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|Ov@Vt w nQR@ |=ypmWQ}}eD 'OwOLt <=RH= |=yu=tr=|]NQ}e p}rLD QO,qwtat
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p�=Ut QO "CU}v |W=B wQi =} pt=m |Q=PoQ=@ QO xR=U |ak=w Q=DiQ T=mav= x@ QO=k
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"CU= nQR@ |=yVvQm =@ |=yxR=U p}rLD QO xO=iDU= |=Q@ |O=yvW}B |Ov@pwtQi

|}xQo 4 u=tr= |U=U= |Ov@pwtQi "2
l} pmW h}YwD |=Q@ g4 w g3 'g2 'g1 Oa@|@ QDt=Q=B 4 =OD@= QO '1 pmW j@=]t

[4]"OvwW|t u=}@ 1 \@=wQ CQwYx@ |ar[Q=yJ
g1 = A0

A
; g2 = A00

A
; g3 = 1� g1; g4 = 1� g2 (1)

|=yErFt CL=Ut ?}DQD x@ A00 w A0 w CU= |ar[Q=yJ CL=Ut A 'u; QO xm
|x]kv =@ (L1; L2; L3; L4) |ar[Q=yJ C=YDNt "OvDUy �123 w �124

%OwW|t h} QaD 2 |x]@=Q CQwYx@ u=tr= pN=O QO p |Q=}DN=
Li = Ai

A
(i = 1; 2; 3; 4) (2)

\UwD xOt; OwHwx@ ErFt 4 R= l} Qy CL=Ut Ai(i = 1; 2; 3; 4) u; QO xm
2 pmW QO ?}DQD x@ 12 '23 ' 34 '41 u=tr= 4 Qy \}Lt w xOw@ p |vwQO |x]kv

"CU= xOW xO=O u=Wv
�3 |x]@=Q� u} RDQ=m C=YDNt CQwYx@ Ovv=wD|t (L1; L2; L3; L4) Q}O=kt

%OvwW xO=O u=Wv
Li = 1

2A (ai + bix+ ciy) (i = 1; 2; 3; 4) (3)

%Ov};|t CUOx@ 5 w 4 \@=wQ R= ci w bi 'ai 'u; QO xm
ai = xjyk � xkyj ; bi = yi � yk; ci = yk � yi (4)

(i = 1; 2; 3; 4; j = 2; 3; 4; 1; k = 3; 4; 1; 2) (5)

"g1; g2; g3; g4 QDt=Q=B 4 h} QaD "1 pmW
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xm CU= xOW KQ]t [6w5]'=yVywSB |NQ@ QO 6'u=UWmQ@= O=wt R= xO=iDU= |Qw�D
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yt xDWwv fqge w f�ge ẁtHt CQwYx@ Ov=wD|t u=tr= |}=Hx@=H u=O}t u}=Q@=v@
%�11 |x]@=Q� OwW(

u

�

)
=

(
u0

�0

)
+

(
u�

��

)
= [Nq]fqge + [N�]f�ge (11)

�� w u� 'fqge =@ \@DQt �|QwQ[� |U=U= |}=Hx@=H u=O}t �0 w u0 QO xm
w pmW `@=D T} QD=t [Nq] 'f�ge =@ \@DQt |xOWxi=[= |rN=O |}=Hx@=H u=O}t

%OvDUy �12 |x]@=Q� pmW `@=D T} QD=t |rN=O |=yQDt=Q=B [N�]

[Nq] =

"
N 01 0 N 02 0 N 03 0 N 04 0
0 N 01 0 N 02 0 N 03 0 N 04

#
[N�] =

"
N 0
�1 0 N 0

�1 0
0 N 0

�1 0 N 0
�1

#
(12)

%O};|t CUOx@ 13 \@=wQ R= N 0
i 'u; QO xm

N 0
i = �1

2gk + Li + Lj + �i�igk �P

(i = 1; 2; 3; 4; j = 2; 3; 4; 1; k = 3; 4; 1; 2) (13)

R= N�2 w N�1 u}vJty w O};|t CUOx@ 14 |x]@=Q R= 'Q}N= |x]@=Q QO �P

%Ov};|t CUOx@ 15 |x]@=Q
N�1 = L1L3; N�2 = L2L4 (15)

%OwW x@U=Lt 16 |x]@=Q CQwYx@ Ov=wD|t u=tr= VvQm Q=OQ@
f"ge = [Bq]fqge + [B�]f�ge (16)

%OvwW|t x@U=Lt 18 w 17 \@=wQ R= [Bq] w f"ge'u; QO xm
f"ge = ["x "y 
xy]T (17)

[Bq] = [[Bq1] [Bq2] [Bq3] [Bq4]] (18)

%O};|t CUO x@ 19 |x]@=Q R= [Bqi] w

[Bqi] =

2664
@N0

i
@x 0
0 @N0

i
@y

@N0
i

@y
@N0

i
@x

3775 (i = 1; 2; 3; 4) (19)

%Ov};|t CUO x@ 20 |x]@=Q R= @N0
i

@y w @N0
i

@x 'u; QO xm8<: @N0
i

@x = bi2A + bj
2A + �i�igk2A(1+g1g3++g2g4)

�Px
@N0

i
@y = ci2A + cj

2A + �i�igk2A(1+g1g3++g2g4)
�Py

(i = 1; 2; 3; 4; j = 2; 3; 4; 5; k = 1; 2; 3; 4) (20)

"=yxQo QO |}=Hx@=H Q=OQ@ "3 pmW

Qw]u=ty "OvDUy u=tr= |xWwo 4 QO u} RDQ=m C=YDNt (xi; yi)(i = 1; 2; 3; 4)

R= p=kDv= =@ u}=Q@=v@ "CU= |]N xrO=at l} xW}ty '3 |xrO=at 'CU= OwyWt xm
%�6 |x]@=Q� pw= |x@DQt C=kDWt

(
@
@x
@
@y

)
= 1

2A
"
b1 b2 b3 b4
a1 a2 a3 a4

#8>>>>><>>>>>:
@
@L1
@
@L2
@
@L3
@
@L4

9>>>>>=>>>>>; (6)

%Ovm <=[Q= =Q 7 \@=wQ O}=@ Li(i = 1; 2; 3; 4) xm O=O u=Wv u=wD|t8<:L1 + L2 + L3 + L4 = 1;
g4g1L1 � g1g2L2 + g2g3L3 � g3g4L4 = 0

(7)

Li(i = 1; 2; 3; 4) w OvDUy pkDUt Li(i = 1; 2; 3; 4) |=DwO \ki xm
%OwW u=}@ 8 \@=wQ xawtHt QO l} QDt=Q=B wR}= C=YDNt CQwYx@ Ov=wD|t8>>>>><>>>>>:

L1 = 1
4 (1� �)[g2(1� �) + g3(1 + �)]

L2 = 1
4 (1� �)[g4(1� �) + g3(1 + �)]

L3 = 1
4 (1 + �)[g1(1� �) + g4(1 + �)]

L4 = 1
4 (1 + �)[g1(1� �) + g2(1 + �)]

9>>>>>=>>>>>; (8)

|}=Hx@=H Q=OQ@ "O} Q}o@ Q_v QO =Q 3 pmW QO xOWxO=O u=Wv |}xQo 4 u=tr=
%CU= 9 |x]@=Q CQwYx@ fqge u=tr= |}xQo

fqge = [u1 �1 u2 �2 �3 �3 �4 �4]T (9)

wO pt=W R}v � w �2 '�1 |rN=O QDt=Q=B wO pt=W u |}=Hx@=H u=O}t 'xwqax@
%OvDUy 10 |x]@=Q CQwYx@ f�ge Q=OQ@ |=yQDt=Q=B "CU= �02 w �01 |rN=O QDt=Q=B
f�ge = [�1 �01 �2 �02]T (10)

�P = 3(L3�L1)(L4�L2)�(g2�g3)(L3�L1)�(g1�g2)(L4�L1)� 12 (g2g4�g1g3)
1+g1g3+g2g4

(14)
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}rLDx@ s=o l} QO \ki Ov=wD|t xOQ=w Q=@ 'xR=U |]N p}rLD QO "OwW|t xO=O u=Wv
OvJ x@ xR=U Q@ |r=ta= Q=@ 'xR=U |]NQ}e p}rLD QO 'p=L u}= =@ "OwW p=ta= xR=U
"OwW|t p=ta= xR=U x@ |B QO |B CQwYx@ |wtv Q=@ s=o Qy QO w s}UkD |wtv xrLQt
%OQ}o |=H xwQo wO QO Ov=wD|t xR=U |]NQ}e p}rLD QO |wtv pL OvwQ 'xH}Dv QO
uwO@ w QDQF-wt |WwQ |Q=QmD |wtv "|Q=QmD |wtv VwQ "2 w Xr=N |wtv VwQ "1
"CU= xOW xO=iDU= QwmPt VwQ R= R}v Q[=L VywSB QO xm CU= |atHD |=y=]N

%�27 |x]@=Q� OwW|t p}tmD �� w u� |}=Hx@=H =@ �0 w u0 |}=Hx@=H(
u

�

)
=

(
u0

�0

)
+

(
u�

��

)
= [Nq]fqge + [N�]f�ge (27)

u=tr= |=Q@ TL |Ov@pwtQi R= u; QO xm CU= 11 |xrO=at u=ty Q}N= |xrO=at
28 |x]@=Q CQwYx@ u} Qo pt=m VvQm R= VvQm |x@U=Lt QO "CU= xOW xO=iDU=

%OwW|t
Eij = 1

2 (ui;j + uj;i + um;i um;j) (28)

m w j w i T}Ov= "CU= xOW xDWwv QwUv=D XN=W CQwYx@ u} Qo VvQm
'Ck}kL QO �"OvDUy u '� |xOvyOu=Wv u1 'u2 u}=Q@=v@� OvDUy Q}eDt 2 =D 1 R=
QO "Ovm|t =i}= C=@U=Lt QO ?r=e Vkv l} 'Sv=Qo q u} Qo VvQm |]N CtUk
|xHQO |}=Hx@=H |=ysQD R= =Q |}=Hx@=H |Q=oR=U=v [19]'1993 p=U QO |WywSB

%CU= xOQm hPL 29 |x]@=Q CQwYx@ swO
Eij = 1

2 (u0
i;j + u0

j;i + u0
m;iu

0
m;j) + 1

2 (u�i;j + u�j;i)

= 1
2 (ui;j + uj;i + u0

m;iu
0
m;j) (29)

|U} QD=t pmW x@ Ov=wD|t Sv=Qo q u} Qo VvQm 'xOWQmP C=[wQit T=U=Q@
%OwW u=}@ �30 |x]@=Q�

fEge = [Bq]fqge + [B�]f�ge + 1
2 [A][G]fqge (30)

31 |x]@=Q R= [G] w xOW xO=O 21 w 18 |=yxrO=at QO [B�] w [Bq] 'u; QO xm
%Ov};|t CUOx@ 33 |x]@=Q R= [A] w

[G] = [[G1][G2][G3][G4]] (31)

%O};|t CUO x@ 32 |x]@=Q R= [Gi] u; QO w

[Gi] =

2666664
@N0

i
@X 0
0 @N0

i
@X

@N0
i

@Y 0
0 @N0

i
@Y

3777775 (i = 1; 2; 3; 4) (32)

[A] =

2664 @u
0

@X
@�0
@X 0 0

0 0 @u0
@X

@�0
@Y

@u0
@Y

@�0
@Y

@u0
@X

@�0
@X

3775 (33)

%O};|t CUOx@ 34 |x]@=Q R=
h
@u0
@X

@�0
@X

@u0
@Y

@�0
@Y

iT 'u; QO xm�
@u0

@X
@�0

@X
@u0

@Y
@�0

@Y

�T
= [G]fqge (34)

%Ov};|t CUOx@ 21 \@=wQ R= �Py w �Px '=yu; QO xm8>><>>:
�Px =

4P
i0=1

bi0�i0�i0 [3(Lj0 � Lm0) + (gj0 � gk0)]
�Py =

4P
i0=1

ci0�i0�i0 [3(Lj0 � Lm0) + (gj0 � gk0)]
(21)

 
i0 = 1; 2; 3; 4; j0 = 2; 3; 4; 5
k0 = 1; 2; 3; 4; m0 = 4; 1; 2; 3

!
(22)

%Ov};|t CUOx@ 23 |x]@=Q R= [B�i] w 22 |x]@=Q R= '16 |x]@=Q QO [B�] w
[B�] = [[B�1] [B�2]]

[B�i] =

2664
@N�i
@x 0
0 @N�i

@y
@N�i
@x

@N�i
@y

3775 (i = 1; 2) (23)

%Ov};|t CUOx@ 24 |x]@=Q R= @N�i@y w @N�i
@x 'u; QO xm

@N�i
@x

= bi
2ALk + bk

2ALi
@N�i
@y

= ci
2ALk + ck

2ALi (i = 1; 2; k = 3; 4) (24)

%OwW u=}@ 25 |x]@=Q CQwYx@ Ov=wD|t u=tr= |DNU T} QD=t
[K]e = [Kqq]� [Kqq]T [K��]�1[K�q] (25)

%Ov};|t CUOx@ 26 \@=wQ R= [K�q] w [K��] '[Kqq] 'u; QO xm
[Kqq] =

ZZ
[Bq]T [D][Bq]tdA

[K��] =
ZZ

[B�]T [D][B�]tdA

[K�q] =
ZZ

[B�]T [D][Bq]tdA (26)

w nv=} pwOt ?}DQD x@ � w E '|v=UWm T} QD=t [D] 'Ct=N[ t '=yu; QO xm
QO |v} Ro}=H =@ � wE Q=Okt K]Ut VvQm p�=Ut |=Q@ "OvDUy uwU=wB C@Uv

"OvyO|t p}mWD =Q [D] T} QD=t x]w@ Qt \@=wQ

Sv=Qo q |Ov@pwtQi "3
VwQ wO '|m}D=tv}U h}YwD VwQ w `HQt Q=Di=@ ?=NDv= |xwLv x@ xHwD =@
9�TL� pt=m Sv=Qo q "1 %OQ=O OwHw |UOvy |]NQ}e p}rLD |=Q@ |Ov@pwtQi
Q=Di=@ '`HQt sDU}U 'pt=m Sv=Qo q |Ov@pwtQi QO "10�UL� s=ovy@ Sv=Qo q "2 w
|m}D=DU= w |m}D=tv}U |=yQ}eDt s=tD "CU= (C0) u=tr= |rY= |xDi=}vpmWQ}}eD
's=ovy x@ Sv=Qo q |Ov@pwtQi QO "OvOQo|t R=@ `HQt Q=Di=@ x@ (Ct) |Q=H Q=Di=@ QO
u=tr= u=wvax@ xDi=} pmWQ}}eD u=tr= R= (Ct�1) u=tr= |xOW x@U=Lt Q=Di=@ u} QN;
|Q=H Q=Di=@ QO |m}D=DU= w |m}D=tv}U |=yQ}eDt |t=tD w OwW|t xO=iDU= `HQt
Q=@ u}rw= 'Sv=Qo q |Ov@pwtQi R= xO=iDU= "OvOQo|t R=@ `HQt Q=Di=@ u}= x@ Ct u=tr=
u=tr= w Sv=Qo q |Ov@pwtQi R= R}v Q[=L VywSB QO "OW x�=Q= [18]'2011 p=U QO
p}rLD h=Oy= u} QD|rY= R= |m} "CU= xOW xO=iDU= |UOvy |]NQ}e |}xQo 4
|}=Hx@=H � Q=@ Q=Owtv CQwYx@ ,qwtat xmCU= Q=@ p=kDv= w pO=aD Q}Ut |@=}OQ 'xR=U
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1/
1|

xQ=t
W'

35
�2

|xQ
wO'

�13
98

Q=y@
�h

}QW
u=Qt

a|
UOv

yt |DNU T} QD=t [Kgeo]e w |O=t |U=tt |DNU T} QD=t [Kmat]e 'u; QO xm
%Ov};|t CUOx@ 47 w 46 \@=wQ R= xm OvDUy |UOvy |U=tt

[Kmat]e =
ZZ
A

[B�]T [C][B�]tdA (46)

[Kgeo]e =
ZZ
A

[G]T [M ][G]tdA�
2X
i=1

�i[Hi] (47)

%O};|t CUOx@ 48 |x]@=Q R= [Hi] 'u; QO xm
[Hi] =

ZZ
[G]T

"
l1i[I] l3i[I]

l3i[I] l2i[I]

#
[G]tdA(i = 1; 2) (48)

%O};|t CUOx@ 49 |x]@=Q R=
2664l11 l12
l21 l22
l31 l32

3775 'u; QO xm
2664l11 l12
l21 l22
l31 l32

3775 = [c][B�]; [I] =

"1 0
0 1

#
(49)

%Ov};|t CUO x@ 51 |x]@=Q R= [�1 �2]T w 50 |x]@=Q R= fMg 'u}vJty
fMg =

"
Sx[I] Sxy[I]

Sxy[I] Sy[I]

#
(50)

[�1 �2]T = [R]�1
ZZ
A

[B�]T fSgetdA (51)

p@=k Q[=L VywSB QOQ4Hy11 u=tr= =@ pt=m Sv=Qo q |Ov@pwtQi ?}DQD u}O@
R= xO=iDU= =@ OQ=Ov=DU= OwOLt <=RH= QO pw=ODt VwQ Ovv=ty "OwW|t |R=UpOt
|OOa |Q}op=QoDv= VwQ R= xO=iDU= =@ Ovv=wD|t sRq |=yT} QD=t s=tD '8 |xrO=at

"OvwW x@U=Lt Tw=o

u=UWmQ@= O=wt "4
u=}@|WvQm |SQv=|r=oJ `@=D |x}=B Q@ nQR@ |=yVvQm|UQQ@ |=Q@?U=vt |=ypOt
|Q}op}Uv=Qi}O =@ =yVvD 'QwmPt VwQ QO "OvwW|t xDN=vW u=UWmQ@= O=wt u=wva =@ w
QwmPt |=yVwQ R= xO=iDU= |=Q@ "OvwW|t x@U=Lt |WvQm |SQv= |r=oJ `@=D R=
|x�=Q= R= uOw@ |vqw] p}rOx@ xm 'CU= xO}J}B |=y|Q}ojDWt |QU l} x@ R=}v
QO |U=U= \@=wQ R= |}xYqN \ki 'Q[=L Q=DWwv QO "CU= xOW Q_vhQY =yu;
`HQt QO "CU= OwHwt [20]`HQt QO QDpt=m C=L}[wD w xOW x�=Q= |vwvm VN@
xm CU= xOW xO=O VQDUo nQR@ |=ypmWQ}}eD |=Q@ |O}OH lwy pOt 'QwmPt
xO=iDU= 52 |x]@=Q pmW x@ |WvQm |SQv= `@=D R= sm =QD p@=kQ}e O=wt |R=UpOt |=Q@

%Ovm|t
 = 1

2�(ln(detF ))2 � � ln(detF ) + 1
2�(Tr(c)� 3) (52)

%O};|t CUOx@ 53 |x]@=Q R= F 'u; QO xm

F =

2664 @x
@x0

@x
@y0

@x
@�0

@y
@x0

@y
@y0

@x
@�0

@z
@x0

@z
@y0

@z
@�0

3775 ; c = FTF (53)

'�TL� pt=m Sv=Qo q |Ov@pwtQi R= xO=iDU= p}rOx@ 'OwW|t xOy=Wt xm Qw]u=ty
|]N p}rLD QO xmv}= ut[ "CU= (X;Y ) |x}rw= Q=Di=@ x@ xHwD =@ G}=Dv s=tD
w @N 0

i =@X "OQ=Ov OwHw �@=@y =}� @=@x w �@=@Y =}� @=@X u}@ |Dw=iD
|x}L=v C=YDNt u}@ |x]@=Q u}vJty w OvDUy 20 |x]@=Q Ovv=ty @N 0

i =@Y

CUOx@ 3 |xrO=at QO (x; y) uOQm u} Ro}=H =@ Ov=wD|t (X;Y ) w Li |ar[ 4
u=wD|t |RQt \}=QW R= xO=iDU= =@ f�ge Q=OQ@ |rN=O |=yQDt=Q=B uOQm sm =QDt =@ "O};

%CWwv =Q 35 |x]@=Q
@Ue

@f�ge = f0g (35)

'|Oa@ 2 |]N u=UWm |=yOQ@ Q=m QO "CU= u=tr= |WvQm |SQv= Ue 'u; QO xm
%OwW|t u=}@ 36 |x]@=Q CQwYx@ Ue

Ue = 1
2
ZZ
fEgeT [C]fEgetdA (36)

QO 36 w 30 |=yxrO=at |Q=Po|=H =@ "CU= |v=UWm T} QD=t [C] 'u; QO xm
%CWwv =Q 37 |xrO=at u=wD|t 35 |xrO=at

f�ge = �[R]�1([G1] + 1
2 [G1])fqge (37)

%Ov};|t CUOx@ 38 |x]@=Q R= [G2] w [G1] '[R] 'u; QO xm
[R] =

ZZ
[B�]T [C][B�]tdA

[G1] =
ZZ

[B�]T [C][Bq]tdA

[G2] =
ZZ

[B�]T [C][A][G]tdA (38)

%OwW xDWwv �39 |x]@=Q� sm =QDt CQwYx@ Ov=wD|t u} Qo VvQm Q=OQ@ 'u}=Q@=v@
fEge = ([Bq]� [B�][R]�1[G1])fqge

+1
2 ([A][G]� [B�][R]�1[G2])fqge (39)

%CW=O s}y=wN =Q 40 |x]@=Q '|wtv \@=wQ h} QaD =@
fdEge = [B�]fdqge (40)

%OwW |@=} RQ= 41 |x]@=Q j@=]t Ov=wD|t [B�] T} QD=t
[B�] = ([Bq]� [B�][R]�1[G1] + ([A][G]

�[B�][R]�1[G2]) (41)

43 w 42 |x]@=Q CQwYx@ fSge �swO |xHQO� hyWQ}m qw=B VvD Q=OQ@
%OwW|t x@U=Lt

fSge = [C]fEge (42)

fSge = [Sx Sy Sxy]T (43)

CQwYx@ [KT ]e |U=tt |DNUT} QD=t w ff intg |}xQo |wQ}v Q=OQ@ u}=Q@=v@
%OvwW|t xDWwv 45 w 44 |=yx]@=Q

ff intg =
ZZ
A

[B�]T fSgetdA (44)

[KT ]e = [Kmat]e + [Kgeo]e (45)
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"""u
=UW

mQ@=
|wD

Ut
|=y

u=tr
=|U

Ovy
|]

NQ}
ep

}rLD%Ov};|t CUOx@ 65 \@=wQ R= 'C T} QD=t |=yxir-wt
C11 = C1111 = (�2 ln(det(Fp
)�+ �+ 2�)(c�1

11 )2 (65)

C12 = C1122 = C2211 = (2�� 2 ln(det(Fp
)�)(c�1
12 )2

+�c�1
11 c
�1
22

C23 = 1
2 (C1112 + C1121) = C1211

= (2 ln(det(Fp
)�+ �+ 2�)c�1
12 c
�1
11

C22 = C2222 = (�2 ln(det(Fp
)�+ �+ 2�)(c�1
22 )2

C23 = 1
2 (C2212 + C2221) = C1222

= (2 ln(det(Fp
)�+ �+ 2�)c�1
12 c
�1
22

C33 = 1
2 (C1212 + C1221) = C1222 = (�ln(det(Fp
)�+ �

+�)(c�1
12 )2 � ln(det(Fp
)�)c�1

11 c
�1
22

xDi=}pmWQ}}eD Q=Di=@ x@ =Q x}rw= Q=Di=@ sHL 'pmWQ}}eD u=}O=Qo xmCU= QmP x@ sRq
%�66 |x]@=Q� Ovm|t \@DQt

V = V 0 det F ) hA = h0A0 detF 
p (66)

|=yp=Ft|UQQ@G}=Dv '|O=yvW}B VwQ|}=yv |=yMU=B pQDvm w|@=}CLY Qw_vtx@
x�=Q= sHvB VN@ QO |}=Hx@=H u=O}t |xRwL QO `H=Qt Q}=U QO xOWpL |OOa

"CU= xOW

xrYw uwtR; "5
VwQ QO |O=yvW}B u=tr= l} C}rw@kt |UQQ@ |=Q@ uwtR; |awv 12xrYw uwtR;
<=RH= |=y|Ov@pwtQi G}=Dv R= u=v}t]= pwYL CyH '`k=w QO "CU= OwOLt <=RH=
Q@ |oty xm 'OQ=O |vwo =vwo OQ=wt xrYw uwtR; "CU= xrYw uwtR; x@ R=}v 'OwOLt

"pt=mD �? w |Q=oR=U �hr= %OvQ=O x}mD u=tr= |}=Qosy
QO |}=Qosy '�C@=F VvQm� w �?rY |}=Hx@=H� VwQ wO x@ xrYw uwtR;
QO xm OwW|t ZQi ?rY |}=Hx@=H 'xrYw uwtR; QO "Ovm|t pQDvm =Q =yu=tr=
'OW=@ xDW=O OwHw C@=F |}=Hx@=H l} �xrYw |=yRQt� |HQ=N |=yxQo |t=tD
xQo |}=Hx@=H w pL Q_vOQwt |xrYw |wQ |O=yvW}B OwOLt <=RH= pOt TBU
|DQwY QO xrYw uwtR; |=Q@ C@Ft MU=B "OwW|t x@U=Lt R}v |v=}t |=yxQo =}
|m} =yRQt x@ xOWxO=O X=YDN= |}=Hx@=H =@ |v=}t |=yxQo |}=Hx@=H xm CU=
C@=F VvQm |}=Hx@=H uwtR; QO "CU= |ivt uwtR; MU=B CQwYu}= Q}e QO 'OwW
TBU "OwW ^=Lr |]N |}=Hx@=H Q=Okt l} =yxQo |t=tD |=Q@ xm OwW|t ZQi
,=@k=aDt w \Uw |=yxQo QO |}=Hx@=H Q=Okt 'xrYw |=Q@ OwOLt <=RH= C=@U=Lt =@
Q@=Q@ |OOa pOt pL R= |W=v VvQm =@ O}=@ C@=F VvQm u}= "OwW|t x@U=Lt VvQm
uwtR; |UQQ@ x@ '|vwvm VN@ QO "CU= |ivt uwtR; MU=B CQwYu}= Q}e QO w OW=@
Qw]u=ty K]Ut VvD |xr�Ut l} "CU= xOW xDN=OQB [11]`HQt =@ j@=]t xrYw
� = 0 3 w E = 1000 |m} R}i C=}YwYN =@ 'OwW|t xOy=Wt 4 pmW QO xm

"CU= xOW |UQQ@
j@=]t xr�Ut j}kO pL w OvDUy O}kt |vwt=Q}B |=yxQo |t=tD '[11]`HQt QO
Q@=Q@ xOWp=ta= VvD u}vJty "CU= � = �0 0006 y w u = 0=002x =@

X=wN |=yQDt=Q=B � w � 'pmWQ}}eD u=}O=Qo |xOvyOu=Wv F '52 |x]@=Q QO xm
=@ =yu; |x]@=Q "OvwW|t xDN=vW xtq ?}=Q[ u=wva =@ xm OvDUy xO=t |m} R}i

%OvDUy 55 w 54 \@=wQ CQwYx@ � uwU=wB C@Uv w E nv=} pwOt
� = �E

(1 + �)(1� 2�)
(54)

� = E
2(1 + �)

(55)

%Ovm|t Q}}eD 56 |x]@=Q CQwYx@ pmWQ}}eD u=}O=Qo

F =

2664 @x
@x0

@x
@y0 0

@y
@x0

@y
@y0 0

0 0 F33

3775 ; det F = F33 det Fp (56)

OwHwt \@=wQ x@ xHwD =@ "OQm x@U=Lt �zz = 0 x@ xHwD =@ =Q F33 O}=@ =OD@=
%OwW u}}aD 57 |x]@=Q CQwYx@ Ov=wD|t �zz '|Oa@ xU Cr=L |=Q@

�̂ = �
detF

ln(detF)I + �
detF

(FF
 � I)

�zz = �
F33 det Fp

ln(F33detFp) + �
F33 det F

(F233 � I) (57)

%s} Q=O =Q 58 |x]@=Q '�zz = 0 Cr=L |=Q@ 'u}=Q@=v@
�

F33 det Fp
ln(F33 + ln(det Fp) = �

F33 det Fp
(F233 � I) (58)

x@U=Lt 59 |x]@=Q j@=]t |}xLiY pmWQ}}eD u=}=OQo R= F u=v}tQDO Q=Okt TBU
%OwW|t

detF = F33 detFp ) ln(detF )

= lnF33 + ln(detFp) = � �
�+ 2� ln(detFp) + ln(detFp)

(59)

%O};|t CUOx@ 60 |x]@=Q R= ln(detF ) 'u}=Q@=v@
ln(detF ) = 2�

�+ 2� ln(detFp) = ln(detF 
p )) detF

= det F 
p (60)

%OwW|t x@U=Lt 61 |x]@=Q R= 
 'u; QO xm

 = 2�

�+ 2� (61)

65 |r= 62 \@=wQ CQwYx@ Ovv=wD|t |}xLiY VvD |xOvyOp}mWD \@=wQ
%OvwWx@U=Lt

Sp = �(ln(detF 
p )c�1
p + �(I � c�1

p ) (62)

�p = �
detFTp

ln(detF 
p )I + �
detFTp

(bp � I) (63)

C =

2664C11 C12 C13
C12 C22 C23
C13 C23 C33

3775 (64)
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[21]"|}=yDv= Q=@ =@ xQ] Q}D u=tr= "5 pmW

j}kO ?=wH =@ �R} Q�?U=vt w '|H=Hwa= 'CWQO |Ov@Vt G}=Dv |xU}=kt "6 pmW
"xr�Ut

?rDt |xt=vQ@ QO Cw=iDt |=y|Ov@Vt =@ |O=yvW}B pOt G}=Dv |xU}=kt "7 pmW
"Twm =@; QO xOWxDN=U pOt w

=@ xm@W |R=UxDUUo ẁv u} QN; 'C}=yvQO w �|O=R; xHQO 126 w u=tr= 40 =@ pw=
QO xOWx�=Q= �|O=R; xHQO 44 w u=tr= 10 pt=W� |H=Hwa= |=yu=tr= R= xO=iDU=
xOW p}mWD '[10]`HQt R= xOWxDiQo |xr�Ut j}kO ?=wH w [21]`HQt w 5 pmW

"CU=
<=RH= Q=Ri=sQv =@ |vwvm |xr�Ut '|O=yvW}B VwQ QDj}kO w QDy@ |xU}=kt |=Q@
xO=iDU= shell u=tr= R= Twm =@; |R=UpOt QO 'CU= xOW p}rLD R}v Twm =@; OwOLt
0 02 Q@=Q@ Approximate global size 'Mesh pwS=t QO |Ov@Vt |=Q@ w
u; Technique w Tri u=tr= 'Element Shape CtUk QO "CU= xOW p=ta=
p=ta= xr�Ut C=aq]= j@=]t C=YNWt Q}=U w RmQtDt |}=yDv= Q=@ w O=H}= Free

QO p}rLD G}=Dv G=QNDU= w Twm =@; |xt=vQ@ \UwD xr�Ut p}rLD =@ "CU= xOW
p}rLD R= pY=L G}=Dv w Twm =@; p}rLD R= pY=L G}=Dv u}@ |xU}=kt '7 pmW
xO=O u=Wv �|H=Hwa= w R} Q 'CWQO� u=tr= 3 =@ ?rDt \}Lt QO |U} wvOm \UwD
G}=Dv =@ |@ wN j@=]D '|O=yvW}B VwQ 'CU= XNWt xm Qw]u=ty "CU= xOW

[11]"xrYw uwtR; |@=} RQ= |=Q@ K]Ut VvD |xr�Ut "4 pmW
"xrYw uwtR; pL "1 pwOH

CyH QO xOWx@U=Lt |}=Hx@=H xQo
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7. Matlab
8. Abaqus
9. total lagrangian
10. update lagrangian
11. quadrilatera 4node hyperelastic
12. patch test
13. cook's membrane

�References� `@=vt
1. Greco, M., Menin, A. and Ferreiram, F.B. \Compari-

son between two geometrical nonlinear methods for truss
analyses", Structural Engineering and Mechanics, 41(6),
pp. 735-750 (2012).

2. Bathe, K.J., Finite Element Procedures, Prentice, Hall
Inc., New Jersey (1996).

3. Malkus, D.S. and Michael, E.P., Concepts and Applica-
tions of Finite Element Analysis, Robert. D. Cook, 3rd
Edition, New York (2001).

4. Du, Y. and Cen, S. \Geometrically nonlinear analysis
with a 4-node membrane element formulated by the-
quadrilateral area coordinate method", Finite Elements
in Analysis and Design, 44(8), pp. 427-438 (2008).

5. Leonard, J.W., Tension structures: Behavior and Anal-
ysis, McGraw-Hill, New York (1988).

6. Otto, F., Tensile structures: Design, Structure, and Cal-
culation of Buildings of Cables, Nets, and Membranes,
MIT Press, Cambridge (1967).

7. Timoshenko, S. and Woinowsky, K.S., Theory of Plates
and Shells, McGraw-Hill, 2ed Edition, New York (1959).

8. Borst, R.D., Cris�eld, M.A., Remmers, J.J.C. and et al.
Non-Linear Finite Element Analysis of Solids and Struc-
tures, Wiley Series In Computional Mechanics, 2ed Edi-
tion (2012).

9. Simo, J.C. and Ortiz, M. \A uni�ed approach to �nite
deformation elastoplastic analysis based on the use of
hyperelastic constitutive equations", Computer Methods
in Applied Mechanics and Engineering, 49(2), pp. 221-
245 (1985).

10. Belytschko, T., Liu, W.K. and Moran, B. \Nonlinear �-
nite elements for continua and structures", Wiley, Chich-
ester (2000).

11. Zienkiewicz, O.C. and Taylor, R.L., The Finite Element
Method, 5th Editiom (2000).

12. Zhu, Y.Q., Lin, Z.Q. and Zhang, W.G. \A quadrilateral
thin shell element based on area co-ordinate for explicit

dynamic analysis", Commun. Numer. Meth. Eng., 19(3),
pp. 169-178 (2003).

13. Chen, X.M., Cen, S., Long, Y.Q. and et al \Membrane
elements insensitiveto distortion using the quadrilateral
area coordinate method", Comput. Struct., 82, pp. 35-54
(2004).

14. Long, Z.F., Li, J.X., Cen, S. and et al. \Some basic
formulae for area coordinates used in quadrilateral ele-
ments", Commun. Numer. Meth. Eng., 15(12), pp. 841-
852 (1999).

15. Chen, X.M., Cen, S., Fu, X.R. and et al. \A new quadri-
lateral area coordinate method (QACM-II) or develop-
ing quadrilateral �nite element models", Int. J. Numer.
Meth. Eng., 73(13), pp. 1911-1941 (2008).

16. Rezaiee-Pajand, M. and Yaghoobi, M. \An e�cient for-
mulation for linear and geometric non-linear membrane
elements", Civil Engineering Department, Ferdowsi Uni-
versity of Mashhad, Iran (2014).

17. Zhen, W. and Qin, S. \Corotational nonlinear analysess
of laminated shell structures using a 4-node quadrilateral

at shell element with drilling sti�ness", Acta Mechanica
Sinica, 30(3), pp. 418-429 (2014).

18. Limkatanyu, S., Prachasaree, W., Kaewkulchai, G. and
Kwon, M. \Total lagrangian formulation of 2D bar el-
ement using vectorial kinematical description uchar-
timkatanyu", KSCE Journal of Civil Engineering, 17(6),
pp. 1348-1358 (2011).

19. Wu, C.C. and Jiaom, Z.P. \Geometrically nonlinear
analyses for 2-D problemsbased on the incompatible �-
nite elements with internal parameters", Acta Mechanica
Sinica, 25, pp. (1993).

20. Gerhard, A.H., Nonlinear Solid Mechanics: A Con-
tinuum Approach for Engineering, Wiley, 1st Edition
(2000).

21. Betsch, P., Gruttmann, E. and Stein, E. \A 4-node �nite
shell element for the implementation of general hypere-
lastic 3D-elasticity at �nite strains", Comput. Methods.
Appl. Mech. Engig., 130(1-2), pp. 57-79 (1996).

22. Deuster, A., Hartmann, S. and Rank, E. \P-FEM ap-
plied to �nite isotropic hyperelastic bodies", Comput.
Methods. Appl. Mech. Engrg., 192(47-48), pp. 5147-5166
(2010).

23. Gil Perez, M. Kang. and et al. \Nonlinear analysis and
design of membrane fabric structures: Modeling proce-
dure and case studies", ASCE2, Journal of Structural
Engineering, 142(11), pp.28-35 (2016).

12


