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u=@; |wQ}=OQ}e RmQt R= GQ=N `]=kt |HwQN p}iwQB |=vLv= uOQmxv}tm
Bezier |=y|vLvt R= xO=iDU= =@ 'uSwQDUm = Ov}=Qi QO

�Q=}Wv=O� QwBsY=a OtL=
�OWQ= |U=vWQ� |wHWv=O� pY=O=SvuUL Q}t=

h} QW |DavY x=oWv=O 'l}v�t |UOvyt |xOmWv=O

uOQmxv}tm w ?r=k R= |HwQN p}iwQB |=vLv= u=R}t u}}aD |=Q@ |r}rLD |WwQ j}kLD u}= QO
|=y|vLvt x@ \w@ Qt CqO=at R= xO=iDU= =@ =OD@= VwQ u}= QO "CU= xOW x�=Q= u;

uOQmOQ=w =@ TBU w xOt; CUOx@ pmWQ}}eD |x}L=v QO x}=B u=} QH \w]N 'Bezier

CaQU u=O}t 'pmWQ}}eD |x}L=v QO xO=t u=} QH Q@ sm =L CqO=at Q@ Q=PoQ}F-=D |=yQDt=Q=B
Q=}at h} QaD T=U=Q@ 'CaQU u=O}t uOQw; CUO x@ =@ "CU= xOt; CUO x@ CN=wvm} Q}e

R= GwQN Q}O=kt w Bezier |=y|vLvt ?}=Q[ R= xO=iDU= =@ '|HwQN p}iwQB h=QLv=
x@ =@ "CU= xOW |HwQN |=vLv= u} QDsm Q_v R= xv}y@ ?r=k |L=Q] x@ s=Ok= 'C} RmQt

OvJ |=vLv= Abaqus Q=Ri=sQv R= xO=iDU= =@ '|HwQN p}iwQB |=vLv= u=R}t uOQw; CUO
sRq uSwQDUm = Q=Wi u=R}t R}v =yDv= QO "CU= xOW xU}=kt Qo}Om} =@ xOW |L=Q] ?r=k
=@ q=@ OL VwQx@ '|HwQN |=vLv= Q_v R= xv}y@ ?r=k =@ 'Q=Wi Q_v R= xv}y@ ?r=k |=Q@

"CU= xOW xU}=kt Qo}Om}

assem@sharif.edu
hasanjad@alum.sharif.edu "Q} R@ 'q=@ OL 'p}iwQB |=vLv= 'uSwQDUm = %|O}rm u=oS=w

xtOkt
\@=wQ 'V=m =QB w =HvwH G}=Dv uOQ@ Q=m x@ =@ [3]s=UvU w |r}U=@ 1976 p=U QO
pY=L G}=Dv "OvO=O x�=Q= OQop}t l} VWm |=Q@ |QDj}kO C=L}[wD w |r}rLD
O=Qi= u}= |r}rLD \@=wQ "OvO=O u=Wv j@=]D |@ wNx@ Qo}Om} =@ |@ QHD w q=@ OL R=
|HwQN w |OwQw `]kt '|yHwOvJ `]=kt OwQDUm = |=Q@ xm Ow@ Q=wDU= =v@t u}= Q@
=Q CaQU u=O}t |Q}PB=vsm =QD ZQi =@ w 'xOQm s}UkD pmW|FrFt <=RH= x@ =Q ?r=k
x@ =Q q=@ OL VwQ x@ uSwQDUm = Q=Wi u; R= xO=iDU= =@ C}=yv QO w OvOQw; CUO x@

"OvOQw; CUO
|Oa@xU uSwQDUm = p}rLD |=Q@ =Q OwOLt u=tr= VwQ [4]QDU@ w 1978 p=U QO
x=Qtyx@ =Q OwOLt u=tr= VwQ p}rLD u}= QO |w "O=O x�=Q=hrDNt |=ypmW =@ `]=kt
Qy OwQDUm = |=Q@ VwQ u}= "CiQo Q=m x@ q=@ OL |x} Q_v |=Q@ |R=Uxv}y@ |=yVwQ
swUxHQO ?} QkD u=mt= 'wO x@DQt |=yu=tr= R= xO=iDU= "Ow@ s}taD p@=k x=wNrO `]kt
|=Q@ =Q |}x]kv 8 |WRer u=tr= l} QDU@ w u}vJty "CN=U|t umtt =Q =yCaQU
|@ QHD w |Q_v G}=Dv "CiQo Q_v QO ?r=k w xO=t u}@ l =m]Y= u=R}t |x@U=Lt

"OvDW=O j@=]D |@ wNx@ Qo}Om} =@ VwQ u}= R= pY=L
`@=wD R= xO=iDU= =@ w 'u; T=U=Q@ xm OvOQm KQ]t =Q |}xO}= [6w5]u=Dr; w p=Bo =v
pw@k p@=k |m}D=tv}U ^=Lr R= xm =Q |DaQU CqO=at 'u=} QH \w]N x@ \w@ Qt
p}O@D |xw}W R= [7]|r w nv=} "OvOQm x�=Q= |Oa@xU `]=kt uSwQDUm = |=Q@ 'OvOw@
u}vJty "OvOQm xO=iDU= x}rw= OQo |=yCr}@ R= xO=U `]=kt OwQDUm = |=Q@ '=yCW=ov
|Oa@xU `]=kt sr}iwQO}y OwQDUm = |=Q@ u; R= 'VwQ u}= s}taD =@ nvq w nv=}

"OvOQ@ xQy@

|=y?r=k R= xO=iDU= =@ xO}J}B w xO=U |=y`]kt K]U =@ |}=yp}iwQB uSwQDUm =
pwYLt |m} SQwr=Dt w |m}v=mt C=}YwYN Ow@y@ Ea=@ '�xDiQW}B� pmW|vLvt
Q=PoQ}F-=D |=yxYNWt u}}aD =y?r=k ẁv u}=|L=Q] QO xDmv u} QDsyt "OwW|t|}=yv
u=} QH Q@ sm =L |r}rLD \@=wQ Ow@y@ =@ "CU= pmWQ}}eD |x}L=v QO xO=t u=} QH Q@
w CW=O xO=t u=} QH |wQ Q@ |QDW}@ pQDvm u=wD|t 'pmWQ}}eD |x}L=v QO xO=t
^=LrR=� xv}y@ ?r=k l} KQ] x@ 'xO=t u=} QH |wQ Q@ Q=PoQF= |=yQDt=Q=B Q}}eD =@
u}OvJ uwvm =D "Ci=} CUO �... w ?r=k s=mLDU= '|HwQN p}iwQB |=vLv= 'Q=Wi
uSwQDUm = Ov}=Qi |=Q@ pmWQ}}eD |x}L=v QO Rri u=} QH u}}aD Qw_vtx@ |r}rLD |x]@=Q
[1]=}v|Q@= w =Q=mD}J \UwD \@=wQ u} QDpt=m R= |m} xm CU= xOW x�=Q= |Oa@xU
OL =D '?r=k uwQO u=} QH u=O}t |x@U=Lt |=Q@ R}v j}kLD u}= QO "CU= xOW u=}@

"CU= xOW xDiQo xQy@ =Q=mD}J \UwD xOW x�=Q= \@=wQ R= |O=} R
=Q |WwQ 'q=@ OL VwQ R= xO=iDU= =@ 1975 p=U QO [2]V=m =QB w =HvwH
Q=mx@ w |]N |=y?r=k R= xO=iDU= =@ |yHwOvJ `]=kt |Oa@xU uSwQDUm = |=Q@
?r=k l} R= =yv; '|r}rLD j}kLD u}= QO "OvOQm xO=iDU= |wQm CaQU u=O}t uOQ@
C=YDNt QO =Q CaQU u=O}t "OvOQm xO=iDU= s_vt |yHwOvJ `]kt =@ =Qoty
|wQ}v '?r=k ?}W |x} w=R |=Q@ x=wNrO |Q=Okt <=R=x@ w OvOQw; CUO x@ |wQm
q=@ Q}O=kt <=R=x@ xm OvOW xHwDt u}vJty =yv; "OvOQm x@U=Lt =Q pk=OL VWm
C@Uv Vy=m <=R=x@ u}vJty "OwW|t p}mWD xOQt |x}L=v '?r=k |x} w=R |=Q@
uSwQDUm = Q=Wi |wQ |tm Q}F-=D pwYLt `]kt K]U pmW 'XNWt uSwQDUm =

"OQ=O
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"pmWQ}}eD |x}L=v QO u=} QH \w]N "1 pmW

"CU= xOW xOQw; CUOx@ �Y w X QwLt wO x@ C@Uv�
CqO=at uOQw; CUOx@ |=Q@ 'CU= xOW xO=O u=Wv 1 pmW QO xm xvwov=ty
GwQN QO C0A0F 0 `]kt x@ 'OwQw QO CAF `]kt xm CU= xOW ZQi u=} QH

"OwW Q_=vDt
j@]vt 'CU= QiY C} RmQt R= GwQN xm |Dr=L QO |HwQN `]kt K]U RmQt
'pmWQ}}eD |x}L=v QO x]kvQy C=YDNt u}}aD |=Q@ "CU= x}rw= Cr}@ QwLt Q@
[15]%Ovm Q}}eDl} =D QiY u}@ xm OvwW|th} QaD |}xvwox@ t w q 'u Oa@|@ |=yQDt=Q=B
w = u:R u = w=R 0 � u � 1
� = q:2� ) q = '=2� w 0 � q � 1
z = t:L; t = z=L 0 � t � 1 (1)

u=wD|t =Q pmWQ}}eD |x}L=v QO xQP l} C}akwt Q=OQ@ 'jwi |=yQDt=Q=B h} QaD =@
%O=O V}=tv u}vJ |DQ=mO C=YDNt QO Bezier |=y|vLvt R= xO=iDU= =@

P = xî+ yĵ + zk̂ = f1(u; q; t)̂i+ f2(u; q; t)ĵ + f3(t)k̂

x = f1(u; q; t) = P (q; t) +K1(t)

= u[�0 sin�+ t3(2�0 sin�� 2F1)

+3t2(F1 � P0 sin�)] + e5(2t3 � 3t2 + 1)� e3(2t3 � 3t2);

y = f2(u; q; t) = S(q; t) +K2(t)

= u[�0 cos�+ t3(2�0 cos�� 2F2)

+3t2(F2 � �0 cos�)] + e6(1� u)[2t3 � 3t2 + 1]

+e4[3t2(1� t) + t3];

z = f3(t) = K3(t)

= t3L(3c1 � 3c2 + 1) + t2L(3c2 � 6c1) + 3tc1L: (2)

u}@ sHL |Q}PB=vsm =QD \QW w '|HwQN `]kt pmW x@ xHwD =@ F2 w F1 `@=wD
%OvwW|t x@U=Lt u}vJ `@=wD u}= xm 'Ov};|t CUO x@ GwQN w OwQw `]kt

F1 = �2 sin � ; F2 = �2 cos � (3)

F2 w F1 `@=wD |x@U=Lt w pmWT `]kt l} |Ov@s}UkD
j@=]t xvwtv |=Q@ "OvwW|t x@U=Lt xv=o =OH Qw]x@ VN@ Qy |=Q@ F2 w F1 `@=wD
xOW Q_=vDt C0A0B0 `]kt x@ xm CAB `]kt |=Q@ F2 w F1 `@=wD '2 pmW

|=Q@ xm OvO=O O=yvW}B q=@ OL |=v@tQ@ |O}OH VwQ [9w8]=Q=mUv=o w wv}Wwy
CAD/CAMVwQ 'Q=@u}rw=|=Q@u}vJty "Ow@?U=vt|ar[OvJ`]=ktuSwQDUm =
"CiQo Q=Qk |UQQ@ OQwt uSwQDUm =?r=kCN=U w |L=Q] |=Q@ 'EDM R= xO=iDU= =@
=Q uSwQDUm = Ov}=Qi QO q=@ OL VwQ R= xO=iDU= =@ O}OH |twyit [10]|Ww}m
|}xvwox@ w CN=wvm} Q}e '|WNQJ w |QwLt CaQU u=O}t u; QO xm 'OQm |iQat

"Ow@ xOW xDiQo Q_v QO ?U=vt
|L=Q] R= xO=iDU= =@ w '|twta VwQl} s}taD =@ [14w13]l}rU w [12w11]=Q=mD}J
OwQDUm = |=Q@ xDiQW}B w |]N |=y?r=k 'pmWQ}}eD |x}L=v QO u=} QH \w]N

"OvO=O Q=Qk |UQQ@ OQwt =Q x=wNrO `]=kt
'|r}rLD |=yVwQ Ow@y@ Qw_vtx@ |O=} R Q=}U@ C=k}kLD 'OW xQ=W= xm u=vJ
xm =Hv; R= =t= "CU= xDiQo s=Hv= pmWQ}}eD |x}L=v QO xO=t u=} QH |v}@V}B |=Q@
u; QO xm |r}rLD |WwQ |x�=Q= 'CU= xO}J}B Q=}U@ uSwQDUm = Ov}=Qi QO xO=t u=} QH
pmWt Q=}U@ 'OW=@ xOW xOQ@ Q=m x@ xO=t u=} QH Q@ Q=PoQF= |m}v=mt |=ysQD |t=tD
OwQDUm = |=Q@ xm 'q=@OL R= |twta VwQ l} R= xO=iDU= =@ Q[=L j}kLD QO "CU=
'Bezier |=y|vLvt R= xO=iDU= =@ R}v w xOW x�=Q= [15]uQ=kDtQ}e w uQ=kDt `]=kt
Q}O=kt =@ uQ=kDtQ}e pmW T `]kt l} |=Q@ xO=t u=} QH l} QDt=Q=B CqO=at =OD@=
|xrLQt QO 'x}=B u=} QH \w]N u}}aD =@ "CU= xOt; CUO x@ C} RmQt R= GwQN
|oO}J}B '?r=k |xUOvy 'l =m]Y= ?} Q[ Q}_v |}=yQDt=Q=B uO=O Cr=NO =@ Oa@
u=O}t x@ l}ORv CaQU u=O}t '`]kt Qy QO ?r=k ?}W w '|HwQN `]kt |xUOvy

"CU= xOW xOQw; CUO x@ |ak=w CaQU
hOy `@=D l} 'pmWQ}}eD |x}L=v QO xO=t R= xQP Qy CaQU u=O}t u}}aD =@
Oa@ |xrLQt QO "CU= xOW h} QaD CU= |}=yv p}iwQB |=vLv= |xv}tm Qou=}@ xm
R= GwQN Q}O=kt w '(c1; c2) Bezier |=y|vLvt QDt=Q=B wO R= xO=iDU= =@ ?r=k
CqO=at |x}rm uwJ "CU= xOW xv}y@ '=vLv= st}v}t `@=D T=U=Q@ '(e1; e2) C} RmQt
x@ QO=k w OQ=O =Q ?r=k uwQO |xO=t u=} QH |v}@V}B C}r@=k ,=iQY 'OwHwt |r}rLD
xOWh} QaD hOy `@=D CLY CU= sRq 'CU}v |HwQN `]kt R= Oa@ u=} QH p}rLD
FEM|=yQ=Ri=sQv R= xO=iDU= =} w?r=kCN=U =@ '|HwQNp}iwQB |=vLv=Vy=m |=Q@
w Bezier ?}=Q[ =@ ?r=k u}OvJ pOt Qy |=Q@ Qw_vtu}O@ "OQ}o Q=Qk |UQQ@ OQwt
w xOW p}rLD 'ABAQUS/CAE Q=Ri=sQv QO hrDNt C} RmQt R= GwQN Q}O=kt

"CU= xOW xU}=kt Qo}Om} =@ =y?r=k |=vLv= u=R}t
?r=k |=Q@ sRq uSwQDUm = Q=Wi Q}O=kt 'q=@ OL \@=wQ R= xO=iDU= =@ R}v =yDv= QO
?r=k |=Q@ sRq uSwQDUm = Q=Wi Q=Okt =@ '|HwQN p}iwQB |=vLv= Q_v R= xOW xv}y@
"CU= xOW x@U=Lt uSwQDUm = Q=Wi V}=Ri= u=R}t w 'xU}=kt Q=Wi Q_v R= xOWxv}y@

uQ=kDtQ}e pmW�T `]kt |=Q@ u=} QH \w]N |R=UpOt
x@ l} Q_=vD O=H}= =@ xm CU= sRq 'u=} QH \w]N |}x}=B p}rLD |=Q@ s=o u}rw= QO
|=y|vLvt R= |m} \UwD '|Q}PB=vsm =QD ZQi w GwQN `]kt w OwQw `]kt u}@ l}
\w]N CqO=at 'B-spline =} w Bezier 'Hermite cubic spline l} QDt=Q=B
|=y|vLvt R= xO=iDU= xm [11]OyO|t u=Wv Q}N= C=k}kLD "OQw; CUO x@ =Q u=} QH
|QD?U=vt u=} QH \w]Nl} QDt=Q=B |=y|vLvt Q}=U x@C@Uv 'Bezierl} QDt=Q=B

"OyO|t CUO x@ =Q
CqO=at 'Bezier |=y|vLvt R= xO=iDU= =@ s=o u}rw= QO 'Q[=L j}kLD QO
uQ=kDtQ}e pmW�T `]kt l} x@ |}xv=wDU= Cr}@ l} OwQDUm = x@ \w@ Qt u=} QH

sQ=yJ w pyJ |xQ=tW �h} QW 64
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x = f1(u; q; t) = IF (u; q; t):p(q; t) +K1(t);

y = f2(u; q; t) = IF (u; q; t):S(q; t) +K2(t);

z = f3(t) = K3(t) (7)

xOy=Wt '?r=k uwQO |xO=t u=} QH |xv}tR QO xOW s=Hv=|@ QHD C=k}kLD x@ xHwD =@
'?r=k ?}W V}=Ri= w l =m]Y= ?} Q[ V}=Ri= 'RA V}=Ri= =@ xm CU= xOW
\QW u}rw= "O@=}|t V}=Ri= ?r=k K]U CtU x@ RmQt R= |QwLt CaQU C=Q}}eD
QO |UOvy |RQt \}=QW x@ \w@ Qt Ovm <=[Q= O}=@ IF (u; q; t) `@=D xm |U=U=
%OwW|t h} QaD u}vJ IF (u; q; t) `@=D '\}=QW u}= x@ xHwD=@ "CU= GwQN w OwQw

IF (u; q; t) = u=(1 + TT );

TT (u; q; t) = M1:M2:M3 (8)

%R= Ov=CQ=@a M3 w M2 'M1 `@=wD u; QO xm
GwQN w OwQw QO |UOvy |RQt \}=QW <=[Q= |=Q@ xm t QDt=Q=B ?ULQ@ |a@=D %M1

%CU=
M1 = t2:(1� t) (9)

\w]N CqO=at x@ t = 1 w t = 0 QO CU= XNWt jwi |xrO=at QO xm u=vJ
"O};|t CUO x@ GwQN w OwQw `]kt pmW xm 's}UQ|t x}=B u=} QH

w �`]kt Qy QO ?r=k ?}W� ?r=k |xUOvy C=QF= u; QO xm CU= |a@=D %M2
"CU= xOW ^=Lr pmWQ}}eD |x}L=v QO |HwQN `]kt |xUOvy |oO}J}B

M2 = (R� TM):
r
L
p
t

;

TM =
p
Rh + (1� t):(R�Rh) (10)

QO u; QO u=} QH CN=wvm} Q}e `} RwD w l =m]Y= ?} Q[ QF= xm CU= |a@=D %M3
u=Wv |HwQN p}iwQB |Ov@xm@W R= pY=L |@ QHD C=Oy=Wt "CU= xOW xDiQo Q_v
?} QkD =@ |a=aW CyH QO '`]kt l} QO CaQU p}iwQB C=Q}}eD xm CU= xO=O

[15]"CU= u=}@ p@=k '`=aW ?ULQ@ swUxHQO `@=D l} CQwYx@ '|@ wN Q=}U@

M3 = �b1:
(1+m)
d :u3 + (b2=
d):u2 + b3 (11)

%Ov};|t CUO x@ Q} R \QW R= xO=iDU= =@ b3 w b2 'b1 |=yC@=F u}vJty
At u = 1 : b1 + b2=
d + b3 = 0 (12)

14 w 13 |x]@=Q CQwYx@ |QwLt CaQU '|R=UxO=U w jwi Q}O=kt |v} Ro}=H =@
[11]%O};|t CUO x@

Vz = L1
L2
V0 (13)

L1 = 2�:�20 � e6(�0: cos(2��) + �0q : sin�);

L2 = (1 + TT � u:TTu)
(1 + TT )3 :(Pq:S � Sq:P )

+ K2u
(1 + TT (u; q; t))

:Pq (14)

"pmWQ}}eD |x}L=v |HwQN w |OwQw `]=kt "2 pmW

"OvwW|t x@U=Lt Q} R VwQx@ 'CU=

SCAB � � = SC0A0B0 (4)

� w C0A0B0 `]kt CL=Ut SC0A0B0 'CAB `]kt CL=Ut SCAB xm
"CU= pm uSwQDUm = C@Uv Q@=Q@ (exstrusion ratio)

%CWwv u=wD|t 2 pmW x@ xHwD =@

1
2
� �BZ
�0

�2
Bd�� e6(�B sin�B � �c sin�0)

�
� = A0C0:C0B0

2
F2 = �2 cos � = A0C0 ; F1 = �2 sin � = C0B0

) F2 = T 0C0 � e4 (5)

%=@ OW Oy=wN Q@=Q@ F1 `@=D 'jwi CqO=at uOQm u} Ro}=H =@

F1 =
�
� �BR
�0
�2
Bd�� e6(�B sin�B � �c sin�0)

�
A0C0 (6)

pm |=Q@ xH}Dv QO w VN@ Qy |=Q@ '2 CqO=at QO F2 w F1 `@=wD |Q=Po}=H =@
"OQm x@U=Lt =Q u=} QH \w]N u=wD|t pmWQ}}eD |x}L=v

u=O}t |x@U=Lt |=Q@ xOWKqY= |r}rLD CqO=at
CN=wvm} Q}e CaQU

\}=QW ZQi =@ x}=B u=} QH \w]N x@ \w@ Qt \@=wQ R= xOt; CUO x@ CaQU u=O}t
u=Wv |@ QHD C=Oy=Wt "CU= pw@k p@=k |m}D=tv}U ^=Lr R= \ki '|Q}PB=vsm =QD
Q}}eD ?r=k R= `]kt Qy |a=aW CyH QO CaQU |QwLt |xir-wt xm OyO|t
u}= Q=Okt R= 's}vm|t |wQW}B ?r=k K]U CtU x@ ?r=k QwLt R= xJ Qy w xOQm
'u=} QH \w]N |x}=B \@=wQ R= pY=L *CaQU u=O}t uwJ "OwW|t xDU=m CaQU
uO=OCr=NO =@ =D CU= |QwQ[ CU= `]kt Qy QO CN=wvm} |QwLt |xir-wt |=Q=O
u=O}t '|Q}PB=vsm =QD \QW ^iL =@ CN=wvm} CaQU u=O}t Q@ Q=PoQ}F-=D |=yQDt=Q=B

[13]"OwW QDl}ORv |ak=w CaQU u=O}t x@ |r}rLD CaQU
uwJ |}=yQDt=Q=B QF= u; QO xm CU= xOW h} QaD IF |LqY= `@=D Qw_vtu}O@
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