%CWwv =Q 4 |x]@=Q u=wD|t '1 |x]@=Q QO 3 |x]@=Q |Q=Po|=H =@
@2

@x2

�
EI @

2

@x2

� nX
j=1

aj(t)'j(x)
��

+ �A @2

@t2

� nX
j=1

aj(t)'j(x)
�

= P (x; t) (4)

5 |x]@=Q CQwYx@ u=wD|t =Q 'j(x) w 'i(x) pmW `@=wD |rN=O ?Q[
%OQm h} QaD

h'i(x); 'j(x)i =
Z L

0
'i(x)'j(x)dx (5)
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rta

|@=}
RQ=w a1 xm CU= u}}aD p@=k V (t) = a1t+ V0 w x0(t) = 1

2a1t2 + V0t =@ Q}D
u}vJty "OvDUy Q}D pw] |=DU=Q QO Qou=Uwv CmQL |x}rw= CaQU w ?=DW 'V0
|va} 'CU= QiY |x}rw= \QW |=Q=O Q}D |xR=U 'p}rLD R=e; QO xm OwW|t ZQi
xDU@=w xm G}=Dv |xv=iYvt |UQQ@ Qw_vt x@ "OQ=Ov x}rw= CaQU w pmW Q}}eD Q}D
|QU l} R= 'OW=@ xDW=O O=vDU= C}r@=k |rm Cr=L QO w OW=@v X=N \}=QW x@
u=wvax@ # "CU= xOW xO=iDU= 'Ov=xOW |iQat xt=O= QO xm xOW R}q=tQv |=yQDt=Q=B

%CU= 24 |x]@=Q pO=at w xOw@ xOW p=tQv CaQU
# = v

u
(24)

CUOx@ 25 |x]@=Q R= xm CU=v@t CaQU u w Qou=Uwv CmQL CaQU v 'u; QO xm
%O};|t

u = L1
T1

(25)

R= "CU= Q}D |x}rw= ?w=vD |xQwO T1 w Q}D R= xv=yO l} pw] L1 'u; QO xm
%CWwv u}vJ =Q 26 |x]@=Q u=wD|t '25 |x]@=Q

T1 = 2�
!0

(26)

Ot=U@ 'Q}D O=R; V=aDQ= x@ xHwD =@ w CU= xv=yO l} Q}D |rY= Ot=U@ !0 'u; QO xm
%CU= x@U=Lt p@=k 27 |x]@=Q R= x}rw=

!0 = ( �
L1

)2
r
EI
�A

(27)

28 |x]@=Q j@=]t '27 |r= 25\@=wQ x@ xHwD =@ u=wD|t =Q =v@tCaQU wQu}= R=
%CWwv

u = �
2L1

r
EI
�A

(28)

%CU= 29 |x]@=Q pO=at  |Ot=U@ C@Uv
 = !os

!0
(29)

%CU= 30 |x]@=Q Q@=Q@ w lQLDt Qou=Uwv Ot=U@ wos 'u; QO xm

!os =
r

k
M

(30)

l} sQH x@ Qou=Uwv sQH C@Uv Q@=Q@ w xOW xO=O u=Wv � =@ |tQH C@Uv
%�31 |x]@=Q� CU= Q}D |xv=yO

� = M
�AL1

(31)

pO=at xm OQm u=}@ u=wD|t WN |x]@=Q =@ =Q xOW R}q=tQv |m}t=v}O MU=B
%CU= 32 |x]@=Q

WN = W
Wstat

(32)

u}@t Wstat w lQLDt Qou=Uwv Qw@a QF= QO Q}D |m}t=v}O R}N hQat W 'u; QO xm
%O};|tCUOx@ 33 |x]@=Q R= xmCU= xv=yOlD Q}Dl} QO |m}D=DU= R}N |xv}W}@
Wstat = MgL31

48EI (33)

16 \@=wQ u=wD|t '14 |r= 10 \@=wQ QO xOW x�=Q= |=yT} QD=t QY=va |=Q@
%CWwv =Q 21 |r=8<:a1 = [ai(t)]n�1

a2 = [�y(t)]1�1
(16)8>>>>>>><>>>>>>>:

M 11 = [�ij ]n�n

M 12 = [0]n�1

M 21 = ['j(x0(t))]1�n

M 22 = [M ]1�1

(17)

8>>>>>>>><>>>>>>>>:

C11 = [0]n�n

C12 = [�c� 'i(x0)(t))]n�1

C21 =
�
2
�

@
@x'j(x0(t)) dx0(t)

dt

��
1�n

C22 = [c]1�1

(18)

8>>>>>>>>>><>>>>>>>>>>:

K11 = [!2
i �ij ]n�n

K12 = [�k'i(x0(t))]n�1

K21 =

24 @2
@x2'j(x0(t))

� dx0(t)
dt

�2
+ @
@x'j(x0(t)) d

2x0(t)
dt2

35
1�n

K22 = [k]1�1

(19)

F 1 = [0]n�1 (20)

F 2 = [�Mg]1�1 (21)

=Q Q}D |v=}t |a=HDQ= |=yx=ox}mD u=wD|t Q}D |xv=}t QO Qvi R= xO=iDU= =@
|a@=D xm RmQtDt |HQ=N Q=@ pmW x@ 'Ps |y=ox}mD Qvi |wQ}v C=QF= "OQm |R=UpOt
'|[=} Q |R=UpOt QO w P (x; t) QO 'CU= Qvi p=YD= pLt QO Q}D |O=R; xHQO R=
|wQ}v w OwW|t ?Yv xsn pLt QO xm ksn |DNU =@ s)=n Qvi "Ovm|t =O}B Owtv

%CU= 22 |x]@=Q R= CQ=@a Psn Qvi R= |W=v Q}D Q@ OQ=w
Psn = �ksnW (xsn; t)�(x� xsn) (22)

x@ xv=yO l} Q}D O=R; V=aDQ= |=yOwt Q@ sm =L ODE |xrO=at 'C}=yv QO
Q}D QO |v=}t x=ox}mD "OwW|t OQ=wK11 T} QD=t QO C=@U=Lt QO 'Qvi OwHw ?@U
xOW p=tQv pmW `@=wD "OwW|t |R=Ux}@W ksn !1 uDiQo Q_vQO =@ xv=yO OvJ

%CU= 23 |x]@=Q CQwY x@ pYit QU wO Q}D |=Q@

'j(x) =

s
2

�AL
sin( j�x

L
) (23)

|OOa |=yp=Ft "3
'L1 = 17mpw] x@ |w=Ut|=yxv=yO =@ lR=v |xv=yO OvJ Q}Dl} '|vwvmVN@ QO
EI = 1 96�109Nm2|WtN|DNUw�A = 1400kg=mpw]OL=wsQH
|wQ Q@ u=tR R= x_Lr Qy QO lQLDt Qou=Uwv |v=mt C}akwt "CU= xOW ZQi
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yt Qou=Uwv sQH C@Uv uOQm ^=Lr =@ 'OvDUy lQLDt Qou=Uwv |=Q@ v = 85m=s w

wO QO 'OwW|t x_Lqt xm Qw]u=ty "CU= xOt; CUOx@ � = 0 4 Q}D sQH x@
ZQi QiY Q@=Q@ lQLDt Qou=Uwv |=Q@ ?=DW xm |v=tR \ki sy u; w |OL Cr=L
wQ}v Cr=L w �G w hr=2 |=ypmW� 'lQLDt sQH |=yCr=L |va} 'CU= xOW
VwQ R= xOt; CUOx@ G}=Dv QO |@ wN Q=}U@ j@=]D '�O w ?2 |=ypmW� lQLDt

[8]"OQ=O OwHw 'u=Q=mty w =w=m}J}= VywSB w Q[=L VywSB QO pL
=@ lQLDt Qou=Uwv QF= CLD xv=yO 4 Q}D l} QO pw= |xv=yO \Uw u=mt Q}}eD
( = 0 01) 'sQv QviCr=LR=hrDNt|DNU|=yC@Uv =@ QiYC@=F?=DWCmQL
sQH Cr=L hQat xm ( = 5) 'CNU Qvi Cr=L=D lQLDt wQ}v Cr=L hQat xm
CaQU pO=at # = 0 127 R= CaQU QDt=Q=B Q}}eD =@ u=wD|t =Q 'CU= lQLDt
3 pmW QO =Q v = 100m=s CaQU pO=at # = 0 995 =D v = 25m=s
R}N QO |DNU C@Uv C=Q}}eD QF= 'OwW|t xOy=Wt xm Qw]u=ty "OQm xOy=Wt
|@ wN x@ '? w hr=3 |=ypmW |xU}=kt =@ w CU= Q}osWJ Q=}U@ Q}D QO xOWO=H}=
u=R}t '# = 0 573 =D # = 0 127 R= CaQU C@Uv V}=Ri= =@ Ci=} QO u=wD|t
Q@ Qw@a p=L QO xv=yO u}= QO Qou=Uwv xm |t=ovy pw= |xv=yO |xOt; OwHw x@ R}N
xm CU= |r=L QO u}= w OyO|t u=Wv =Q V}=Ri= �64 OwOL u=R}t x@ 'CU= Q}D |wQ
OwOL QO \UwDt Qw]x@ 'CU= CmQL p=L QO =yxv=yO Q}=U QO Qou=Uwv xm |v=tR
|@ wN x@ 'G w ?3 |=ypmW |xU}=kt =@ "OwW|t x_Lqt R}N V}=Ri= �117
u=R}t '# = 0 955 =D # = 0 573 R= CaQU C@Uv V}=Ri= =@ Ci=} QO u=wD|t
OwOL Q}D |wQ Q@ lQLDt Qou=Uwv Qw@a u=tR QO pw= |xv=yO QO xOt; OwHw x@ R}N
'CU= CmQL QO =yxv=yO Q}=U QO Qou=Uwv xm |t=ovy w OyO|t u=Wv =Q V}=Ri= �9

"OwW|t O=H}= R}N V}=Ri= �55 OwOL u}ov=}t Qw]x@
Q@ Qou=Uwv CmQL ?=DW Q}}eD C=QF= u=wD|t '7 |r= 4 |=ypmW x@ xHwD =@
|m}t=v}O |}=tvnQR@ ?} Q[ R= QD`t=H |UQQ@ Qw_vt x@ "OQm |@=} RQ= =Q Q}D |wQ
QO Q}D |xv=yO pw] QO xOW R}q=tQv |m}t=v}O MU=B |xv}W}@ hQat xm 14 DAF

C@Uv Q}O=kt R= |a}Uw h}] QO w &OwW|t xO=iDU= 'CU= Q}D |xDW=O=w V=aDQ= QF=
|DNU |=yC@Uv R= |}xOQDUo |xvt=O <=R= x@ w # = 0 2 =D # = 0 0 R= CaQU
w log(!os!0 ) = log( = 10) = 1=0 |va} CNU Qvi =@ lQLDt Qou=Uwv R=

?=DW hQat a1 xm CU= xOW xO=iDU= � QDt=Q=B R= ?=DW |iQat Qw_vt x@
h} QaD 35 w 34 \@=wQ CQwYx@ w CU=v@t ?=DW u0 w Qou=Uwv |ki= CmQL

%OvwW|t
� = �1

u0 (34)

u0 = L1
(T1)2 (35)

%OwW|t |iQat 36 |x]@=Q j} Q] R= |}=Q}t |xOW R}q=tQv QDt=Q=B
� = c

2M!os
(36)

lQLDt Qou=Uwv QF= CLD xv=yO OvJ ODtt |=yQ}D V=aDQ= 'Q[=L VywSB QO
QO '|HvUCLYCyH "CU= xOW|@=} RQ= xv=yO4 w3 '2|=yQ}D|=Q@G}=Dv w|UQQ@
CmQL ?=DW xm|v=tR w lQLDt sQH w wQ}v|@v=Ht |=yCr=L|va} X=NCr=L wO
s=Hv= |=yVywSB =@ xOt; CUOx@ G}=Dv 'CU= xOW ZQi QiY Q@=Q@ Qou=Uwv |ki=
|HvUCLY |=Q@ "CU= xOW xOy=Wt |@ wN Q=}U@ j@=]D w xU}=kt u}W}B |xOW
Q}D l} QO CUNv Ot=U@ 6 |}=Qosy CaQU |xar=]t '1 pwOH j@=]t |Ot=U@
Q}=U =@ xOt; CUOx@ G}=Dv w x�=Q= lQLDt Qou=Uwv QF= CLD xv=yO 3 |rwvQ@ � Qr} w=

"CU= xOW xU}=kt u}W}B |=yVywSB
|t=ovy 'OwW|t x_Lqt wCU= xO=iDU= OQwt pmW `@=wD O=OaD n '1 pwOH QO
Q}=U G}=Dv =@ j@=]D w |}=Qosy u} QDW}@ 'OvW=@ xOW xO=iDU= pmW `@=D 38 w 34 xm
'OyO|t V}=tv =Q xDU@ pL xm [8]u=Q=mty w =w=m}J}= VywSB =@ xS} w x@ w =yVywSB
xmv;|@ 'xOWxO=iDU= pmW `@=wD O=OaD V}=Ri= xmv}= ?@U x@ wQu}= R= "CU= xO=O MQ
xv} Ry V}=Ri= ?Hwt 'Ovm O=H}= pL CkO QO |UwULt Ow@y@ =yQ=Owtv T=}kt QO
'Q[=L VywSB QO xDiQ Q=mx@ pmW `@=wD O=OaD 'OwW|t |D=@U=Lt C=}rta sHL w
Qou=Uwv QF= CLD xv=yO 4 Q}D QO sQ=yJ |xv=yO u=mt Q}}eD '2 pmW QO "CU= 34
|@v=Ht Cr=L wO pO=at xm lQLDt |wQ}v w lQLDt sQH |rm Cr=L wO QO lQLDt
%sQv Qvi w log(!os!0 ) = log( = 10) = 1 0 %CNU Qvi =@ lQLDt Qou=Uwv QO
C@Uv Cw=iDt h}] wO |=Q@ 'CU= log(!os!0 ) = log( = 0 01) = �1 0
v = 35m=s |=yCaQU |xOvvm u=}@ xm # = 0 764 w # = 0 318 CaQU

"xv=yO 3 |rwvQ@ � Qr} w= Q}D l} QO O=R; V=aDQ= CUNv Ot=U@ 6 |}=Qosy CaQU |xar=]t "1 pwOH
Ot=U@ n


6 
5 
4 
3 
2 
1 �xOW xO=iDU= pmW `@=wD O=OaD�
7 483033 6 7504404 6 2831853 4 3209493 3 559077 3 1415927 10

Q[=L VywSB

7 4576817 6 7161277 6 2831853 4 3023604 3 5578246 3 1415927 14
7 4430002 6 7123553 6 2831853 4 3002287 3 5570911 3 1415927 18
7 4330346 6 7099443 6 2831853 4 2988636 3 5565859 3 1415927 22
7 4309685 6 7080256 6 2831853 4 2977736 3 5564808 3 1415927 26
7 4294323 6 7075839 6 2831853 4 2975224 3 5564027 3 1415927 30
7 4295414 6 7075955 6 2831853 4 2975297 3 5564085 3 1415926 34
7 4295413 6 7075956 6 2831853 4 2975297 3 5564085 3 1415926 38
7 4295413 6 7075956 6 2831853 4 2975297 3 5564085 3 1415926 [8]u=Q=mty w =w=m}J}=
7 4404658 6 7101179 6 2850699 4 2983195 3 5551957 3 1396589 [9]u=Q=mty w |v=}m
7 4295058 6 7044987 6 2831823 4 2961500 3 5565219 3 1415809 [10]u=Q=mty w |O=@;uUL
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|}xOQDUo h}] QO 'xv=yO OvJ Q}D |m}t=v}O |}=tvnQR@ |xv}W}@ 'Q[=L VywSB
Qou=Uwv CmQL hrDNt |=y?=DW <=R= x@ w Qou=Uwv |v=}t |=y|DNU C@Uv R=
l} QLD CLD Q}D |m}t=v}O MU=B QO ?=DW QF= u=R}t |xar=]t "CU= xOW p}rLD
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1. viscoelastic
2. discrete element technique (DET)
3. characteristic orthogonal polynomials (COPs)
4. generalized moving least square method (GMLSM)
5. poroelastic beams
6. timoshenko beam
7. orthonormal polynomial series expansion method (OPSEM)
8. piezoelectric patches
9. convective acceleration components
10. �nite element method
11. pasternak-viscoelastic foundation
12. galerkin method
13. Euler-bernoulli beam
14. dynamic ampli�cation factor
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