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|oOWOQN =} |oOQwNlQD ẁkw =@ "CU= |a=HDQ= |xOwOLt QO uwDU x@ Q}D p=YD=
|x}L=v QO =yOQop}t Vv=tm Ea=@ CU= umtt |QwLt |wQ}v p=YD= xQo uD@ QO
QO CU= xk@] `=iDQ= \Uw QO 'uwDU h]a \=kv xm u}= ZQi =@ "OwW p=YD=
"�2 pmW� CU= xOW xO=iDU= |rYit x=ox}mD R= uwDU |=yDv= w =OD@= QO V}=tR;
|Q=PoQ=@ |=ylH |xr}Uwx@ |DWoQ@ wCiQ |Q=PoQ=@ CLD |W}=tR; |xvwtv
wO x@ xOQ=w Q=@ "CiQo s=Hv= Ow@ xOW xO=O Q=Qk Q}D |=yDv= QO 'q=@ w u}}=B QO xm
|xvwtv QO |Q=PoQ=@ OvwQ xm CiQo s=Hv= �u=mt Q}}eD pQDvm� w �wQ}v pQDvm� CQwY
xOW xO=O x�=Q= 4 pmW CQwYx@ xOWs}tQD |xvwtv QO w 3 pmW CQwYx@ |rY=
Ctw=kt |xv}W}@ x@ xvwtv xm CiQo s=Hv= |OL =D |rY= |xvwtv QO |Q=PoQ=@ "CU=

"uwDU |=yDv= w =OD@= |v=QwO pYit "2 pmW

"|rY= xvwtv QO |Q=PoQ=@ |vLvt "3 pmW

"xOWs}tQD |=yxvwtv QO |Q=PoQ=@ |vLvt "4 pmW

swO w pyJ |xQ=tW �h} QW 5



"""u
wDU

x@Q}
Dp=

YD=
s}tQ

D|
OOa

w|
@QH

D|
xU}

=kt

"uwDU |rw] OQop}t QO VvQm "11 pmW

=yOQop}t xm CU= C}ak=w u}= Qou=}@ Q}D |=yOQop}t QO xOWO=H}= |=yVvQm
QO =yVvQm uwDU |rw] |=yOQop}t QO xm |DQwY QO �10 pmW� Ov=xOW |Q=H

"�11 pmW� Ov=xOv=t |k=@ |v=UWm |xOwOLt

xO}O?}U; p=YD= s}tQD
|vLvt xm |v=tR� O}UQ OwN Q=Okt u} QDW}@ x@ xvwtv |wQ Q@ |Q=PoQ=@ xm u}= R= Oa@
|xvwtv s}tQD x@ C@Uv w '`]k V}=tR; �CiQo OwN x@ |ki= Cr=L u=mtQ}}eD � Q=@
j} QRD R= xOWO=H}= |=ylQD uOQmQB w s}tQD |=Q@ xvwtv u}= QO "OW s=Ok= xO}O?}U;
p=YD= Ctw=kt w |DNU uOQ@q=@ Q@ xwqa |UmwB= j} QRD xJQo "OWv xO=iDU= |UmwB=
,=OOHt xDiQ u}@ R= |oOQwNlQD QF=Q@ xm OQop}t w uD@ u}@ |oDUw}B xm OwW|t Ea=@
|oDUw}B xm OwW|t XNWt xvwtv QO xOWO=H}= |=yVvQm |xar=]t =@ "OwW Q=QkQ@
|rta Q} R |=ys=o QO xvwtv s}tQD "CU= xDiQ u}@ R= |OwOL =D OQop}t w uD@ u}@

%OW
OQo VvD RmQtD R= |Q}owrH |=Q@ uwDU w Q}D |xO}O?}U; |=yCtUk |=yxWwo "1

"�OW xDiQo Q_v QO QDt|Dv=U 2 OwOL |oOWOQo `=aW� OW
"OW Q=@e w OQo R= |Q=a |Q}oO=@ R= xO=iDU= =@ K]U |t=tD "2

"OW xOv=WwB |UmwB= =@ =ylQD |wQ K]U "3
"OW xO} Q@ sRq |=yxR=Ov=x@ 3 pwOH QO xOWxO=O C=YNWt =@ u@ Qm h=}r= "4

"OW xO}r=t 4 pwOH QO xOWxO=O C=YNWt =@ u} RQ R= uD@ K]U "5
C@Uv O}=@ xrLQt u}= QO "OW xOv=@UJ w xDWe; u} RQ K]U x@ xOWxO} Q@ h=}r= "6
uO}r=t u}@ sRq |v=tR |xrY=i w u} RQ |xOvvmO}rwD |=yCmQW C=O}ytD x@
Vv=tm R= |Q}owrH |=Q@ "OQm CkO FRP |Q=BU@ h=}r= uOv=@UJ w |UmwB=
C}iQ_ uOQ@q=@ w |Q]k |=ylQD R= |Q}owrH u}vJty w u}}=B w q=@ |=yjQw
"�6 pmW� OW xO=iDU= QDt|Dv=U 5 |=vyB =@ I}B QwO OOa wO R= p=YD= |WQ@
u}}aD xOvQ=ov \UwD xOWs=Hv= Q=m QO xOWs}tQD |xvwtv |L=Q] w h=}r= Q=Okt

[11]"CU= xOW x�=Q= w
|t=tD OW |aU h=}r= |wQ Q@ Q=Wi =@ u; uOv=Dre w |DUO lDre R= xO=iDU= =@ "7

"OwW xDWe; u} RQ x@ h=}r=
|W@v OOa wO R= uwDU x@ Q}D xwHw Q@ OwHwt h=}r= R= wQ}v p=kDv= |=Q@ "8
uwDU x@ Q}D p=YD= u}}=B w q=@ CtUk QO |QDt|r}t 100 � 100 � 10
h=}r= uOWxO} Q@ Ea=@ |W@v |=yxWwo |R}D xm u}= |=Q@ "CU= xOW xO=iDU=
QDt|Dv=U 2 5 Q]k =@ |Oqwi |xrwr sQ=yJl} u; |=yDv= QO OwWv |Q=BU@

"V}=tR; s=Hv= OvwQ |Q=QkQ@ "7 pmW

"|rY= |xvwtv QO lQD u}rw= ẁkw pLt "8 pmW
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x@ \w@ Qt OQwmQ 180 G}=Dv T=U=Q@ w |Q=t; uw}UQoQ R= xO=iDU= =@ 'xDi=} p}tmD |=yxO=O
'xOW xR}r=tQv OQ=Ov=DU= Pwiv OOa u}@ |}x]@=Q 'QUr@=@ xk]vt hrDNt \=kv QO xv=to 26

"CU= xOW O=yvW}B l =N |}=Qov=wQ ẁkw p=tDL= w |}xQwO |WQ@ VvD C@Uv
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OQmrta `@=D |xk]vt x@ jraDt xm F |xvt=O |wQ Q@ |DU}=@ |R=Uxv}tm
|R=Uxv}tm |=Q@ u=wD|t |OOa |xw}W u}OvJ R= "OQ}os=Hv= 'CU= G(X)< 0
u} wv VwQ '|@=}xv}y@ |=yVwQ R= |m} [3]"OQm xO=iDU= |Q}PBO=tDa= XN=W `@=D
?L=YD |=Q@ xOvR C=OwHwt C@=kQ Q@ u; |a}@] |=v@t xm CU= 4l}DvS sD} Qwor=
|OQi |=y|oS} w uw}Ot RwQ}B C=OwHwt |QDQ@ "CU= Q=wDU= |a}@] OwOLt `@=vt
|D=OwHwt u}vJ pFt O}rwD "OQ=O Q=Qk =yv; |=yuS Q}F-=DCLD |O=} R OL =D xmCU=yv;
|r=wDt s=Hv= =@ "OW Oy=wN xDU}=W |v=OvRQi O}rwD xH}DvQO w =yuS u}= Q}FmD ?@U
'\}Lt =@ QDW}@ VR=U |wU x@ C}atH pm =yv; pFt O}rwD w =[a= u} QDy@ ?=NDv=
|R=UpOt =@l}DvS sD} Qwor= "Ci=} Oy=wNjwU 'QDy@ w QDW}@ `@=vt x@|@=}CUO|va}
[10w9]"Ovm|t x@U=Lt =Q |[=} Q O}kt |xv}y@ `@=wD 'jwi |a}@] |xNQJ |[=} Q
xm|r=L QO 'OQ=O R=}v MU=B Qy C}i}m x@ \w@ Qt C=aq]= x@ \ki VwQ u}= `k=wQO
=yv; uOQw; CUO x@ CU= umtt xm �� xr�Ut C=kDWt x@ |@=}xv}y@ |=yVwQ QFm =
u}= "OvQ=O R=}v R}v �� OvW=@v xO=U |Q}PBO=tDa= |xr�Ut Ovv=t hrDNt p�=Ut QO
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|O=yvW}B pOt OQ@ Q=m "7
|=} QO|rL=U Q=wv QO `k=w 'QUr@=@ |xk]vt QO|}=Qou=wQ ẁkw p}Uv=DB j}kLD u}= QO
|=ypUo u=}t QO QUr@=@ u=DUQyW "CU= xDiQo Q=Qk |UQQ@ w xar=]t OQwt 'QRN
u}= QO 6 3 |oQR@ =@ |}=yxrRrR w OvQ=O |}q=@ |}xRQr u=wD xm CU= xOW `k=w |tyt
pUo 'QRN pUo x@ u=wD|t =ypUo u}= u} QDsyt R= [12]"CU= |v}@V}B p@=k xk]vt
uOw@ q=@ w |rL=U |DiQ@; C=@ wUQ x@ xHwD =@ "OQm xQ=W= p@=@ xQ=w\N w |r=tW RQ@r=
[13]"CUQ=OQwNQ@ |}q=@ p}Uv=DB R= |}=Qou=wQ |=Q@ xk]vt u}= '|v}tRQ} R ?; K]U
xO=iDU= xar=]t OQwt |xk]vt QO xOWQiL |=yxv=to C=aq]= R= VywSB u}= QO
|v}tRQ} R ?; jta w 'QDt 40 =D 10 u}@ =yxv=to u}= QO |Q=iL jta "CU= xOW

"CU= u=Uwv QO QDt 4 5 =D 0 5 u}@ ,=OwOL R}v xOWC@F
xO=iDU= =@ hrDNt \=kv R= xv=to 26 x@ \w@ Qt OQwmQ 180 OwOL xar=]t u}= QO
Cr=L Qy |=Q@ "OW p}rLD 'xOW xDWwv Matlab Q=Ri=sQv QO xm |}xv=}=Q |xt=vQ@ R=
QO xDUw}B Qw]x@ |}=Qou=wQ ẁkw p=tDL= w |Q}PBO=tDa= XN=W 'CRR 'CSR
QO xOW s=Hv= C=ar=]t w C=aq]= |xYqN "CU= xOW x@U=Lt =yjta |t=tD

"CU= 3 pwOH
CU= l} R= QDnQR@ 9 h}OQ QO u=v}t]= ?} Q[ 'OwW|t xOy=Wt xm Qw]u=ty
VwQ QO |}=Qou=wQ ẁkw p=tDL= xm |r=LQO 'CU= |}=Qou=wQ ẁkw sOa Qou=}@ xm
w [15]p=tDL= Q@|vD@t |}=Qou=wQ Q]N |Ov@xk@] T=U=Q@ "CU= �38 |O=yvW}B
|=yh}OQ QO u=v}t]=?}=Q[,=vt[ "CU=ptDLt|}=Qou=wQ O=ONQ '4 pwOHKQWx@
=@ Q_=vDt |}=Qou=wQ ẁkw p=tDL= xm CU= 0 85 w 0 87 ?}DQDx@ '3 pwOH 16 w 8
w QDW}@ |vt}= |vatx@ ,=twRr QDnQR@ u=v}t]= ?} Q[ 'u}=Q@=v@ "CU= �54 w �60 u;
|xH}Dv R}v 20 w 4 |=yh}OQ |xU}=kt R= "Ow@ Oy=wNv QDsm |@=QN lU} Q xH}DvQO

"OwW|t pY=L x@=Wt

"xOW xDiQo Q_v QO C=YNWt w |iO=YD |=yQ}eDt "1 pwOH
|iO=YD Q}eDt u}ov=}t [14w1]|oOvm =QB ?} Q[ `} RwD `@=D

(N1)60cs 20 0 3 p=tQv
�v �� 0 1 p=tQv
�0v �� 0 15 p=tQv
amax 0 36 0 15 p=tQv
Mw 6 3 0 05 p=tQv

"CU= xOW x@U=Lt jta Qy QO u}ov=}t Q}O=kt �
"=yQ}eDt u}@ |oDU@ty ?}=Q[ "2 pwOH

[4w3]Mw [4w3]amax �0v �v (N1)60cs

0 0 0 0 1 00 (N1)60cs
0 0 0 95 1 00 0 �v

0 0 1 00 0 95 0 �0v
0 90 1 00 0 0 0 amax

1 00 0 90 0 0 0 Mw

xOR u}tND 'CU= Q}eDt 15� 21KN=m3 R= ,=twta xar=]t OQwt |xk]vt QO
"CU= xOW

|oDU@ty ?} Q[ 2 pwOH QO 'OvQ=O |oDU@ty =yQ}eDt R= |[a@ xm =Hv; R=
�0v |=yQ}eDt u}@ |oDU@ty ?} Q[ "CU= xOW xO=O u=Wv |OwQw |=yQ}eDt u}@
x@U=Lt 20 |x]@=Q x@ xHwD =@ w xar=]t OQwt |xk]vt |=yOQwmQ T=U=Q@ �v w
x@ xHwD =@ 'Mw 'amax Q}eDt wO u}@ |oDU@ty ?} Q[ OQwtQO =t= &CU= xOW
xQ=W= ?�=Q[ R= 'CW=Ov OwHw xar=]t OQwt |xk]vt QO |}xRQr C=aq]= xm u}=

[4w3]"CU= xOW xO=iDU= `@=vt Qo}O QO xOW
"xar=]t OQwt |xk]vt QO |}=Qou=wQ C=@U=Lt w C=aq]= xYqN "3 pwOH

PL(�) � FS CSR CRR Mw amax (N1)60cs �0V T=m2 �V T=m2 l =N ẁv (m) jta h}OQ
12 1 18 1 30 0 19 0 25 6 3 0 36 22 19 00 36 00 SP-SM 18 1
97 �1 90 0 45 0 19 0 09 6 3 0 36 7 6 00 8 00 SP 4 2
79 �0 80 0 77 0 17 0 13 6 3 0 36 12 6 59 7 82 SM 4 3
26 0 65 1 09 0 20 0 21 6 3 0 36 20 8 59 11 82 SM 6 4
96 �1 80 0 43 0 22 0 10 6 3 0 36 8 9 00 14 00 SP 7 5
19 0 86 1 12 0 21 0 24 6 3 0 36 22 13 59 21 82 SP-SM 11 6
69 �0 73 0 74 0 19 0 14 6 3 0 36 13 18 59 31 82 SP-SM 16 7
60 �0 25 0 87 0 20 0 18 6 3 0 36 17 5 04 7 04 SP 3 5 8
38 0 30 1 03 0 15 0 16 6 3 0 36 15 22 69 32 00 SP-SM 16 9
25 0 68 1 11 0 20 0 22 6 3 0 36 21 3 33 4 53 SP 3 10
99 �2 53 0 31 0 24 0 07 6 3 0 36 5 4 35 7 05 SP-SM 4 5 11
56 �0 15 0 82 0 23 0 19 6 3 0 36 18 12 87 23 37 SP 12 12
82 �0 90 0 72 0 18 0 13 6 3 0 36 12 6 35 7 80 SP 4 13
15 1 05 1 17 0 19 0 22 6 3 0 36 21 18 69 34 19 SM 17 14
34 0 42 1 00 0 21 0 21 6 3 0 36 20 12 59 19 82 SP-SM 10 15
54 �0 10 0 85 0 20 0 17 6 3 0 36 16 15 10 33 60 SM 21 16
76 �0 70 0 78 0 20 0 15 6 3 0 36 14 9 50 13 00 SM 6 5 17
81 �0 88 0 71 0 20 0 14 6 3 0 36 13 4 50 6 00 SP-SM 3 18
94 �1 59 0 52 0 21 0 11 6 3 0 36 9 14 00 22 00 SP-SM 11 19
20 0 84 1 08 0 19 0 21 6 3 0 36 19 7 50 10 00 SP 5 20
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xOW x�=Q= 5 pwOH QO u; |xYqN xm OW xU}=kt 'CU= Chi � Chi |xrRrR
=@ w CU= Q=OQwNQ@ |@ wN CkO R= xOWx�=Q= VwQ xm OyO|t u=Wv G}=Dv "CU=

"OQ=O |@ wN |v=wNty xOWxOy=Wt |=yxO=O
xvwtv R= pY=L hrDNt |=yjta QO (PL) |}=Qou=wQ p=tDL= C=Q}}eD Q=DiQ
'6 pmW j@=]t =yxv=to |wQ Q@ |O=yvW}B |x]@=Q R= xO=iDU= =@ 'xDiQoCQwY p}rLD

VwQ =@ |O=yvW}B |x]@=Q R= xO=iDU= =@ |}=Qou=wQ ẁkw p=tDL= |xU}=kt "5 pwOH
"nv=w=y \UwD xOW x�=Q=

OYQO [5]PL(�) |O=yvW}B |x]@=Q CSR (N1)60cs h}OQ
=]N PL(�)

0 18 13 11 0 19 22 1
0 05 92 97 0 19 7 2
0 11 66 74 0 17 12 3
0 08 26 24 0 20 20 4
0 04 94 98 0 22 8 5
0 13 18 16 0 21 22 6
0 10 69 77 0 19 13 7
0 06 46 49 0 20 17 8
0 03 34 35 0 15 15 9
0 11 20 18 0 20 21 10
0 01 98 99 0 24 5 11
0 07 52 56 0 23 18 12
0 11 70 79 0 18 12 13
0 13 17 15 0 19 21 14
0 03 30 29 0 21 20 15
0 09 53 58 0 20 16 16
0 09 67 74 0 20 14 17
0 10 73 81 0 20 13 18
0 05 91 96 0 21 9 19
0 04 28 27 0 19 19 20
0 08 =]N OYQO u}ov=}t

[15]"|}=Qou=wQ O=ONQ |Ov@xk@] "4 pwOH
C=L}[wD |}=Qou=wQ p=tDL= |Ov@xk@]

(PL)
OyO|tv MQ |}=Qou=wQ `]k Qw]x@ PL < 15 1
CU= O}a@ |}=Qou=wQ O=ONQ 15 � PL < 35 2

O=ONQ sOa w |}=Qou=wQ O=ONQ 35 � PL < 65 3
CU= ptDLt |w=Ut Qw]x@ |}=Qou=wQ
CU= ptDLt |r}N |}=Qou=wQ O=ONQ 65 � PL < 85 4

OyO|t MQ |}=Qou=wQ ,=a]k PL � 85 5

|O=yvW}B pOt R= |H=QNDU= |x]@=Q "8
|=yQ=m QO l}vmDw�S u}UOvyt \UwD |O=yvW}B VwQ R= xO=iDU= CrwyU |=Q@
p}Uv=DB w l =N Ctw=kt '|}xRQr C=YNWt u}@ |}x]@=Q VywSB u}= QO '|UOvyt
l =N QF-wt VvD %Ovv=t hrDNt |=yQDt=Q=B x@ |}=Qou=wQ p}Uv=DB "OW x�=Q= |}=Qou=wQ
|=yx}q jta '(amax) xrRrR |xv}W}@ |ki= ?=DW '(�v) l =N pm VvD (�01)
xOW KqY= OQ=Ov=DU= Pwiv C=@ Q[ O=OaD w (MW ) xrRrR |oQR@ '(z) l =N
xDUO wO x@ u=wD|t =Q =yQDt=Q=B u}= "OQ=O |oDU@ (N1)60cs R}tD |xU=t T=U=Q@
wO ?=NDv= =@ xm '|}xRQr |=yQDt=Q=B w l =N |Dtw=kt |=yQDt=Q=B %OQm |Ov@s}UkD
l =N |}=Qou=wQ p}Uv=DB Q@ QF-wt |=yQDt=Q=B s=tD u=wD|t CSR w (N1)60cs QDt=Q=B

"OQm K} QWD =Q
|=Q@ |O=yvW}B VwQ 'Matlab QO xOWxDWwv |}xv=}=Q |xt=vQ@ R= |Q}oxQy@ =@
uw}UQoQ =@ "OW xDiQo Q=mx@ hrDNt |=yQ}eDt =@ QUr@=@ |xk]vt QO OQwmQ 180

%R= CU= CQ=@a C=aq]= p}rLD T=U=Q@ =yQ}eDt \=@DQ= xQ}eDtOvJ |]NQ}e
PL = 1

1 + exp[�(13 5285 + 0 3562(N1)60cs�
1

0 0003(N1)260cs + 4 6113 ln(CSR))]
(22)

?}DQDx@ xOW O=yvW}B |x]@=Q |=Q@ =y=]N \UwDt w (R2) |oDU@ty ?} Q[ xm
"CU= �10 w 0 96

\UwD xOWx�=Q= VwQ =@ 21 |x]@=Q '|O=yvW}B pOt OQmrta pQDvm |=Q@
QO =Qou=wQ Q}e w =Qou=wQ j]=vt QO xOWxOy=Wt |=yxO=O Q@ |vD@t xm '[5]nv=w=y

"xv=to l} x@ \w@ Qt |}=Qou=wQ ẁkw p}Uv=DB |@=} RQ= "6 pmW
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Q}}eD FS QO lJwm C=Q}}eD p=@k QO QF-wt Qw]x@ |}=Qou=wQ ẁkw p=tDL= w OwW|t
pO=at xm '[15]OyO|tv MQ ,=a]k |}=Qou=wQ 'OW=@ PL < 15 Qo = p=Ft |=Q@ "Ovm|t

"CU= 1 15 u=v}t]= ?} Q[ =@

|Q}oxH}Dv "10
x@ xHwD =@ "OW x�=Q= |}=Qou=wQ p}Uv=DB |@=} RQ= |=Q@ |@ wJQ=yJ xar=]t u}= QO
u=wvax@ Ov=wD|t VwQu}= 'C=Oy=Wt Q@|vD@t |=yVwQ =@ |O=yvW}B VwQ|v=wNsy
XNWt Q[=L C=ar=]t R= "OQ}o Q=Qk u}UOvyt |xO=iDU= OQwt |OQ@ Q=m |Q=R@=
|vatx@ ,=twRr '|}=Qou=wQ C=ar=]t R= pY=L 1 R= QDnQR@ u=v}t]=?} Q[ xm OwW|t
|}=Qou=wQ RwQ@ p=tDL= OYQO =@ x=Qty O}=@ |}=yv Cw=[k xmr@ CU}v QDW}@ |vt}=

"OQ}o CQwY
s}kDUt Qw]x@ u=wD|t (N1)60cs w CSR 'PL u}@ xOWx�=Q= |x]@=Q T=U=Q@
|=yxO=O x@ C@Uv 0 10 R= QDsm |=]N u}ov=}t =@ =Q |}=Qou=wQ ẁkw p}Uv=DB
C=@U=Lt QO xDiQo Q=mx@ |=yC}a]k sOa Q=Okt xm =Hv; R= "OQm x@U=Lt |D=Oy=Wt
u}= R= u=wD|t 'CU= u=Um} QRN |=} QO |rL=U Q=wv QO `k=w j]=vt |=Q@ ,=twta

"OQm xO=iDU= R}v \=kv Q}=U |=Q@ x]@=Q
|}=Qou=wQ lU} Q |x}=B Q@ |Q}os}tYD 'FS w PL u}@ xOWx�=Q= |x]@=Q
u}UOvyt |=Q@ "Ovm|t Q}PBu=mt= |a]k |=yVwQ R= xO=iDU= =@ =Q l =N |=yx}q
|@=} RQ= Qw_vtx@ u=v}t]= ?} Q[ Q@ |vD@t G}=Q |=yVwQ R= xO=iDU= l}vmDw�S
=Q j}kLD u}= QO xOW |L=Q]sD} Qwor= "CU= nQR@ R=}Dt= l} |}=Qou=wQ p}Uv=DB
s}taD R}v Qo}O j]=vt |=Q@ 'R=}v OQwt C=aq]= uDW=O w C=}rm ^iL =@ u=wD|t

"O=O

"|}=Qou=wQ p=tDL= x@ u=v}t]= ?} Q[ C=Q}}eD Q=DiQ "7 pmW

O=OaDU= lU} Q u=R}t x@ l}vmDw�S u}UOvyt uOQ@|B |=Q@ |@ wN Q=}U@ |=tvy=Q
"CU= l =N |=yx}q |}=Qou=wQ

u=v}t]= ?} Q[ w |}=Qou=wQ ẁkw p}Uv=DB "9
xm CU= u}= |Q}PBO=tDa= |x}=B Q@ |}=Qou=wQ |x@U=Lt R= pY=L |xH}Dv u} QDnQR@
umtt |i}m Qw]x@ u=v}t]= ?} Q[ R= xO=iDU= =@ |}=Qou=wQ ẁkw p=tDL= |x@U=Lt
OQwt |xk]vt QO OQwmQ 180 |=Q@ |}=Qou=wQ ẁkw p=tDL= x@ u=v}t]= ?} Q[ "CU=

"CU= xOW x�=Q= 7 pmW QO xar=]t
QO u=wD|t =Q R2 = 0 9567 |oDU@ty ?} Q[ =@ FS w PL u}@ \=@DQ=

"OQm h}YwD 22 |x]@=Q

PL = 1
1 + (FS=0 8876)6 573 (23)

OwW|t l}ORv QiY x@ PL |Dkw xm OyO|t u=Wv 22 |x]@=Q w 7 pmW
u=Qo w xv=Q=mx_i=Lt KQ] l} xm 'Ovm|tv Rw=HD 2 25 R= (FS) u=v}t]= ?} Q[

CWwv=B
1. cyclic stress ratio
2. National Center for Eearthquake Eengineering Rresearch

(NCEER)
3. advanced �rst-order second-momment
4. Genetic Algorithm

`@=vt
1. Seed, H.B.; Tokimatsu, K.; Harder, L.F. and Chung, R.

\In
uence of SPT procedures in soil liquefaction resis-
tance evaluations", J. Geotch. Eng. Civ., Am. Soc. Div.
Eng., 111(12), pp. 1425-1445 (1985).

2. Seed, H.B. and Idriss, I.M. \Simpli�ed procedure for eval-
uating soil liquefaction potential", J. Soil Mech. Found.
Div.' Am. Soc. Civ. Eng., 97(9), pp. 1249-1273 (1971).

3. Juang C.H. ' Rosowsky D.V. and Tang W.H. \Reliabil-
ity based method for assessing liquefaction potential of

soils", J. Geotech. Geoenviron. Eng., 125(8), pp. 684-689,
(1999).

4. Juang C.H.; HuiYang, S. and Yuan, H. \Model uncer-
tainty of shear wave velocity-based method for liquefac-
tion potential evaluation", J. Geotech. Geoenviron. Eng.
131(10), pp. 1274-1281 (2005).

5. Hwang, J.H.; Yang, C.W. and Juang D.S. \A practical
reliability-based method for assessing soil liquefaction po-
tential", J. Soil Dynamics and Earthquake Engineering,
24, pp. 761-770 (2004).

6. Youd, T.L. and Idriss, I.M. \Liquefaction resistance of
soils: summary report from the 1996 NCEER and 1998
NCEER/NSF workshops on evaluation of liquefaction re-
sistance of soils", J. Geotech. Geoenviron. Eng. 127(10),
pp. 817-833 (2001).

7. Baecher G.B. and Chiristian J.T. \Reliability and statis-
tics in geotechnical engineering", John Wiley (2003).

8. Low, B.K. and Tang, W.H. \E�cient reliability evaluation
using spreadsheet", J. Engrg. Mech. ASCE, 123(7), pp.
749-752 (1997).

swO w pyJ |xQ=tW �h} QW 19



"""
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trol and Dynamics, 15(3), pp. 735-740 (1992).

10. Goldberg, D.E. \Genetic algorithms in search, optimiza-
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Co (1989).
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timal design sequencing in complex eng. System", Struc-
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tute of Earthquake Engineering and Seismology (1995).

13. Khoshneviszadeh, M. and Shooshpasha, I. \A study on
liquefaction phenomena in south cost of the Caspian sea",
Proceeding of 6th International Conference on Civil Engi-
neering, Esfehan Industrial University, May 3-5, Esfahan.
Iran (2003). (In Persian)

14. Kulhawy, F.H. and Tautmann, C.H. \Estimation of in
situ test uncertainty", Uncertainty in the Geologic Envi-
ronment: From Theory to Practice, Geotechnical Special
Publication, No. 58, ASCE, New York, pp. 269-286 (1996).

15. Chen, C.J. and Juang, C.H. \Calibration of SPT and
CPT based liquefaction evaluation methods", Innovations
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CU= umtt |@q}U u}vJ ẁkw 'OW=@ xDU@ |=QHt l} ?=}=B pvwD xm|DQwY QO
h=QowQO}y pmW x@ xDU@ R}v =yOU h=QLv= |=ypvwD "OwW u; uOWxOQWi x@ QHvt
x@ O=R; Cr=L R= G} QODx@ p}U Qw@a u}L QO CU= umtt 'KQ] ?q}U COW w

"OyO C}a[w Q}}eD O=R; Cr=L x@ ,=OOHt w 'Q=Wi CLD Cr=L
CqmWt|v}@V}B w|L=Q] Q_vt wO R=\rDNt |=yu=} QHj}kOp}rLDC}ty=
K]U w Q=Wi CLD |Q=Ht |L=Q] |v=@t xm =Hv; R= "CU= �pQDvm � |Q=OQ@xQy@ u}L
OvyO|t Qw@a OwN R= =Q\rDNt u=} QH xm|}xDU@ |Q=Ht|L=Q] 'CU= Cw=iDt O=R;

Qw]x@ X=N |]}=QW CLD CU= umtt =QPo |=yu=} QH =@ xyH=wt QO xDU@ |Q=Ht
"OvyO Qw@a OwN R= =Q Q=Wi CLD u=} QH w O=R; K]U u=} QH R= |@}mQD u=tRsy
*Q=Po *QF= Q@ 'Q=Wi CLD u=} QH w O=R; K]U u=} QH CU= umtt |Dr=L u}vJ QO
"OyO C}a[w Q}}eD 2uOWxOQWi w 1uOWpQDvm |=yOv}=Qi u}L QO R}v w u=} QH

"Ovt=v|t �3\rDNt u=} QH� =Q |v=} QH u}vJ
'u=} QH pQDvm pLt '=QHt |twta C}a[w 'u=} QH |x}rw= \}=QW x@ xHwD =@
w OOaDt OQ=wt QO \rDNt u=} QH '=QHt w u=} QH |twta \}=QW Q}}eD |ovwoJ
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|=yxrRrR =@ xvt=O w |Uv=mQi |=wDLt Q_v R= pUo l}ORv |=yxrRrR C=YNWt
|xir-wt QO xmCU= u; =yxRQru}tR u}= |=yxYNWt R= [11�2]"Ov=Cw=iDt QwO |xRwL
=@ [3]CaQU Tr=B Q=yJ =D l} ,=twta 'CU= pUo O=ODt= Q@ Owta xm '=yv; |ki=
1 pmW QO "Ov=xOW Q=wU xv}tR OQwmQ l} |wQ Q@ xm OwW|t xO}O xHwD p@=k |xvt=O
OQ=wt ?re= QO xm =yTr=B u}= [2]"CU= xOW xO=O u=Wv =yOQwmQ u}= R= |}xvwtv
|SQv= |xOta |xOvQ=O Q@ QO 'OvyO|t =Q pt=m xNQJ l} p}mWD w xOw@ OOa 2
OQwmQ O}rwD Q=mwR=U w Tr=B O}rwD Q=mwR=U xm u}= xHwD p@=k |xDmv "OvDUy OQwmQ
|=yTr=B =Q} R 'Ov=pkDUt sy x@ C@Uv |Q=t; Q_v R= w CU= Cw=iDt sy =@ xv}tR
O=H}= CaQU w Gwt Q=WDv= CaQU |m}ORv p}rOx@ w pUo Q=WDv= CyH QO CaQU
xOWp=ta= l} QLD x@ l =N MU=B xv}tR OQwmQ xm |r=L QO &OwW|t O=H}= pUo
|=wDLt w Gwt Q=WDv= Q}Ut '=RxRQr |xtWJ QF= R= |O=tv w xOw@ QDU@ nvU QO
CUO x@ |=Q@ u}=Q@=v@ "CU= OOaDt w Cw=iDt |=yTv=mQi =@ pLt l =N |Uv=mQi
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[2]"1999 u=w}=D |xrRrR R= l}ORv |xRwL x@ \w@ Qt |=yOQwmQ R= |}xvwtv "1 pmW

Tr=B Ow} QB
hqNQ@ xm CU= u; xHwD p@=k |xDmv "CU= Tr=B Ow} QB |Ur=B OQwmQ QDt=Q=B u}twO
�x}v=F 2 R= QDsm ?r=e Ow} QB� OvQ=O q=@ |Uv=mQi |=wDLt ,=DOta xm xrRrR |=yOQwmQ
OQwtQO "OwW|t xOy=Wt R}v x}v=F 5 =D l}ORv |xRwL |=yOQwmQ |=yTr=B Ow} QB

[3]"CU= xOW x�=Q= 4 w 3 |x]@=Q R}v Tr=B Ow} QB

log(Tv) = �3 0 + 0 5M (3)

log(Tv) = �1 76 + 0 31M (4)

"CU=|L]UG=wt=?ULQ@ xrRrR|oQR@M w 'x}v=F?ULQ@Tr=B Ow} QBTv =yv; QO xm

Tr=B O=OaD
=yxRQru}tR ?re= QO [3]=yTr=B O=OaD |xv}tR QO xOW s=Hv= C=k}kLD x@ xHwD =@
OQwmQ u}= Q@=v@ "OQ}o|t Q=Qk p}rLD |=v@t j}kLD u}= QO xm xOW xOy=Wt Tr=B 2
=@ "CU= pt=m |xNQJ l} =} Tr=B wO pt=W xar=]t u}= QO xO=iDU= OQwt |Ur=B
|xRwL xrRrR ?=DW w CaQU |Ur=B OQwmQ C=YNWt xOW x�=Q= C=L}[wD x@ xHwD

%R= CU= CQ=@a !a = 2�=Tv ZQi =@ l}ORv

Ppulse;velocity=

8<:PHV sin(2�t=Tv) 0 < t < Tv

0 t > Tv
(5)

|Ur=B OQwmQ x@ MU=B
|=yTr=B x@ \w@ Qt |=yQDt=Q=B =OD@= |Ur=B OQwmQ x@ MU=B uOQw; CUO x@ |=Q@
"OQ}o|t Q=Qk |UQQ@ OQwt Ov=xOQm x�=Q= hrDNt u}kkLt xm l}ORv |xRwL |=yxrRrR
w Tr=B Ow} QB 'Tr=B |xvt=O %R= Ov=CQ=@a j}kLD u}= QO |UQQ@ OQwt |=yQDt=Q=B
"OwW|t x�=Q= x]w@ Qt OQwmQ CLD xR=U MU=B =yv; |iQat R= TB xm '=yTr=B O=OaD

Tr=B |xvt=O
OwOat R= 2 w 1 |=yx]@=Q "CU= xvt=O |Ur=B OQwmQ xOvvmXNWt QDt=Q=B u}rw=
|xRwL |=yxrRrR QO Tr=B |xvt=O OQw;Q@ |xv}tR QO uwvm =D xm OvDUy |]@=wQ

[4w3]"CU= xOW x�=Q= l}ORv

Ln(PHV )=�2 31+1 15M � 0 5ln(r); (cm=sec);

3 < r < 10km; (1)

Ln(PHV )=�5 11+1 59M � 0 58ln(r); (cm=sec);

3 < r < 10km; (2)

?ULQ@ xrRrR |oQR@ M 'CaQU Tr=B QO xv}W}@ CaQU PHV \@=wQ u}= QO
3 R= QDsm pY=wi |=Q@ "CU= QDtwr}m ?ULQ@ pUo R= xrY=i r w '|L]U G=wt=

"OwW|t ZQi C@=F Tr=B |xvt=O Q=Okt pUo =D QDtwr}m
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L |SQv= u=wD|t |Ur=B OQwmQ x@ \w@ Qt xOt; CUO x@ MU=B x@ xHwD =@ ?}DQDu}O@
%CWwv u}vJ =Q sQH OL=w Q@ xR=U |vwQO

epulse=m = 0 5(k=m)x2
pulse (15)

|Ur=B OQwmQ R= |W=v sQH OL=w Q@ xR=U uwQO |WvQm |SQv= epulse=m u; QO xm
"CU= xOW x�=Q= 2 pmW QO|Ur=Bl} QLD x@ xR=U|}=Hx@=H MU=B R=|}xvwtv "CU=

xv}tR OQwmQ x@ xR=U MU=B
Ciy QO xOWC@FCNU l =N OQwmQ 7 =OD@= MU=B R=VN@ u}= uOQw;CUO x@ |=Q@
xm CU= xOW ?=NDv= u=w}=D w |r=tW |=m} Qt; hwQat |=yxrRrR x@ \w@ Qt x=oDU}=
|=yOQwmQ R= l} Qy |i}] |r=oJ TBU "CU= xOt; 1 pwOH QO =yv; C=YNWt

%CU= xOW p=tQv u}tR ?=DW |xv}W}@ QwPHt x@ C@Uv w 'x@U=Lt QwmPt8>>>><>>>>:
SD1 ! �(PGA1)2 ! SD�1
...

SD8 ! �(PGA8)2 ! SD�8

(16)

CNU |=yl =N |=Q@ u}ov=}t h}] 'SD�i |=yh}] |wQ |Q}ou}ov=}t =@ x=ov;
=@ pO=at xm |@} Q[ QO SD�i |=yh}] u}ov=}t 'u=}=B QO "CU= xOW pY=L
"CU= xOW ?Q[ CU= xO=iDU= OQwt |=yOQwmQ ?=DW |=yxv}W}@ u}ov=}t QwPHt

SD��xground =Ave �(SD�1 ; : : : ; SD�8 )�(PGA2
Ave:) (17)

l =N |=yOQwmQ |=Q@ u}ov=}t SDi h}] u=wvax@ u=wD|t =Q Q}N= h}] u}=Q@=v@
x@ \w@ Qt xOt; CUO x@ u}ov=}t h}] xm =Hv; R= "�3 pmW� CiQo Q_v QO CNU
OQwmQ Q_=vDt h}] x@ QwmPt h}] p}O@D |=Q@ CU= |wk ,=D@Uv |xrRrR |=yOQwmQ
?Hwt Qt= u}= "OwW|t ZQi u}tR ?=DW xv}W}@ |=Q@ 0 3 Q@=Q@ |@} Q[ xv}tR
Q=Okt u}= xm OwW xHwD "OwW ?Q[ 0 09 ?} Q[ QO QwmPt h}] xm OwW|t
xOW xDiQo Q_v QO �1 pmW� u=w}=D |xrRrR R= TCU068 C}=U OQwmQ x@ xHwD =@
=Q xv}tR OQwmQ QF= u} QDsm w CaQU Tr=B QF= u} QDW}@ =yC}=U Q}=U u=}t QO xm
|=Q@ |v}}=B u=Qm u=wvax@ u=wD|t =Q ZQi u}= R= pY=L G}=Dv u}=Q@=v@ "OyO|t u=Wv
Q}O=kt xJv=vJ "CUv=O xR=U |vwQO |WvQm |SQv= QO OQwmQ pm R= xv}tR OQwmQ syU
OW=@ Q_v Ot |rY= OQwmQ x@ C@Uv xv}tR OQwmQ ?=DW |xv}W}@ C@Uv |=Q@ |QDW}@

"CNU l =N OQwmQ 7 |=Q@ spectral density u}ov=}t h}] "3 pmW

Ppulse;acceleration=

8<:PHV !a cos(!at) 0 < t < Tv

0 t > Tv
(6)

x}v=F QwPHt Q@ QDt|Dv=U w x}v=F Q@ QDt|Dv=U ?ULQ@ jwi ?=DW w CaQU \@=wQ
|x]@=Q CQwYx@ =Q sDU}U Q@ sm =L |xrO=at u=wD|t jwi l} QLD x@ xHwD =@ "CU=

"CiQo Q_v QO 7
��xpulse + 2�!s �xpulse + !2

s = �PHV !a cos(!at) (7)

%CQwYx@ |twta ?=wH uDiQo Q_v QO =@ uwvm =
xc = (A cos(!Dt) +B sin(!Dt))e��!st (8)

%CQwYx@ |YwYN ?=wH w
xp = (G1 cos(!Dt) +G2 sin(!Dt)) (9)

%xm C=}[Qi u}= =@ R}v w
� = !a=!s; !D = !s

p1� �2; !a = 2�=Tv; � = 0 05
|rm MU=B C}=yv QO w '|YwYN w |twta VN@ wO QO =Q xR=U MU=B u=wD|t

%OQm x@U=Lt 10 |x]@=Q CQwYx@
�G1!2

a + 2�!a!sG2 + !2
sG1 = P0!a

�G2!2
a + 2�!a!sG1 + !2

sG2 = 0 (10)

G1(1� �2) +G2(2��) = �P0�=!s

G2(1� �2)�G1(2��) = 08<:G1 = �P0�=!s(1��2)
(1��2)2+(2��)2 '
 = �P0�=!s

(1��2)2+(2��)2

G2 = �P0�=!s(2��)
(1��2)2+(2��)2 ; P0 = PHV

(11)

xp = 
((1� �2) cos(!at) + 2�� sin(!at)) (12)

xpulse(0) = �xpulse(0) = 0

!
8<:A = �
(1� �2)

B = (�!sA� 2
��!a)=!D
(13)

xpulse = xc + xp (14)

0 1 ,=@} QkD xR=U Ow} QB u; QO xm |Ur=B OQwmQ x@ xR=U MU=B R= |}xvwtv "2 pmW
"CU= xOw@ x}v=F
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QQ@[13 w 12 '2]"|Q=t; Ov}=Qi QO xO=iDU= OQwt |=yOQwmQ C=YNWt "1 pwOH
(g) ?=DW =oQR@ (km) pUo =D xrY=i xrRrR O=ONQ M} Q=D l =N ẁv C}=U s=v

0 09 5 3(ML) 11 San Francisco, Siliceeous San Francisco-Golden
March 22, 1975 Sandstone Gate Park [12]

0 11 5 3(M1) 11 San Francisco, Siliceeous San Francisco- Golden
March 22, 1975 Sandstone Gate Park [12]

0 25 7 2(Ms) 7 CHICHI1999 Soft Rock CHY035 [2]

0 64 7 2(Ms) 15 CHICHI1999 Soft Rock CHY041 [2]

0 2 7 2(Ms) 20 CHICHI1999 Soft Rock CHY086 [2]

0 13 5 4(ML) 8 Big Bear City 2003 Sti� Soil Big Bear Lake, CA-Fire Station [13]

0 25 5 4(ML) 8 Big Bear City 2003 Sti� Soil Big Bear Lake, CA-Fire Station [13]

|Ur=B OQwmQ 'xv}tR OQwmQ x@ xR=U |vwQO |SQv= MU=B |=yh}] xU}=kt "4 pmW
"M = 6 5 w pUo R= QDtwr}m 10 xrY=i |=Q@ ẁtHt OQwmQ w

MU=B w Tr=B x@ MU=B R= |@}mQD CQwYx@ xR=U |vwQO |SQv= MU=B h}] "5 pmW
"QDtwr}m ?ULQ@ pUo R= Cw=iDt pY=wi w M = 6 5 |=Q@ xv}tR OQwmQ x@

MU=B w Tr=B x@ MU=B R= |@}mQD CQwYx@ xR=U |vwQO |SQv= MU=B h}] "6 pmW
"QDtwr}m ?ULQ@ pUo R= Cw=iDt pY=wi w M = 7 0 |=Q@ xv}tR OQwmQ x@

w |Ur=B OQwmQ 'xv}tR OQwmQ x@ xR=U |vwQO |SQv= MU=B h}] 4 pmW QO
"CU= xOW s}UQD M = 6 5 w pUo R= QDtwr}m 10 |xrY=i |=Q@ ẁtHt OQwmQ
QO w xv}tR OQwmQ =@ x=Dwm |=yOw} QB QO ẁtHt OQwmQ x@ MU=B OwW|t xO}O xm u=vJ
|vwQO |SQv= MU=B h}] 5 pmW QO "OwW|t pQDvm |Ur=B OQwmQ =@ Ovr@ |=yOw} QB

%s} Q=O u}=Q@=v@ "OwW ?Q[ h}] QO Q_v Ot ?} Q[ QwPHt O}=@ 0 09 |=Hx@
SD��xground = SD��xground � (0 32) (18)

Ov=CQ=@a ?}DQDx@ SD��xground ; SD��xground ; SD�i ; SDi jwi \@=wQ QO
\UwDt 'Q=Hvyx@ |i}] |r=oJ 'xO=iDU= OQwt |=yOQwmQ R= l} Qy |i}] |r=oJ%R=

"xv}tR OQwmQ |i}] |r=oJ w |i}] |r=oJ
xHwD =@ p=L "CU= xv}tR OQwmQ QO u}tR |xv}W}@ ?=DW PGA \@=wQ u}= QO
xR=U |vwQO |WvQm |SQv= \UwDt u=wD|t xOt; CUO x@ SD��xground h}] x@

%OQw; CUO x@ u}vJ xv}tR OQwmQ |=Q@ =Q
SD= jHj2SD��xground H=1=((!2

s�!2)+2�i!s!) (19)

E(x2
n) =

Z 1
�1

SDd! (20)

E(en=m) = E(0 5(k=m)x2
n) = 0 5(k=m)E(x2

n) =

0=5!2
sE(x2

n) (21)

|i}] |r=oJ 'xR=U MU=B `@=D %R= Ov=CQ=@a?}DQDx@E; xn; SD;H \@=wQ u}= QO
"|[=} Q O}t= w 'xv}tR OQwmQ x@ xR=U MU=B 'xR=U MU=B

=yMU=B ?}mQD
u=wD|t uwvm = 'xv}tR OQwmQ w |Ur=B OQwmQ CLD xOt; CUO x@ |=yMU=B x@ xHwD =@
MU=B x@ \w@ Qt C=@U=Lt "OR u}tND =Q l}ORv |xRwL |=yxrRrR QO xR=U MU=B

%CU= u}vJ |rm
E(etotal=m)=E(0 5k(xpulse+xn)2=m)=epulse=m

+E(en=m) + kxpulseE(xn)=m;E(xn) = 0 (22)

E(etotal=m) = 0 5!2
s(x

2
pulse + E(x2

n)) (23)

"Ov=xOW x�=Q= h}] CQwYx@ G}=Dv xt=O= QO 'xOt; CUO x@ |}=yv MU=B x@ xHwD =@
xm =Q |vwQO |SQv= |xv}W}@ MU=B u=tR pw] QO xR=U Ow} QB Qy |=Q@ xm ?}DQDu}O@
|SQv= |xv}W}@ w xR=U Ow} QB T=U= Q@ |Q=Owtv w 'xDiQo Q_v QO Ovm|t x@ QHD xR=U
w QDW} Q M = 6 5 '7 '7 5 Q}O=kt |=Q@ G}=Dv "OwW|t sUQ xR=U |vwQO |WvQm

"CU= xOW x�=Q= QDtwr}m r = 3 '4 '5 '7 '10
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|Q}oxH}Dv
OQwmQ umtt OL =D xm CU= u; OQm} wQ u} QD?U=vt |iO=YD |=yOQwmQ p}rLD QO
?}mQD Qo}Om} =@ TBU w Ov}; CUO x@ l}miD x@ |Dq=tDL= w |a]k |=yMU=B
|=yOQwmQ xm u}= x@ xHwD =@ j}kLD u}= QO "OvW=@ xDW=O |QDq=@ CkO G}=Dv =D OvwW
|a]k |Ur=B OQwmQ VN@ wO x@ ?U=vt ?} QkD =@ u=wD|t =Q l}ORv |xRwL |xrRrR
QO w xOW x@U=Lt xv=o =OH VN@ Qy MU=B 'OQm l}miD |Dq=tDL= |xv}tR OQwmQ w
=@ pUo |m}ORv QO xm CU= u; R= |m =L G}=Dv "CU= xOW ?}mQD Qo}Om} =@ xt=O=
V}=Ri= u; Q_=vDt Ow} QB R}v w xR=U |vwQO |WvQm |SQv= u=R}t xrRrR |oQR@ V}=Ri=
ZQat QO Ov=pUo CQw=Ht QO xm Ovr@ Ow} QB |=Q=O |=yxR=U Qo}O CQ=@ax@ "O@=}|t
xv}tR OQwmQ syU OwW|t O=} R pUo R= xrY=i xJQy "OvQ=O Q=Qk |OH C=Q]N
QDW} Q 6 5 |oQR@ =@ pUo R= |QDtwr}m 10 |xrY=i QO xm |}xvwox@ &O@=}|t V}=Ri=
Q}F-=D xv}tR OQwmQ R= QDW}@ xR=U |vwQO |SQv= xOta 'x=Dwm Ow} QB =@ |=yxR=U |=Q@ w

"|Ur=B OQwmQ =D OQ}PB|t
xR=U |vwQO |SQv= Tr=B Ow} QB x@ l}ORv |=yOw} QB |=Q@ xm CU= QmP x@ sRq
7 R= V}@ |oQR@ |=Q@ OQm O=yvW}B u=wD|t |rm Qw]x@ "CU= Tr=B R= QF-=Dt QDW}@
C}=im xR=U |vwQO |SQv= OQw;Q@ QO |Ur=B OQwmQ MU=B '|L]U T=}kt QO QDW} Q
V}@ pY=wi w |L]U T=}kt QO QDW} Q 7 w 6 pY=i OL |oQR@ |=Q@ |rw 'Ovm|t
Q}=U |=Q@ w CU= |i=m Tr=B MU=B Tr=B Ow} QB l}ORv |=yOw} QB |=Q@ QDtwr}m 5 R=

"OwW xDiQo Q_v QO O}=@ xv}tR OQwmQ w |Ur=B OQwmQ |=yMU=B ?}mQD |L=wv

MU=B w Tr=B x@ MU=B R= |@}mQD CQwYx@ xR=U |vwQO |SQv= MU=B h}] "7 pmW
"QDtwr}m ?ULQ@ pUo R= Cw=iDt pY=wi w M = 7 5 |=Q@ xv}tR OQwmQ x@

M = 6 5 |=Q@ xv}tR OQwmQ x@ MU=B w Tr=B x@ MU=B R= |@}mQD CQwYx@ xR=U
Qw]u=ty "CU= xOW x�=Q= xR=U Ow} QB Q@=Q@ QO 'pUo R= Cw=iDt pY=wi |=Q@ w QDW} Q
Q}F-=D w O@=}|t Vy=m |Ur=B OQwmQ Q=F; pUo R= xrY=i V}=Ri= =@ OwW|t xOy=Wt xm
QmP x@ sRq "Ov=t|t |k=@ Q}}eD|@ u; |=Q@ C@=F |xvt=O ZQi x@ xHwD =@ xv}tR OQwmQ
|Q=PoQF= u=R}t OwW ZQi |Q}eDt |xvt=O R}v xv}tR OQwmQ |=Q@ xm |DQwY QO CU=
|=y|oQR@ |=Q@ 5 pmW x@=Wt |}=yh}] 7 w 6 p=mW= QO [14]"OQm Oy=wN Q}}eD u;
xrRrR |oQR@ V}=Ri= =@ 'p=mW= u}= j@=]t "CU= xOW xO=O u=Wv QDW} Q 7 5 w 7
,qta xm =Hv; =D 'O@=}|t V}=Ri= |}x_Lqt p@=k MQv =@ |Ur=B OQwmQ |Q=PoQF= u=R}t
|xvt=O uOw@C@=F ZQi x@ R}v G}=Dv u}= "Ow@ Oy=wN Z=te= p@=k xv}tR OQwmQ QF=

"OvQ=O |oDU@ xv}tR OQwmQ
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XwYNQO =t= 'CU= xOW |UQQ@ |OOaDt u=kkLt \UwD hrDNt |=y|v}Jx}q
xOW j}kLD QDsm ?mQt O=wt |v}J x}q ẁv R= C=LiY =@ |J} wOv=U |=yQ=DN=U
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"CU= xOW XNWt p=YD= |x}L=v xrtH R= xa]k

"=yx}q |m}v=mt w |m} R}i X=wN "1 pwOH
PVC U.D Woven Woven x}q TvH
Foam Carbon Glass Glass

HT110 C G2 G1 x}=tv
10 0 247 0 3125 0 149 (mm) Ct=N[
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x2�dx = ICG +mb2x2

� (13)

Q}O=kt |Q=Po}=H R= p@k 'Tv=mQi |xRwL QO C=@U=Lt s=Hv= CrwyU x@ xHwD =@
w � = �ei!t� p} wiQ}= |v=Uwv CmQL ZQi =@ �0 Q=Okt 'My w L x@ \w@ Qt

%O};|t CUO x@ 5 p}Uv=Qi}O |xrO=at pL =@ �h = hei!t

� =
�
(i!)U�� !2h�

b
�1

2 � a
�
!2�

��
Ai! + U

b
I
��1

c (14)

%CWwv u=wD|t xH}Dv QO
��0 = b

2U
h
Ui
�kU
b

�
��� �kU

b

�2�h��kU
b

�2
b
�1

2 � a
�

��
� NX
n=1

NX
m=1

bn
�
Aki+ U

b
I
��1
nm
cm (15)

%OW Oy=wN pY=L 16 |x]@=Q Tv=mQi |xRwL QO 3 w 2 \@=wQ R= xO=iDU= =@ xm����� �L

� �My

����� = �w2��b2������ 1�f(k) �ba�b� 1
2�a

�
f(k)

b
2 +b( 1

2 +a)(f(k))�1) b2(a2+ 1
8 )+b2

�
1
4�a2�f(k)

������������h��
�����+ (i!)2��Ub

����� 1 b[1� a� 1
2f(k)]

�b( 1
2 + a) b2[a(� 1

2 + a) + 1
2 ( 1

2 + a)f(k)]

����� ������h��
�����+

2��U 2b

�����0 1
0 �b( 1

2 + a)

����� ������h��
����� (16)

%=@ CU= Q@=Q@ f(k) u; QO xm

f(k) =
NX
n=1

NX
m=1

bn
�
Aki+ U

b
I
��1
nm
cm (17)
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xU}

=kt'wQu}= R= "OwW s=Hv= |Qo}O |x} Q_v =@ |UQQ@ |xt=O= 'Cr=L u}= RwQ@ CQwY QO
"OW Oy=wN xO=iDU= p � k VwQ x@ hwQat Qo}O |WwQ R= |Q=O}=B |UQQ@ |=Q@
Ow@ Oy=wN k R= |a@=D w pt=m |v=Uwv CQwYx@ |m}t=v}OwQ�; |=yQ=@ VwQ u}= QO
=@ Q} R |x]@=Q Cr=L u}= QO "OwW|t xDiQo Q_v QO |}=tv CQwYx@ xR=U CmQL w

"OwW|t pL k; U |=Q@ x}rw= Q=Okt ?=NDv=����pMs + b2

U 2 Ks �Q(k)
���� = 0 (29)

k Q=Okt =@ Q@=Q@ p |=Q@ xOt; CUO x@ Q}O=kt R= |m} |twywt CtUk xJv=vJ
|x]@=Q CQwYu}= Q}e QO w &Ow@ Ovy=wN Q@Dat p |=Q@ xOt; CUO x@ Q}O=kt 'OW=@
=@ C}=yv QO "OwW pY=L |Q@=Q@ u}= =D OW Oy=wN pL k R= |Qo}O Q}O=kt |=Q@ 28
"Ot; Oy=wN CUO x@ QDqi CaQU '(U) CaQU ?ULQ@ p |k}kL CtUk sUQ
|=Q@ 'OwW|t ẁQW k; U |=Q@ x}rw= Q}O=kt ?=NDv= =@ VwQ u}= xm u}= x@ xHwD =@
Q}O=kt u}vJty "CU}v M=t OOa x@ xDU@=w Q}PBsm =QD |xOwOLt QO p�=Ut p}rLD

"CU= k VwQ R= QDQ@Dat Tv=mQi w |}=Q}t |=Q@ xOt;CUO x@

G}=Dv "4
VN@ wO QO l}t=v}OwQ�; |R=Ux}@W |=Q@ xOW xDiQo Q=mx@ VwQ G}=Dv CtUk u}= QO

"OW Oy=wN |UQQ@ l}DUq=wQ�; |Q=O}=B=v |UQQ@ w =}=B=v l}t=v}OwQ�;

=@ 'p}wiQ}= |v=Uwv |]N CmQL ZQi =@ =Q@ ?} Q[ |xU}=kt "1"4
RQD}B VwQ R= pY=L G}=Dv

hrDNt |=yN |=Q@ xOWxDU=mTv=mQi ?ULQ@ '=Q@ ?} Q[ Q=Owtv CtUk u}= QO
R= pY=L |�=Q@ ?} Q[� Q=Owtv =@ xrY=L Q=Owtv OQwt Qy QO "CU= xOW sUQ

"�?1 w hr=1 pmW� CU= xOW xU}=kt uwUQwOw�D |x}[Qi
Q=Owtv 'N = 5 Cr=L |=Q@ CU= XNWt q=@ |=yQ=Owtv R= xm Qw]u=ty
|xt=O= QO wQu}= R= "OvQ=O sy =@ |O=} R Ck@=]t x}[Qi wO Qy R= xOt; CUO x@

O=OaD =@ RQD}B w uwUQwOw�D VwQ R= pY=L '=Q@ ?} Q[ Q}O=kt xU}=kt "1 pmW
"hrDNt |=y N

%OvwW|t h} QaD 26 |x]@=Q j@] u; QO xDiQ Q=mx@ ?}=Q[ xm
Bii = (�il)4; Bij = 0(i 6= j)

Tii = (
il)2; Tij = 0(i 6= j)

Aij = 1
l

Z
�i(y)wi(y)dy (26)

`]kt uw}U=Q} S `=aW r w '�CU= p=@ pw] l w pw] OL=w sQH �� p=@ sQHm = �l

|m}t=v}OwQ�; |DNU w |}=Q}t 'sQH |=yT} QD=t "CU= u; u=UWm RmQt pwL p=@
|x]@=Q CQwYx@ C}=yv QO p=Owt VwQ R= xO=iDU= =@ w '3 w 2 \@=wQ x@ xHwD =@ R}v

"Ov};|t CUO x@ 28

|Q=O}=B=v |UQQ@ "3
'�p = i!� p ?ULQ@ sDU}U |xYNWt |xrO=at uOw@ |]NQ}e x@ xHwD =@
|UQQ@ |=Q@ xar=]t u}= QO xm CU= ?U=vt p � k VwQ =} k VwQ R= xO=iDU=
|}xR=U |}=Q}t k VwQ QO "Ov=xDiQo Q=Qk xO=iDU= OQwt 'QDqi CaQU u}}aD w |Q=O}=B
xH}DvQO xm OwW|t ZQi (1 + ig) QO sDU}U |DNU T} QD=t ?} Q[ CQwYx@
Q=Okt |xr�Ut CQwYx@ pt=m |v=Uwv CmQL ZQi =@ sDU}U |m}t=v}O |xrO=at

%O};|tQO Q} R |xS} w�
(Ms + Ma)

�k
b

�2 �Ca

�k
b

�
i�Ka

�
q =

K1 + ig
U 2 q (27)

QDqi |x]kv xm Ot; Ovy=wN CUO x@ U w g Q}O=kt 'k hrDNt Q}O=kt ?=NDv= =@
"Ow@ Oy=wN g = 0 Q=Okt =@ Q_=vDt

Q}O=kt |=R=x@ |m}t=v}OwQ�; |=yT} QD=t Q}O=kt VwQ u}= QO xm u}= x@ xHwD =@
Q=OQwNQ@ |QDsm |D=@U=Lt |=y|oO}J}B R= VwQ u}= 'Ov};|t CUOx@ k |k}kL
|}=Q}t uDiQo Q_v QO p=L u}a QO w pt=m |v=Uwv CmQL ZQi x@ xHwD =@ =t= 'CU=
|x]kv QO =yvD Tv=mQi w |}=Q}t Q}O=kt |=Q@ xOt; CUO x@ |=yMU=B 'sDU}U QO
l} ?=NDv= =@ =yvD |Q=O}=B |UQQ@ xm =Hv; R= u}vJty "Ow@ Ovy=wN Q@Dat g = 0
OvtR=}v VwQ u}= 'CU= pwyHt CaQU Q=Okt w OwW|t ẁQW kTv=mQi |=Q@ Q=Okt
pO=at M=t OOa w CaQU |=Q@ xOt; CUO x@ Q=Okt =D Ow@ Oy=wN |Q=QmD |Ov}=Qi
xOwOLt u; QO =yvD xDiQ Q=mx@ |m}t=v}OwQ�; |x} Q_v xm 'u}at |}xOwOLt R= u; =@

w OwWv GQ=N 'CU= Q@Dat
Ma = ��b2l24 [1�f(k)]I �bha+

�
1
2�a

�
f(k)

i
AT

�bha�� 1
2 +a

�
f(k)

i
A b2

h�
a2+ 1

8
�

+
�

1
4�a2�f(k)

i
I

35 ;
Ca =

2��Ubl
24 I b

h
1� a� 1

2f(k)
i
AT

�b� 1
2 + a

�
A �b2ha� 1

2� a
�� f(k)

2
�

1
2 +a

�i
I

35 ;
Ka =

2��U 2bl

240 AT

0 �b� 1
2 + a

�
I

35 (28)
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p=@ |=Q@ x} Q_v wO R= xO=iDU= =@ CaQU ?UL Q@ |}=Q}t w Tv=mQi Q}=kt "3 pmW
"�p� k VwQ� 1 xvwtv

p=@ |=Q@ x} Q_vwO R= xO=iDU= =@ CaQU ?UL Q@ |}=Q}t w Tv=mQi Q}O=kt "4 pmW
"�k VwQ� 2 xvwtv

p=@ |=Q@ x} Q_v wO R= xO=iDU= =@ CaQU ?UL Q@ |}=Q}t w Tv=mQi Q}O=kt "5 pmW
"�p� k VwQ� 2 xvwtv

|xU}=kt w RQD}B l}t=v}OwQ�; R= xO=iDU= =@ QDqi |UQQ@ |=Q@ Q=Okt u}= R= xar=]t
"CU= xOW xO=iDU= uwUQwOw�D |x}[Qi =@ u;

|x}[Qi R= xO=iDU= =@ xOt; CUO x@ QDqi CaQU |xU}=kt "2"4
RQD}B w uwUQwOw�D

x�=Q=C=YNWt =@ xvwtv p=@ l} R= pO=at `]kt |wor= ZQi =@ QDqi |UQQ@ Qw_vtx@
=@ QDqi CaQU |=Q@ xOt; CUOx@ |xH}Dv "CU= xOW xO=iDU= 1 pwOH QO xOW
uwUQwOw�D |m}t=v}OwQ�; |=yQ=@ =@ xOt; CUOx@ Q=Okt =@ 'RQD}B |m}t=v}OwQ�; |=yQ=@

"CU= x}[Qi wO u}@ ?wN |v=wNty l} R= |m =L '�2 pwOH�
|=ypmW QOCaQU?ULQ@Tv=mQi w|}=Q}t |=Q@ xOt;CUO x@ Q}O=kt Q=Owtv
|xOvyOu=Wv xrY=L |=yQ=Owtv "CU= xOW sUQ p�k w k |=yVwQ |=Q@ 3 w 2
CaQU 'x}[Qi wO |xU}=kt Qw_vtx@ "Ov=x}[Qi wO R= xOt;CUO x@ G}=Dv j@=]D
p=@ |=Q@ Q}D ZQi R= xO=iDU= =@ 'l = 3m pw] =@ |Oa@xU p=@ l} |=Q@ QDqi

"CU= xOt; 3 pwOH QO p=@ C=YNWt "CU= xOW x@U=Lt
|m}ORv R= x}[Qi wO Qy R= xOt; CUO x@ QDqi CaQU '4 pwOH x@ xHwD =@
|=ypmW QO "Ovm|t C=@F= =Q RQD}B VwQ CkO Qo}O Q=@ xm OvQ=OQwNQ@ |rw@k p@=k
R= xO=iDU= =@ 'x}[Qi wO R= xOt; CUO x@ Tv=mQi w |}=Q}t Q}O=kt Q=Owtv 5 w 4
x}[Qi wO G}=Dv |q=@ j=@]v= xm CU= xOW sUQ CaQU ?ULQ@ p� k w k VwQ

"OyO|t u=Wv =Q

"1 xvwtv p=@ C=YNWt "1 pwOH
� 1 225kg=m3 m 19 6kg
Ia 0 126kg=m2 kh 1962N=m2
k� 2564N=m2 x� 0 4

c = 2b 1 83m a �0 2

"pO=at `]kt ZQi =@ xvwtv p=@ QDqi CaQU "2 pwOH
xO=iDU= =@ QDqi CaQU xO=iDU= =@ QDqi CaQU OQwt |m}t=v}OwQ�; x} Q_v

(UF)k VwQ R= p� k VwQ R= xO=iDU=
32 77(m=s) 33(m=s) uwUQwOw�D x}[Qi
32 64(m=s) 33(m=s) RQD}B x}[Qi

p=@ |=Q@ x} Q_vwO R= xO=iDU= =@ CaQU ?UL Q@ |}=Q}t w Tv=mQi Q}=kt "2 pmW
"�k VwQ� 1 xvwtv
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=ktp@=k |m}ORv xm OW xU}=kt uwUQwOw�D |x}[Qi R= xOt; CUOx@ Q}O=kt =@ xrY=L
"OwW|t x_Lqt x}[Qi wO u}@ |yHwD

s�qa CUQyi
|m}t=v}OwQ�; |=yQ=@ C=Q}}eD w p=@ CmQL Tv=mQi %!

CN=wvm} O=R; u=} QH CaQU %U
O=R; u=} QH |r=oJ %�

=Q@ ?} Q[ %CL
u=UWm QwLt pwL |m}t=v}OwQ�; Qw=DWo w wQ}v %L;My

xOW =kr= u=} QH u}ov=}t %�0
p=@ sQH %m

u=tR %t
|m}t=v}OwQ�; w |}xR=U sQH T} QD=t %M;Ma

|m}t=v}OwQ�; w |}xR=U |DiU T} QD=t %K;Ka

|m}t=v}OwQ�; |}=Q}t T} QD=t %Ca
p=@ |rw] |=DU=Q QO p=@ xW} Q R= xrY=i %y

Q}D ZQi =@ p=@ |WtN w |WJ}B CmQL %w; �
pO=at `]kt ZQi =@ p=@ |WtN w |WJ}B CmQL %h; �

|v=UWm pwOt %E
|WQ@ pwOt %G

p=@ pw] %l
p=@ |=vyB |xR=Ov= hYv %b

Q}D `]kt |WtN |UQv}= u=tt %I
Q}D `]kt |@]k |UQv}= u=tt %J

|v=ty T} QD=t %I
l}DUq= QwLt R= p=@ `]kt |xv=}t |xrY=i %ab

"2 |xvwtv p=@ C=YNWt "3 pwOH
� 1 225kg=m3 m 6 53kg=m
I 0 042kg=m EI 159N=m2

GJ 1039N=m2 x� 0 4
c = 2b 1 83m a �0 2

"Q}D ZQi =@ xvwtv p=@ QDqi CaQU "4 pwOH
xO=iDU= =@ QDqi CaQU xO=iDU= =@ QDqi CaQU OQwt |m}t=v}OwQ�; x} Q_v

k VwQ R= p� k VwQ R= xO=iDU=
13(m=s) 14(m=s) uwUQwOw�D x}[Qi

13 02(m=s) 14(m=s) RQD}B x}[Qi

|Q}oxH}Dv "5
|]N CmQL |=Q@ 'RQD}B |m}t=v}OwQ�; |wor= T=U=Q@ Tv=mQi |xRwL QO =Q@ ?} Q[
|k}kL CtUk Q=Owtv sUQ j} Q] R= xOt; CUO x@ |x]@=Q "Ot; CUO x@ |v=Uwv
uwUQwOw�D |x}[Qi R= xOt; CUOx@ Q}O=kt =@ k ?ULQ@ =Q@ ?} Q[ |twywt w
VwQ x@ RQD}B VwQ G}=Dv |m}ORv V}=Ri= Qou=}@ xrY=L |=yQ=Owtv "OW xU}=kt
p@=k j@=]D N = 5 O=OaD |=Q@ xm |Qw]x@ 'CU= N O=OaD V}=Ri= =@ uwUQwOw�D
w |}=Q}t 'sQH |=yT} QD=t x@ \w@ Qt \@=wQ 'xt=O= QO "OQ=O OwHw G}=Dv u}@ |rw@k
wO R= =yT} QD=t u}= G=QNDU= |=Q@ "Ot; CUO x@ RQD}B |wor= |m}t=v}OwQ�; |DNU

"OW xO=iDU= p=@ |xR=U |R=Uwor= |=Q@ 'Q}D ZQi w pO=at `]kt pw=ODt VwQ
'|R=Uwor= VwQ wO Qy R= xOt; CUO x@ |m}t=v}O CqO=at x@ xHwD =@ 'u=}=B QO
G}=Dv "OW x@U=Lt p� k w k VwQ R= xO=iDU= =@ |OOa p=Ft wO |=Q@ QDqi CaQU

CWwv=B
1. vorticity
2. theodorson
3. green's function
4. �nite state
5. aero-servo-elastic
6. explicit
7. vortex lattice
8. CFD
9. pade
10. pure plunging
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ugeln", ZAMM, Bd. 5(Heft 1), pp.
17-35 (Feb 1925).

6. Vepa, R. \On the use of pade approximants to repre-
sent unsteady aerodynamic loads for arbitrarily small
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CqO=at pL x@ u=mtsy u=tO}J w OwOLt sHL OQm} wQ R= xO=iDU= =@ Q=DWwv u}= QO
s=o VwQx@ Q=Wi w CaQU `} RwD w xOW xDN=OQB QF-wt p=}U l} u=} QH Q@ sm =L |U=U=
u}= |m} R}i C=}YwYN "CU= xOW x@U=Lt xO=U Q=DN=U =@ |xm@W l} QO 1|�RH

pL =@ w xt=O= QO "O};|t CUOx@ R=iwO |tHL C@Uv p=kDv= |xrO=at pL =@ 'QF-wt p=}U
Q=my=Q R= xO=iDU= =@ "OvwW|t x@U=Lt Qw=vW |=y|}=Hx@=H '?rY sUH CmQL CqO=at

|xm@W |wQ Q@ |v=tR s=o Qy QO xOt; CUO x@ |=y|}=Hx@=H 'sUH x@ pYDt |xm@W
?=NDv= "OvwW|t C@F u=tR pw] QO Qw=vW C=mQL ?}DQDu}O@ w xOW p=ta= R}v |D=@U=Lt

hqDN= x@ xHwD =@ �� Q=Wi p=QoDv= OQwtQO XwYNx@ '|R=UxDUUo |=yKQ] ?U=vt
VwQ Q[=L j}kLD QO "CU= Q=OQwNQ@ |}q=@ C}ty= R= �� =wy w ?; |tHL sQH O=} R

"CU= xOW x�=Q= pwrU K]U |wQ Q=Wi ?} QkD Qw_vtx@ |O}OH |@=}v=}t
QO =@ ?; K]U x@ pmW |}xQ}=O `]kt OQwNQ@ w 'x}yD Q=Ri=sQv l} sD} Qwor= u}= T=U=Q@

Ctw=kt 'xt=O= QO "CU= xOW |R=Ux}@W OQwNQ@ R= |W=v CaQU C=Q}}eD uDiQo Q_v
xHQO wO w 'O}kt Cr=L wO QO s=Q; ?; QO |wQW}B s=ovy QO GQ=@ Qw=vW |m}t=v}OwQO}y

w 'xOWx�=Q= sD} Qwor= Q=@Da= w CkO Qov=}@ G}=Dv |@=} RQ= "CU= xOW |v}@V}B CmQL |O=R;
pL=Qt QO XwYNx@ =yQw=vW |]NQ}e C=mQL ẁtHt |UQQ@ QO u; R= xO=iDU= u=mt=

"CU= |L=Q] |x}rw=

'sUH x@ pYDt |xm@W 'O=R; K]U 'OwOLt sHL VwQ %|O}rm u=oS=w
"|OOa l}t=v}OwQO}y

xtOkt
QO "OQm s}UkD [3]|�RH s=o OQm} wQ w �[2] PISO w [1] SIMPLE Ovv=t� 2KqY=
|xrO=at pL Q=@ l} =@ xm CU= xOW xO=iDU= |�RH s=o OQm} wQ R= 'Q[=L j}kLD
|@U=vt ?=NDv= T=U= u}= Q@ w xOQm =[Q= =Q |oDUw}B \QW '|v=tR s=o Qy QO Q=Wi

[4]"OwW|t ?wULt =QPo p�=Ut |=Q@
u; |rY= |=yVwQ w CU= O=R; K]U |R=UpOt Qo}O syt |xr�UtQ} R
Q}NUD � |tHL |=yVwQ w �3O=R; K]U ?}kaD� |L]U |=yVwQ %R= Ov=CQ=@a

[6w5]"�4O=R; K]U
lQDWt K]U QO xO}J}B |=ypmW Q}}eD |R=Ux}@W Qw_vtx@ Q[=L j}kLD QO
xO=iDU= O=R; K]U |R=UpOt |tHL VwQ R= �� G=wt= CUmW pFt �� p=}U wO
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w TmwDU= �Q} w=v CqO=at u=tRtyQ}e w u=tRty pL |=Q@ |irDNt |=yVwQ
'CUq=@ Q=}U@ u=tRty pL |=yVwQ|D=@U=Lt |xv} Ry uwJ "OQ=O OwHw|oDUw}B
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|x@U=Lt =@ "CU= xOW xO=iDU=|tHLC@Uv p=kDv= |xrO=atpL =@|tHL OQm} wQ
QO �QF-wt p=}U� l} xm OQm ZQi u=wD|t |D=@U=Lt |xvt=O QO p=}U R=iwO `} RwD
|oDUw}B w TmwDU= �Q} w=v CqO=at '?}DQDu}O@ "OQ=O OwHw |D=@U=Lt |xvt=O pm
%OwW|t pL Q}eDt |tHL sQH w CHRr =@ |QF-wt p=}U |=Q@ �2 w 1 CqO=at�
@ui
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+ @uiuj
@xj

= � 1
�eff
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+ �eff
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@ui
@xi
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C=}YwYN "OvDUy pkF |wQ}v |xir-wt gi w 'Q=Wi P 'CaQU |xir-wt ui =yv; QO xm
%Ov};|t CUO x@ 3 |x]@=Q R= xO=iDU= =@ |D=@U=Lt pwrU Qy QO QF-wt p=}U |m} R}i
�eff = ��1 + (1� �)�2

�eff = ��1 + (1� �)�2 (3)

C@Uv � "OvDUy �=wy w ?;� p=}U R=i wO Qov=}@ 2 w 1 |=yT} wvQ} R x]@=Q u}= QO
CU= |D=@U=Lt pwrU Qy uwQO p=}U wO Qw[L OYQO 'Qo}O CQ=@ax@ w |tHL

%Ow@ Oy=wN 4 |x]@=Q CQwYx@ |D=@U=Lt |xvt=O QO u; `} RwD xm

� =

8>>>><>>>>:
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|R=UpOt|=Q@ xOWO=}|=yxr�UtQ} R R=pmWDt|O}OH?}mQD 'Q[=Lj}kLD QO
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=yv; x@ xt=O= QO xm OwW|t s=Hv= u=} QH Q@ sm =L CqO=at uDWwv QO |D=_Lqt
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RwQ OQwt Q[=L j}kLD QO xm 8u=mtsy u=tO}J QO "CU= p=}U CaQU *
U w 'pQDvm

|wQ p=}U CaQU 9Q=Wi |HvQ]W QF= R= |Q}owrH |=Q@ 'CU= xDiQo Q=Qk xO=iDU=
QO Q=m u}= s=Hv= |xwLv "OwW|t x@U=Lt xv=o =OH CQwYx@ x]@=Q u}= QO K]U
CQ=@a� 10Pwiv |xrtH "CU= xOW u=}@ Q=Wi w CaQU u=O}t pL sD} Qwor= VN@
R= xO=iDU= =@ 'O};|t QO 10 |x]@=Q CQwYx@ xm �8 |xrO=at CU=Q CtU pw=

%OwW|t xDUUo over-relaxed[25] |@=}v=}tZ
A
�eff

*rui �*ndA =
X
faces

�f�eff
*
Af � (*rui)f (10)

"CU= u; GQ=N CtU x@ pQDvm sHL K]U CL=Ut Q=OQ@ *Af x]@=Q u}= QO
j@=]t �8 |xrO=atAJCtU swO CQ=@a� 11|}=Hx@=H |xrtH |R=UxDUUo
C}tm u}= "CU= ui�f K]U |wQ CaQU |xir-wt |@=}v=}t OvtR=}v '11 |x]@=Q

[25]%OwW|t x@U=Lt 'CU= 13OwOLt KQ] l} xm 12=t=o |@=}v=}t ltmx@Z
A
ui(

*c �*n)dA =
X
faces

ui�fFf�rel (11)

w CU= K]U |wQ |tHL Q=W Ff�rel = (
*
Uf �*� f�mesh) �*Af u; QO xm

CqtH *|v=tR |R=UxDUUo |=Q@ "OwW|t xO}O u; QO |D=@U=Lt |xm@W CmQL QF=
"CU= xOW xO=iDU= 14uwUrm}v � lvQm KQ] R= R}v |}=Hx@=H w Pwiv

12 |x]@=Q CQwYx@ R}v �8 |xrO=at CU=Q CtU swO CQ=@a� Q=Wi p=QoDv=
%OwW|t |R=UxDUUoZ

A
P*ndA =

X
faces

Pf
*
Af (12)

|xvt=O QO �=wy w ?;� O=} R |tHL sQH hqDN= =@ p=}U R=i wO xm |t=ovy
Q=OQwNQ@ |}q=@ C}ty= R= Q=Wi p=QoDv= |R=UxDUUo 'OvW=@ xDW=O OwHw |D=@U=Lt
QO Pf K]U |wQ Q=Wi ?} QkD |=Q@ |]N |@=}v=}t R= xO=iDU= Qo}O u=}@x@ "CU=
CaQU u=O}t QO |v=Uwv |}=y?=wH w CU= xH=wt |O=} R |=]N =@ 12 |x]@=Q
xDUmW\N O}OH |@=}v=}t 'Q[=L j}kLD QO pmWt u}= `iQ |=Q@ "OQm Oy=wN O=H}=
R= xm OvDUy |]w]N LBf w LAf "CU= xDiQo Q=Qk xO=iDU= OQwt 3 pmW j@=]t
pwrU K]U |wQ Q=Wi x@ �PB w PA� K]U Qw=Ht |=ypwrU RmQt Q=Wi Q}O=kt
�mBf w mAf � \w]N u}= ?}W u}@ 13 |x]@=Q xm |r=L QO 'OvwW|t pYDt

%OW=@ xDW=O OwHw ��B w �A� f K]U Qw=Ht |=ypwrU |tHL sQH w
mA

mB
= dA
dB

(13)

"xDUmW \N |@=}vwQO =@ K]U |wQ Q=Wi ?} QkD "3 pmW

"|m}t=v}OwQO}y C=mQL |R=Ux}@W Q=my=Q "2 pmW

Ea=@ 'CU= 5 w 2 '1 CqO=at pL |xH}Dv xm xvO@ h=Q]= Q=Wi w CaQU `} RwD
|]N CmQL xR=Ov= CqO=at pL =@ C=mQL u}= |x@U=Lt "OwW|t u; |}=Hx@=H

%R= Ov=CQ=@a CmQL |O=R; xHQO VW |=Q@ xm CU= Q}PBu=mt= |}x} w=R wX*
F = m*a (6)X *
MG = IG

*� + *! � IG *! (7)

'|]N ?=DW Q=OQ@ *a 'Qw=vW sQH m 'Qw=vW Q@ OQ=w |=ywQ}v Q=OQ@ *F =yv; QO xm
?=DW Q=OQ@ *� '|UQv}= u=tt QwUv=D IG 'Qw=vW sQH RmQt pwL Qw=DWo Q=OQ@ *MG

QO =yQ=OQ@ |t=tD xm CU= QmP x@ sRq "OvDUy |}x} w=R CaQU Q=OQ@ *! w '|}x} w=R
"�2 pmW� OvwW|t u=}@ |vDw}v `HQt x=oDUO

pYDt |xm@W xm Ow@ Oy=wN |r=kDv= T} QD=t 7 w 6 CqO=at pL |xH}Dv
Qov=}@ 2 pmW "Ovm|t =Hx@=H xvO@ |}x} w=R w |]N C=mQL x@ xHwD =@ =Q sUH x@
pw] QO |D=@U=Lt |xm@W |}=Hx@=H w |m}t=v}OwQO}y C=mQL |R=Ux}@W Q=my=Q

"CU= u=tR

CqO=at |R=UxDUUo
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sUH x@ pYDt |D=@U=Lt |xm@W Q[=L j}kLD QO xm u}= x@ xHwD =@ "OwW|t R=e;
'OvwW|t xDWwv |vDw}v `HQt x=oDUO QO CqO=at R}v w Ovm|t CmQL u; =@ w xOw@

[24]%OwW|t xO=iDU= 8 |x]@=Q j@=]t TmwDU= �Q} w=v CqO=at R=
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Z
A
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*r*u �*n dA� 1
�eff

Z
A
Pni dA+
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K]U Q@ Owta Q=OQ@ *n w pQDvm sHL Kw]U CL=Ut A 'pQDvm sHL V u; QO xm
%xwqax@ w OvDUy GQ=N hQ] x@ pQDvm sHL

*c =
*
U �*�mesh (9)

CqO=at QO sUH x@ pYDt |D=@U=Lt |xm@W Q=my=Q R= xO=iDU= QF= Qov=}@ x]@=Q u}=
sHL K]U |wQ |D=@U=Lt |xm@W CaQU *�mesh x]@=Q u}= QO "CU= sm =L
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9 |x]@=Q j@=]t xmCU= xOW Qy=_*c QO|D=@U=Lt |xm@W|}=Hx@=H QF= u; QO xm
=@ R}v swO |xrtH w xOW xDUUo |oO=Ux@ 16 |x]@=Q pw= xrtH "OwW|t x@U=Lt
|U} wvR=@ uwUrm}v � lvQm |v=tR |R=UxDUUo w 15Tv=SQw}O |x}[k R= xO=iDU=

%OwW|t

(�t+�t � �t)V
�t

+

1
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� nX
f=1

�t+�tf F t+�tf�rel +
nX
f=1

�tfF
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f�rel

�
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w xOw@v O=} R K]U |wQ |tHL Q=W C=Q}}eD 'lJwm |v=tR s=o uDiQo Q_v QO =@
CQwYx@ 17 |x]@=Q '?}DQDu}O@ "OQm xO=iDU= u; O}OH |v=tR s=o Q=Okt R= u=wD|t

%O};|t QO 19 w 18 \@=wQ

�t+�t V
�t

+
nX
f=1

1
2�

t+�t
f Ff�rel = S�P (18)

S�P = �t V
�t
�

nX
f=1

1
2�

t
fFf�rel (19)

Qy=_ 18 |x]@=Q QO �f K]U |wQ |tHL C@Uv Q=Okt OwW|t xOy=Wt xmu=vJ
"O@r]|t =Q X=N |yHwD =ypwrU RmQt Q}O=kt T=U=Q@ C}tm u}= ?} QkD "OwW|t
|m} R}iQ}e Q}O=kt uOt; OwHw x@ Ea=@ xO=U |=y|@=}v=}t R= xO=iDU= 'Qo}O u=}@x@
O=R; K]U |ak=wQ}e pmW Q}}eD w �QiY R= QDtm w l} R= QDW}@� |tHL C@Uv
R= |m} xm OwW|t xO=iDU= q=@x@DQt |@}mQD |=yVwQ R= T=U= u}= Q@ "OvwW|t
|@=}v=}t wO u}@ |}=Hx@=H =@ KQ] u}= "CU= CICSAM |@=}v=}t =yv; u} QD?U=vt
K]U C}akwt w u=} QH CyH x@ xHwD =@ =Q wO u; R= |@}mQD '17 UQ 16 CBC

[26]"OyO|t x�=Q= �f |x@U=Lt |=Q@ O=R;

Q=Wi w CaQU u=O}t pL sD} Qwor=
xO=iDU= 18s}m |�RH s=o OQm} wQ R= Q=Wi w CaQU u=O}t pL |=Q@ Q[=L j}kLD QO
%OwW|t x@U=Lt (ûi) x}rw= |v=}t CaQU s=o u}rw= QO 'T=U= u}=Q@ [27]"CU= xOW
ûi � uni

�t
= 1

2
h
H(uni ) +H(ûi)

i� 1
�
Gi(Pn) +Ki (20)

R= xO=iDU= QO TmwDU=�Q} w=v CqO=at =@ 20 |x]@=Q Cw=iD xm CU= QmP x@ sRq
Gi(Pn+1) |Q=H u=tR Q=Wi ?}W |=Hx@ Gi(Pn) p@k *|v=tR s=o Q=Wi ?}W

CQwYx@ Qw=Ht |=ypwrU Q=Wi T=U=Q@ pwrU K]U |wQ Q=Wi Q=Okt ?}DQDu}O@
%OwW|t xOR ?} QkD 14 |x]@=Q

Pf = PAK + PB(1� �) (14)

%OwW|t x@U=Lt 15 |x]@=Q j@] w CU= uRw ?} Q[ � '14 |x]@=Q QO
� = �B�B

�A�A + �B�B
(15)

�B w A� x}=Uty |=ypwrU RmQt R= (f) K]U RmQt |xrY=i �B w �A u; QO xm
"CU=

|x@U=Lt |=Q@ |}xO=U p=Ft 'xDUmW \N |@=}vwQO Q}F-=D QDy@ lQO Qw_vtx@
|}=tv 4 pmW "CU= xOW xDiQo Q_v QO |Oa@l} Cr=L QO |m}D=DUwQO}y Q=Wi

"OyO|t V}=tv =Q |Oa@l} |xr�Ut |xUOvy R=
K]U Qw=Ht |=ypwrU K]U RmQt |xOW |v}@V}B Q=Wi u=R}t 5 pmW Q=Owtv
"OyO|tV}=tv |]N |@=}vwQO w xDUmW\N |@=}vwQO VwQ wO R= xO=iDU= =@ =Q O=R;
=wy w ?; lQDWt pYi xm |L]U |wQ Q=Wi Q=Okt 'OwW|t xOy=Wt xm u=vJ
xOW x@U=Lt =]N =@ |]N |@=}v=}t R= xO=iDU= =@ �f K]U� Ovm|t Qw@a u; R=
xOWO=} |=]N "OyO|t u=Wv pwrU Rm =Qt |=Q@ =Q Q=Wi p=QoDv= R}v 6 pmW "CU=
u=}=tv QDW}@ =Q OwN B w A K]U Qw=Ht pwrU wO |=Q@ Q=Wi p=QoDv= |x@U=Lt QO
=t= 'CU= |WwBsWJ p@=k hqDN= u}= xm OUQ|t Q_v x@ sy R=@ xJQo = "OR=U|t
p=}U |r=oJ Q@ 8 |x]@=Q x@ xHwD =@ Q=Wi p=QoDv= xm CW=O xHwD xDmv u}= x@ O}=@
p=}U x@ C@Uv l@U p=}U QO OwHwt hqDN= Q=Okt ?}DQDu}O@ w xOW s}UkD

"Ci=} Oy=wN V}=Ri= u}ovU
|=Q@ 16 |x]@=Q 'u=tR w pQDvm sHL |wQ Q@ 5 |xrO=at R= |Q}op=QoDv= =@
%O};|t CUO x@ sUH x@ pYDt |xm@W R= xO=iDU= x@ xHwD =@ |tHL C@Uv p=kDv=Z t+�t

t

�Z
V

@�
@t
dV
�
dt+

Z t+�t

t

�Z
V

*r:(�*c ) dV
�
dt=0 (16)

"|m}D=DUwQO}y Q=Wi `} RwD |Oa@l} |xr�Ut |xUOvy R= |}=tv "4 pmW

"K]U Rm =Qt w pwrU Rm =Qt Q=Wi "5 pmW
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RwQ `HQt x=oDUO QO p=}U hQ] R= xvO@ Q@ OQ=w |=ywQ}v Q=OQ@ *F flow =yv; QO xm
p=}U hQ] R= sQH RmQt pwL xvO@ Q@ OQ=w |=yQw=DWo Q=OQ@ *MG�flow w '|vDw}v
'u=mU pFt |HQ=N |=ywQ}v Qov=}@ Ovv=wD|t *

MG�ext w *F ext 'xwqax@ "OvDUy
|wQ}v *W = m*g '28 |x]@=Q QO "OvW=@ |vDw}v `HQt x=oDUO QO """ w xv=wQB
CyH QO \ki '|vDw}v `HQt x=oDUO QO =ywQ}v uDWwv x@ xHwD =@ w CU= xvO@ uRw
Kw]U RmQt u=mt Q=OQ@ *r j '29 |x]@=Q QO u}vJty "CW=O Oy=wN Q=Okt z QwLt

"OvDUy sUH RmQt u=mt Q=OQ@ *rG w sUH |xvO@ |xOvyOp}mWD |=ypwrU
|=yQw=DWo w =ywQ}v x@ xHwD =@ '|v=tR s=o Qy |=yDv= QO 7 w 6 CqO=at pL =@
Q=my=Q x@ xHwD =@ w xOt; CUOx@ sUH u=mt Q}}eD '29 w 28 \@=wQ R= xOW x@U=Lt
"OW Oy=wN =Hx@=H R}v u; x@ pYDt |xm@W 'C=mQL |R=Ux}@W QO xO=iDU= OQwt
QO Qw=vW C=mQL w xOW xO=t; O}OH |v=tR s=o |=Q@ |D=@U=Lt |xvt=O '?}DQDu}O@

"OvwW|t C@F u=tR pw]

EL@ w G}=Dv
wO ?}DQDu}O@ "CU= xOW x}yD |Q=Ri=sQv 'xOWx�=Q= |OOa sD} Qwor= |UQQ@ Qw_vtx@
GQ=@ Qw=vW |m}t=v}OwQO}y Ctw=kt w ?; K]U =@ |}xQ}=O `]kt OQwNQ@ |xr�Ut

"Ov=xOW |@=} RQ= pY=L G}=Dv CkO w Q=@Da= w xOW |R=Ux}@W

?; K]U =@ |}xQ}=O `]kt OQwNQ@
|]NCmQL =@ =yvD w xOw@ |O=R; xHQOl} |xr�Ut ?; uwQO x@ |}xQ}=O sUH OwQw
|D=@U=Lt |xm@W w |UQQ@ OQwt |xr�Ut |xUOvy "CU= x=Qty s�=k CyH QO
Q@=Q@ |tHL sQH =@ xQ}=O "CU= xOW xO=O u=Wv 7 pmW QO pwrU 18900 pt=W
"Ovm|t OQwNQ@ u; =@ 4ms CaQU =@ w xDiQo Q=Qk O=R; K]U |q=@ QO CUQO ?; =@
sOa \QW %R= Ov=CQ=@a =yCaQU |=Q@ xDiQ Q=mx@ |RQt \}=QW 'C=@U=Lt u}= QO
QiY ?}W \QW w 'u}}=B RQt |=Q@ QiY CaQU \QW 'xv=wDU= K]U |=Q@ VRer
Kw]U |t=tD QO Q=Wi |=Q@ QiY K]U Q@ Owta ?}W u}vJty "Kw]U Q}=U |=Q@
|v=tR `]kt xU QO O=R; K]U pmW Q}}eD Qov=}@ 8 pmW "CU= xOW p=ta= |RQt
|}=Hx@=H 9 pmW "CU= xOW xU}=kt [29]|@ QHD G}=Dv =@ xm CU= OQwNQ@ R= TB
OQwNQ@ R= TB u; CaQU Q}}eD Qov=}@ w xO=O V}=tv =Q ?; uwQO |}xQ}=O `]kt

"?; K]U =@ |}xQ}=O `]kt OQwNQ@ |xr�Ut |xUOvy w |Ov@xm@W "7 pmW

%R= Ov=CQ=@a 20 |x]@=Q QO xO=iDU= OQwt |=yxrtH h} QaD "CU=
H(u) =

Z
A
�eff

*r*u i �*n dA�
Z
A
ui
*c �*n dA (21)

Gi(P ) =
Z
A
Pni dA (22)

Ki =
Z
v
gi dV (23)

%OwW|t x@U=Lt (u�i ) O}OH |v=}t CaQU Oa@ |xrLQt QO
u�i = ûi + �t

�
Gi(Pn) (24)

|=yCaQU |=v@tQ@ Pn+1 Q=Wi |=Q@ uU;wB |xrO=at |oDUw}B \QW <=[Q= |=Q@
%OwW|t pL 25 |x]@=Q CQwYx@ u�i |v=}tI

A

1
�eff

@Pn+1

@n
dA = 1

�t

I
A
u�i dA (25)

|=ypwrU QO 25 |x]@=Q CU=Q CtU |xrtH |x@U=Lt |=Q@ xm CU= QmP x@ sRq
\}=QW x@ \w@ Qt QDW}@ C=}�RH "CiQo Q_v QO CkOx@ =Q |RQt \}=QW O}=@ '|RQt

[4]"CU= TQDUO p@=k =yv; p=ta= |xwLv w CqO=at |RQt
p=}U jr]t CaQU ?} QkD |=Q@ pwtat |=y|@=}v=}t R= xO=iDU= Qo}O |xDmv
u=} QH|rY= |=yQ}eDt|t=tD u; QO xmCU=|v=mtsy u=tO}J QO pwrU K]U |wQ
QO |m} R}iQ}e C=v=Uwv O=H}= x@ Q=m u}= "OvwW|t |Q=Oxov w x@U=Lt pwrU RmQt QO
Q=Qk xO=iDU= OQwt |Dw=iDt |@=}v=}t u; R= |Q}owrH |=Q@ xm Ot=Hv=|t Q=Wi u=O}t
=@ K]U |wQ jr]t CaQU Q=Okt '19nv=S O=yvW}B j@=]t 'T=U= u}= Q@ "OQ}o|t

[28]%OwW|t x@U=Lt 26 |x]@=Q j@] Q=Wi ?}W QF= uOQm OQ=w
*
U
n+1
f = LI(un+1

i ) +
�

�t
�eff

@Pn+1

@n

�
*n (26)

"CU= |]N |@=}v=}t Qorta LI() u; QO xm
QO =Q |oDUw}B \QW 'Q=Wi |x@U=Lt w �25 |x]@=Q� uwU;wB |xrO=at pL
CaQU u=O}t '27 |x]@=Q QO w T=U= u}= Q@ "OQm Oy=wN <=[Q= CaQU u=O}t

%OwW|t p}O@D p=}U |ak=w CaQU u=O}t x@ Q=Wi ?}W \UwD |v=}t
un+1
i = u�i + �t

�
Gi(Pn+1) (27)

u=mt= w OvwW|t CiH Qo}Om} =@ QF-wt p=}U Q=Wi w CaQU u=O}t ?}DQDu}O@
"O};|t OwHwx@ xvO@ Q@ OQ=w |=yQw=DWo w =ywQ}v |x@U=Lt

C=mQL |R=Ux}@W
|=yQw=DWo w =ywQ}v 'QF-wt p=}U |=Q@ |oDUw}B w TmwDU=�Q} w=v CqO=at pL R= TB

%Ov};|t CUOx@ 29 w 28 \@=wQ j@] xvO@ Q@ OQ=w
*
F =

*
F ext +

*
W +

*
F flow =

*
F ext +m*g+

nX
j=1

(�Pj*nj + *� j)Aj (28)

*
MG =

*
MG�ext +

*
MG�flow =

*
MG�ext+

nX
j=1

(*r j �*rG)� (�Pj*nj + *� i)Aj (29)
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@Wx@P=H ?=DW x@ CmQL ?=DW Oa@|@ C@Uv R}v 10 pmW Q=Owtv "CU= xO=O x�=Q= =Q
R= TB w xOw@ 18 OwOL QO OQwNQ@ |x_Lr QO xm OyO|t u=Wv u=tR pw] QO =Q
?=DW Q=_Dv= u=wD|t OQwNQ@ |x_Lr QO Qo}O CQ=@ax@ "O@=}|t Vy=m COWx@ u;

"CW=O =Q �q=@ CtU x@ pkF ?=DW Q@=Q@ 18 =D� |}q=@ Q=}U@

GQ=@ Qw=vW |m}t=v}OwQO}y Ctw=kt
O}kt =Q Qw=vW ?re= '|OOa |=yVwQ R= xO=iDU= =@ =yQw=vW Ctw=kt |Q}oxR=Ov= QO
"Ovvm|t ZQi �?; K]U x@ C@Uv Qw=vW C}akwt w x} w=R QO Q}}eD u=mt= uwO@�
Cr=L =@ xU}=kt QO ?; K]U x@ C@Uv Qw=vW |=}=wR 'CmQL s=ovy QO xm u; p=L
xOW s=Hv= |=y|v}@V}B QO hqDN= OwHw Ea=@ xr�Ut u}ty w xDi=} Q}}eD uwmU
xOW xQ=W= C=YNWt =@ GQ=@ Qw=vW Ctw=kt CUNv '|R=Ux}@W u}= QO "OwW|t
x=oWv=O l}v=mt |UOvyt |xOmWv=O� =} QO x=oW}=tR; QO 11 pmW w 1 pwOH QO
xHQO wO QO Qw=vW '|Q}oxR=Ov= u}= u=} QH QO "CU= xOW |Q}oxR=Ov= �h} QW |DavY
O}kt |O=R; C=HQO x}k@ QO w xOw@ O=R; 21|rw] VDre w 20s�=k |}=Hx@=H |O=R;
xOW s=Hv= Cr=L wO QO xOW x}yD Q=Ri=sQv \UwD |OOa |R=Ux}@W "CU= xOw@

"GQ=@ Qw=vW C=YNWt "1 pwOH
1 05m L
0 29m B
0 025m Draft

1 0 CB
7 26Kg Mass

0 7Kgm2 IY Y
0 025m KG

"GQ=@ Qw=vW |xUOvy h} Q=aD "11 pmW

"GQ=@ Qw=vW pwL |D=@U=Lt |xm@W "12 pmW

"O=R; K]U pmW Q}}eD "8 pmW

"?; uwQO |}xQ}=O `]kt |}=Hx@=H "9 pmW

"?; uwQO |}xQ}=O `]kt s�=k CmQL xOW Oa@ |@ s�=k ?=DW "10 pmW

QO xm Qw]u=ty "CU= xOW xU}=kt x@=Wt [22]|OOa w [29]|@ QHD G}=Dv =@ xm 'CU=
xU}=kt QO Q[=L j}kLD QO xOt; CUOx@ |OOa G}=Dv 'OwW|t xOy=Wt 9 pmW
Ow@y@ j}kO Cra u=}@ "OvQDl}ORv |@ QHD G}=Dv x@ xOW s=Hv= |OOa |R=Ux}@W =@
pt=wa OOaD x@ xHwD =@ 'xOWs=Hv= x@=Wt Q=m x@ C@Uv Q[=L j}kLD |OOa G}=Dv
pL VwQ '|r=QoDv= CqtH |v=mt w |v=tR |R=UxDUUo |xwLv Ovv=t� Q=PoQ}F-=D
u}= x@ u=wD|t =yvD w xOw@v Q}PBu=mt= �""" w |Ov@xm@W ẁv 'Q=Wi w CaQU u=O}t
|QD?U=vt |xawtHt Q[=L j}kLD QO xOWs=Hv= |=y?=NDv= xm OQm xQ=W= xDmv
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RwQ wO u}= ?U=vt j@=]D |xH}Dv "CU= xOW xU}=kt xOWs=Hv= |@ QHD V}=tR; =@
\UwD pm Ctw=kt xH}Dv QO w R=UGwt Ctw=kt |xir-wt ?U=vt |x@U=Lt 'pmW
|v}@V}B u=mt= |D=@U=Lt |xm@W QDq=@ |}=tvR} Q =@ xJQo = 'CU= xOWx}yD Q=Ri=sQv
xO=O V}=tv 2 pwOH QO xOt; CUOx@ G}=Dv "O};|t OwHw x@ O=R; K]U QDj}kO
w Qw=vW h=Q]= VwWet u=} QH pFt |Qo}O pt=wa xm CU= |y}O@ "CU= xOW
hOy =t= 'OvDUy Q=PoQ}F-=D xOW |v}@V}B Ctw=kt CkO QO |D=@U=Lt |xm@W
u; Ctw=kt |x@U=Lt QO Qw=vW CmQL |R=Ux}@W C}ty= uO=Ou=Wv Q[=L j}kLD
xHQO wO QO C}OwOLt uDW=OQ@ =@ 'OwW|t xO}O 2 pwOH QO xm u=vJ "CU= xOw@
|R=Ux}@W \}=QW uOW l}ORv =@ xH}Dv QO w |rw] VDre w s�=k |}=Hx@=H |O=R;
Vy=m OYQO 5 9 OwOL x@ |D=@U=Lt |=]N '|y=oW}=tR; |Q}oxR=Ov= w |OOa

"CU= xDi=}
xO=iDU= w |y=oW}=tR; |Q}oxR=Ov= QO OwHwt |=]N xm CU= sRq xDmv u}= QmP
|x@U=Lt |=yQoTL |=]N OL QO xOt; CUOx@ |OOa G}=Dv O}}-=D |=Q@ u; R=
'Qo}O u=}@x@ "Ov=xOW xQ@}r=m w xOw@ j}kO Q=}U@ xm 'CU= VWm |xJ[wL Ctw=kt
Ctw=kt |Q}oxR=Ov= =@ Qw=vWCtw=kt |x@U=Lt� =yV}=tR; ẁv u}= QO =]N u} QDW}@
CU= |ak=w Qw=vW Ctw=kt uOQw; CUOx@ |=Q@ u; R= xO=iDU= |xrLQt QO �u; pOt
|=Q@ VwWet w pOt |=Q@ s=Q; ,qwtat� u=} QH s} SQ Cw=iD pFt |OH CqmWt =@ xm
ZQi u=Um} O=a@= 'Q[=L |OOa |R=Ux}@W QO =t= "CU= x=Qty """w �|ak=w Qw=vW
"Ov=x=Qty =]N u} QDsm =@ xU}=kt s=Hv= |=Q@ |y=oW}=tR; G}=Dv 'T=U= u}= Q@ w xOW

|Q}oxH}Dv
p�=Ut QO '=y|}=} QOQ} R w =y|DWm CmQL Ovv=t |m}t=v}OwQO}y C=mQL |R=UpOt
Q=R@= |D=@U=Lt Cq=}U l}t=v}O '=yxv=}=Q u=wD CiQW}B =@ "OvQ=O OQ@ Q=m Q=}U@ |rta
j}kLD QO 'T=U= u}= Q@ "CU= xDW=Po u=Q@ Q=m Q=}DN= QO Qw_vt u}= |=Q@ |@U=vt
h=Q]= QO � =wy w ?; p=}U wO |=Hx@ � QF-wt p=}U l} Q=Wi w CaQU `} RwD Q[=L
w TmwDU= �Q} w=v CqO=at pL QO |�RH s=o OQm} wQ R= xO=iDU= =@ '?rY sUH

"CU= xOt; CUOx@ '|oDUw}B
|=Q@ 'Gwt CUmW w O=R; K]U nQR@ |=ypmW Q}}eD OwHw x@ xHwD =@ 'xwqax@
pL =@ |tHL OQm} wQ R= 'QF-wt p=}U CHRr w |tHL sQH C=YNWt |x@U=Lt
R= |Q}op=QoDv= =@ u}vJty "CU= xOW xO=iDU= R=i wO |tHL C@Uv p=kDv= |xrO=at
x@U=Lt u; Q@ OQ=w |=yQw=DWo w =ywQ}v 'sUH |xvO@ |wQ Q@ |U=tt w s�=k |=yVvD
|xm@W |}=Hx@=H =@ VwQ u}= "Ov};|t CUO x@ u; |=y|}=Hx@=H xH}Dv QO w xOW
=O}B xt=O= Q_v OQwt u=tR x@ uO}UQ =D '|v=tR s=o Qy QO sUH x@ pYDt |D=@U=Lt
l} QO CmQL CqO=at j}kLD u}= QO xOWs=Hv= |=y|R=Ux}@W QO xJQo = "Ovm|t
|R=UpOt |}=v=wD w CU= |rm xOWx�=Q= sD} Qwor= 'Ov=xOW pL |O=R; xHQO wO w

"OQ=O R}v =Q xO}J}B |=yCmQL

"GQ=@ Qw=vW |wrH QO O=R; K]U pmW Q}}eD "13 pmW
"GQ=@ Qw=vW C=YNWt "2 pwOH

��� =]N (N) Q=Okt Ctw=kt
� 3 53 x=oW}=tR; |Q}oxR=Ov=

�23 2 2 71 O}kt Cr=L QO |OOa |x@U=Lt
�5 9 3 32 |O=R; |xHQO wO Cr=L QO |OOa |x@U=Lt

xOW xO}WmX QwLt |=DU=Q QO '0 807ms CaQU =@ Qw=vW 'O}kt Cr=L QO "CU=
\}=QW x@ xm O=R; Cr=L QO "CU= xOW xDiQo u; R= |Qo}O CmQL ẁv Qy |xR=H= w
pwL |rw] VDre w Z |=DU=Q QO s�=k |}=Hx@=H |xR=H= 'CU= QDl}ORv V}=tR;

"CU= xOW xO=O Qw=vW x@ Y QwLt
12 pmW QO pQDvm sHL 36000 pt=W xO=iDU= OQwt |D=@U=Lt |xm@W
|RQt \QW w 'Qw=vW |xvO@ |wQ Q@ VRer sOa |RQt \QW "CU= xOW xO=O V}=tv
xOW xDiQo Q_v QO =yRQt |k=@ QO CaQU |=yxir-wt |t=tD |=Q@ QiY s�=k ?}W
"CU= xOW p=ta= Q=Wi |=Q@ =yRQt |t=tD QO QiY s�=k ?}W \QW u}vJty "CU=
'|D=@U=Lt |xvt=O pN=O x@ h=Q]= |=yRQt R= G=wt= V@=DR=@ R= |Q}owrH Qw_vtx@
|L=wv R= Qw_vt u}= |=Q@ "CU= |QwQ[ |L=wv u}= QO CaQU Q}O=kt h}a[D
11 pmW QO xm xvwou=ty "CU= xOW xO=iDU= Qw=vW h=Q]= |=yRQt QO 22|}=Q}t
|xir-wt T=U= u}= Q@ w xDW=Ov |v=} QH \N xvO@ GQ=@ Qw=vW OwW|t xOy=Wt R}v
pm Ctw=kt QO |QDW}@ syU |m =m]Y= Ctw=kt x@ C@Uv u; R=UGwt Ctw=kt
xm OyO|t u=Wv =Q GQ=@ |wrH QO O=R; K]U pmW Q}}eD 13 pmW "OQ=O Qw=vW

CWwv=B
1. fractional step
2. prediction-correction
3. interface tracking or surface method
4. interface capturing or volume method

5. compressive interface capturing scheme for arbitrary meshes
6. sharp interface
7. simple structured grid
8. colocated arrangement
9. checkerboard pressure
10. di�usion term
11. convection term
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12. gamma interpolation
13. bounded
14. crank-nicholson
15. divergence theorem
16. convection boundedness criteria
17. ULTIMATE-QUICKEST
18. kim
19. zhang
20. heave motion
21. pitch motion
22. damping zone
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1; � = ��
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T:E: �2 �1 VwQ
O[(��)2] 0 1 |vt[ 'Qr} w=
O[(��)3] 0 5 1 |vt[ 'wQTB |}x]kvxU

%R= Ov=CQ=@a GRr w GRrQ}e Q=W |=yQ=OQ@ x@ \w@ Qt u}@ wm =S |=yT} QD=t 'u; QO xm
A =

�
@F
@U

�
; B =

�
@G
@U

�
; K =

�
@H
@U

�
M =

�
@S1
@U
�Q�

�
; Q =

�
@S1
@U�

�
N1 =

�
@T 1
@U
�W1�

�
; W1 =

�
@T 1
@U�

�
(10)

?=NDv= 1 pwOH Q}O=kt =@ j@=]t 'CkO u=R}t w VwQ ẁv x@ xDU@=w �2 w �1 ?}=Q[
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