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VywSB QO "OwW|t |R=UxDUUo 'CU= QDq=@ |=]N =@ |L=wv Q@ =yu; RmQtD xm
R= 'O}OH |=yu=tr= O}rwD w xm@W KqY= CyH |k}@]D h} Q_D Qw_vtx@ 'Q[=L
=DU=Q u} QDnQR@ uDUmW VwQ "CU= xOW xO=iDU= =DU=Q u} QDnQR@ uDUmW VwQ
|vD@t |WwQ w xOW x�=Q= [15]'1975 p=U QO Q=@ u}rw= 'O}OH |xm@W O}rwD |=Q@
|}=Q=m w |oO=U p}rO x@ Q}N= |=yp=U QO QwmPt VwQ "CU= |FrFt |=yu=tr= Q@

"CU= xOW xO=iDU= [17w16]'uwo =vwo |=yxRwL QO C=aiO x@ 'q=@

P |xm@W KqY= VwQ "2"3
\ki xm@W KqY= w CU= C@=F =yu=tr= O=OaD w O=a@= 'P |xm@W KqY= VwQ QO
R=Ht OL R= QDq=@ |=]N =@ |=yu=tr= |=Q@ '?} QkD `@=wD |x@DQt V}=Ri= j} Q] R=
[10]'2013 p=U QO |}xOW O=yvW}B VwQ R= 'Q[=L Q=DWwv QO "OQ}PB|t CQwY
QO "CU= xOW xO=iDU= xOWu}}aD Q=}at R= QDW}@ |=]N =@ \=kv |R=U|ve CyH
xOW x�=Q= �VWwB R=U|ve `@=wD� P |xm@W KqY= VwQ Q@ sm =L \@=wQ '4 VN@

"CU=

VWwB ?=}uwQO `@=wD VwQ x@ |R=U|ve "4
R= xO=iDU= =@ xOW|ve OwOLt <=RH= uw}UqwtQi 'xYqN Qw]x@ 'Q[=L VN@ QO
xOW xO=O K}[wD OwOLt <=RH= u}}=B |x@DQt |=yu=tr= |=Q@ VWwB ?=}uwQO `@=wD
xO=iDU= OQ=Ov=DU= |=yu=tr= =@ |Ov@xm@W R= xRwL l} |R=UxDUUo |=Q@ Qo = "CU=
x@ |R=U|ve QO "Ow@ Oy=wN xDU@=w u=tr= O=a@= w ẁv x@ =yMU=B CkO 'OW=@ xOW
xDiQo Q_v QO |WWwB |xRwLQ} R l} xQo Qy |=Q@ 'VWwB ?=}uwQO `@=wD VwQ
|=yxRwLQ} R QO "CU=XNWt |x@DQt =@ ?=}uwQO `@=Dl} =@ xRwLQ} R Qy "OwW|t
x@ xm OwW|t xO=iDU= OQ=Ov=DU= Cr=L x@ C@Uv QDq=@ |x@DQt `@=wD R= '|WWwB
QHvt q=@ CkO =@ |}=ypL x@ 'Qo}Om} QO x}=Uty |=yxQo Q}F-=D uDiQo Q_vQO p}rO
Q=Okt xm CU= i |xQo |=Q@ |]N ?=}uwQO l} hi `@=D 'hr=1 pmW QO "OwW|t
|=yu=tr= w CU= QiY Q@=Q@ i |xQo x@ xDU@=w \=kv Q}=U QO w 1 Q@=Q@ i |xQo QO u;
|]N `@=wD R= xO=iDU= "OvwW|t ?wULt i |xQo |xRwL Q} R 'i |xQo x@ pYDt
q=@ CaQU w |D=@U=Lt sm sHL =@ |]N |=y?} QkD '=yxRwLQ} R |@=}uwQO |=Q@
|@=}uwQO hi |]N `@=D \UwD i |xQo |=Q@ xm |}x}L=v "CW=O Oy=wN p=@vOx@ =Q
"�?1 pmW� OwW|t xO=O V}=tv ci =@ w xO}t=v s)=i |xQo VWwB |x}L=v 'OwW|t
Q@=Q@ |v=tr= |WWwB |x}L=v '�G1 pmW� k w j 'i |xQo 3 =@ 's)=m |FrFt u=tr= |=Q@
VWwB |x}L=v u}}aD R= Oa@ "CU= 'ck w cj 'ci |=yVWwB |L=wv u}@ l =QDW= =@
R= xO=iDU= =@ |@=}uwQO "O}UQ Oy=wN |WWwB |=yx}L=v |@=}uwQO x@ C@ wv '=yxQo
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p}rL
D`@=D R= xO=iDU= '|O=yvW}B VwQ |rY= |=}=Rt R= |m} 'OW xQ=W= xm Qw]u=ty "CU=

x@ xHwD =@ "CU= xOWv u}t-=D u; R=}vOQwt CkO xm CU= |L=wv QO \ki |R=U|ve
xO=iDU= hrDNt |=yx@DQt =@ R=U|ve VWwB `@=wD R= xQo Qy QO pY=L CkO u=R}t
QO \ki w Ovm|t |Q}owrH |D=@U=Lt sHL |x} wQ|@ V}=Ri= R= Q=m u}= "OwW|t

"OyO|t V}=Ri= =Q CkO 'O=} R |=]N =@ |L=wv

|OOa |=yp=Ft "6
Q}Owo w wmvWwt}D Q=DWwv R= |v=UWm |Oa@ wO OQ=Ov=DU= p=Ft wO '|vwvm VN@ QO
Q[=L Q=DWwv |O=yvW}B VwQ j@=]t w x�=Q= \@DQt |RQt \}=QW =@ [18]'�2010�
"CU= xOW xU}=kt u=QoWywSB Q}=U |=yVwQ =@ pY=L G}=Dv TBU "Ov=xOW p}rLD
|xLiY l} 'swO p=Ft w O=R; |=yDv= QO |Q=PoQ=@ CLD xQ] Q}D x@ \w@ Qt 'pw= p=Ft
u}iQ] QO |WWm CN=wvm} |Q=PoQ=@ CLD xm RmQt QO |}xQ}=O M=QwU =@ C}=yv|@

"CU= xLiY

O=R; |=yDv= QO |Q=PoQ=@ CLD xQ] Q}D p=Ft "1"6
w Q}D |=yDv= QO uwo|tyU `} RwD =@ wQ}v QF= CLD xQ] Q}D l} 'Q[=L p=Ft QO
\UwD xm 'xr�Ut u}= |r}rLD ?=wH "CU= xOW |UQQ@ 3 pmW j@=]t |RQt \}=QW

"|O=yvW}B VwQ CQ=Jwri "2 pmW

"O=R; |=yDv= QO uwo|tyU `} RwD =@ wQ}v CLD xQ] Q}D Q@ sm =L \}=QW "3 pmW

|Ov@xm@W h} Q_D x@ R=}v '�20 R= |@Uv |=]N OYQO uOw@ QDW}@ CQwY QO w
VwQ� |SQv= Q=}at =@ =]N u}}aD VwQ QO "CU= h h} Q_D VwQ R= xO=iDU= =@
"CU= xOW |iQat RQt Q=Okt l} u=wvax@ �10 Q=Okt '[3]�I} wmv} R |xOW x�=Q=
VwQ |}=Q=m uOQ@ q=@ w VwQ wO R= |@}mQD |xO=iDU= p}rO x@ 'Q[=L Q=DWwv QO
R= |Q}owrH 'u; ?=NDv= p}qO R= |m} xm CU= xOW xO=iDU= �20 Q=Okt '|}=yv
'|@}mQD VwQ QO "CU= xOw@ h h} Q_D VwQ QO =yu=tr= O=OaD |x} wQ|@ V}=Ri=
CU= |i=m =yMU=B QO q=@ Q=}U@ u=}O=Qo =@ |=yxRwLQ} R |x}rw= uOW XNWt \ki
s=tD= R= Oa@ =Q} R "CU}v =yu=tr= Vv} Ro |=Q@ u}}=B R=Ht OL R= xO=iDU= x@ |R=}v w
O=OaD u}ty =@ w OwW|t xHwD ?=}uwQO `@=wD R= xO=iDU= x@ 'h} Q_D R= xrLQt u}=
O=} R Q=}U@ |=]N xm xRwL R= |}=yVN@ QO 'p@k |xrLQt R= xOW xi=[= u=tr= sm
QO w OQm xO=iDU= |WWwB ?=}uwQO `@=wD |=Q@ |QDu}}=B ?D=Qt R= u=wD|t 'OvQ=O
VwQ syt |=}=Rt R= |m} ẁ[wt u}= "Ci=} CUO |@ wr]t ,qt=m G}=Dv x@ p=Lu}a
OwHw h h} Q_D VwQ R= \ki |xO=iDU= QO xm |Ykv `iQ x@ xm 'CU= |O=yvW}B
p@=k Qw] x@ xRwL |R=UxDUUo |=Q@ u=tr= O=OaD V}=Ri= R= w Ovm|t xQ=W= 'OQ=O

%�10 |x]@=Q� OQw;|t pta x@ |Q}owrH |}x_Lqt
if E < �20! stop h� refinement (10)

QO "O};|t CUOx@ 3 |x]@=Q R= xm CU= xRwL |@Uv |=]N OYQO E 'u; QO xm
x@ "CU= R=}vOQwt hh} Q_D VwQ x@ xm@W KqY= '10 |x]@=Q |Q=QkQ@ sOa CQwY
�50� 11 |x]@=Q QO xOW u}}aD Q=Okt R= QDq=@ |=]N =@ |=yu=tr= =OD@= 'Qw_vt u}=
uDUmW VwQ� O}OH |=yu=tr= O}rwD |=Q@ w |}=U=vW �u=tr= u} QDnQR@ |=]N
|Q=QkQ@ ,=OOHt 'O}OH |=yu=tr= O}rwD R= Oa@ "OvwW|t xO=iDU= �=DU=Q u} QDnQR@
|Q=QkQ@ CQwY QO "OwW|t |UQQ@ xOt; CUOx@ |Ov@xm@W |=Q@ 10 |x]@=Q
Q}e QO w OwW|t hkwDt h h} Q_D VwQ 'xr�Ut |xRwL pm |=Q@ '10 |x]@=Q
h} Q_D w Vv} Ro OwHwt |=yu=tr= '11 |x]@=Q R= xO=iDU= =@ Qo}O Q=@ CQwYu}=
xr�Ut |xRwL pm |wQ Q@ 10 |x]@=Q |Q=QkQ@ =D OvwQ u}= "Ci=} Oy=wN xt=O= xm@W

%OwW|t Q=QmD
if ei > 0 5�max(ej)! element ith select for

h� refinement (11)

OQwt |xRwL QO |v=tr= |=]N Q=Okt u} QDnQR@ Qov=}@ 'max(ej) CQ=@a
=@ h} Q_D VwQ R= xO=iDU= p=@vO x@ |O=yvW}B VwQ '|Oa@ s=o QO "CU= |UQQ@
|v=tr= |=]N Q}O=kt |@=}uwQO =@ =OD@= =Pr "CU= VWwB R=U|ve `@=wD R= xO=iDU=
\}=QW x@ xHwD =@ TBU "OwW|t u}}aD =yxQo |t=tD |=]N '=yxQo x@ u; s}taD w
xQo Qy =@ \@DQt VWwB |R=U|ve ?=}uwQO `@=wD |x@DQt '12 |x]@=Q QO xOWx�=Q=

%OwW|t xO=iDU= |R=U|ve QO w u}}aD

if

8>>>>>>><>>>>>>>:
ni � 0 3� 
 ! p = 0

0 3� 
 < ni � 0 6� 
 ! p = 1
0 6� 
 < ni � 0 8� 
 ! p = 2

ni > 0 8� 
 ! p = 0

(12)

|}xQo |=]N u} QDnQR@ �50 Q@=Q@ 
 's)=i |xQo |=]N Qov=}@ ni Q=Okt 'u; QO xm
'2 pmW QO "CU= |UQQ@ OQwt xQo |=Q@ VWwB |R=U|ve `@=D |x@DQt p w 'OwHwt
xOW x�=Q= ẁ[wt QDy@ lQO Qw_vtx@ Q[=L Q=DWwv QO |O=yvW}B VwQ CQ=Jwri
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1|

xQ=t
W'

35
�2

|xQ
wO'

�13
98

u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt u}@ 'Q[=L Q=DWwv QO VWwB `@=D |=yx@DQt "Ovm xO=iDU= |R=U|ve CyH hrDNt

?=NDv= xOWx@U=Lt |=]N u=R}t =@ ?U=vDt R=U|ve `@=D |xHQO "OvDUy 3 =D 0
\ki =Q =]N 'C=@U=Lt sHL |x} wQ|@ V}=Ri= uwO@ Ov=wD|t VwQ u}= "OwW|t
R=U|ve `@=wD `k=w QO "OyO Vy=m 'Ov=xO}UQv CkO ?wr]t u=R}t x@ xm |k]=vt QO

"OvwW|t xOwRi= \=kv u}= x@ \ki
'1 uwDU "OwW|t xOy=Wt 5 pmW QO xOW QmP |xr�Ut pL x@ \w@ Qt G}=Dv
Q}O=kt w �h h} Q_D |xrLQt u} QN;� O4 pmW QO xOW x�=Q= |Ov@xm@W x@ \w@ Qt
?=}uwQO `@=wD p=ta= =@ x=Qty 'O4 pmW QO xOWx�=Q= |Ov@xm@W x@ \w@ Qt 2 uwDU
QO 'x CyH QO u=mtQ}}eD %?5 w hr=5 |=ypmW QO "CU= VWwB |R=U|ve
QO VvD `} RwD %Q5 w R5 |=ypmW QO 'y CyH QO u=mtQ}}eD %O5 w G5 |=ypmW
QO "CU= xOW x�=Q= y CyH QO VvD `} RwD %M5 w I5 |=ypmW QO w x CyH
xOW u}}aD |=]N R=Ht |xRwL QO xOt; CUOx@ |=y?=wH 5 pmW R= 1 uwDU
5 pmW R= 2 uwDU G}=Dv x@ \w@ Qt xm |Oa@ s=o QO "Ov=xDiQo Q=Qk pw= s=o |=Q@
w CUq=@ Q=}U@ CkO =@ |}=y?=wH x@ |@=}CUO p=@vO x@ |O=yvW}B VwQ 'CU=
VWwB ?=}uwQO |R=U|ve `@=wD R= xO=iDU= xm swO VwQ R= 'Qt= u}= x@ uO}UQ |=Q@

"Ovm|t xO=iDU= 'CU=
KqY= |wQ Q@ |O=yvW}B VwQ QF= QDy@ V}=tv Qw_vtx@ '7 w 6 |=ypmW QO
|ki= u=mtQ}}eD w s�=k u=mtQ}}eD ?}DQD x@ xr�Ut |xRwL Q@ sm =L |v=mtQ}}eD u=O}t
"CU= xOW x�=Q= �3 pmW j@]AB |=DU=Q� xQ] Q}D |}q=@ |=DU=Q x@ \w@ Qt
x@ |O=yvW}B VwQ =@ xr�Ut pL |] QO G}=Dv Ow@y@ OvwQ 'QwmPt |=ypmW QO
O=OaD =@ OQ=Ov=DU= OwOLt <=RH= R= xOt; CUOx@ ?=wH =OD@= "CU= u=}=tv Kw[w
VwQ x@ h} Q_D |xrLQt wO TBU "CU= xOW xO=O V}=tv QDu}}=B |O=R; |=yxHQO
s=Hv= 'OW |iQat 11 |xrO=at QO xm 'xRwL Q@ sm =L |=]N Vy=m CyH QO h
R=U|ve `@=wD R= xO=iDU= =@ '=yDv= QO "CU= xOW <=[Q= QwmPt |xrO=at \}=QW w
xOW xDN=OQB 12 |xrO=at \}=QW CLD OwHwt G}=Dv KqY= x@ ,=OOHt 'VWwB

"swU p=Ft x@ \w@ Qt G}=Dv "5 pmW

"CU= xOW x�=Q= 18 |r= 13 \@=wQ QO [18]'CU= xOW |iQat Q}Owo w wmvWwt}D
u = (Py=6EI)[3x(2L� x) + (2 + �)(y2 � c2)] (13)

V = (Py=6EI)�x2(3L� x) + 3�(L� x)y2

+(4 + 5�)c2x
�

(14)

�x = �Py (L� x) =I (15)

�y = 0 (16)

�xy = P
�
c2 � y2� =2I (17)

I = 2c3=3 (18)

xOW OQ=w y CyH QO Q=w|tyU `} RwD =@ RmQtDt Q=@ CU=Q CtU RQt QO
uwO@ |=yRQt 'u}}=B w q=@ RQt wO "CU= QiY |w=Ut VvD x CyH QO w
|r}rLD ?=wH R= xO=iDU= =@ |v=mtQ}}eD |RQt \QW AJ CtU RQt QO w VvD
ZQi =@ w |}xLiY VvD \}=QW uDiQo Q_vQO =@ xr�Ut u}= "CU= xOW Qw_vt
?} Q[ w c = 0 3 (m) 'L = 2 4 (m) 'P = 1 (N) 'E = 1000 (Pa)

|] xOW x@U=Lt |=y|Ov@xm@W '4 pmW QO "CU= xOW pL � = 0 3 uwU=wB
|Ov@Vt 'hr=4 pmW QO "CU= xOW x�=Q= |O=yvW}B VwQ =@ xr�Ut pL OvwQ
xOy=Wt h VwQ x@ h} Q_D pL=Qt |r=wD O4 w G4 '?4 |=ypmW QO w x}rw=

"OwW|t
QO OwHwt \}=QW |xU}=kt w =]N u}}aD R= Oa@ '2 pmW CQ=Jwri j@=]t
TBU "OvwW|t |}=U=vW R=Ht OL R= QDq=@ |=]N =@ |=yu=tr= '11 |xrO=at
C=Q}}eD u}= "OQ}PB|t CQwY h h} Q_D VwQ R= xO=iDU= =@ |Ov@xm@W KqY=
hr=4 pmW x@ C@Uv ?4 pmW |xm@W |xU}=kt R= u=wD|t =Q |Ov@xm@W QO
|v=}=B w |}=yv |xrLQt "O}=@|t xt=O= 10 |xrO=at <=[Q= =D OvwQ u}= "OQm xOy=Wt
hh} Q_D VwQ R= xO=iDU= 'xrLQt u}= QO "OwW|t xOy=Wt O4 pmW QO |Ov@xm@W
CtUk QO xOW x�=Q= P |R=U|ve VwQ R= xO=iDU= '|Oa@ s=o QO "OwW|t hkwDt
w |v=tr= |=]N Q}O=kt |@=}uwQO =@ =OD@= 's=o u}= QO "OwW|t h} Q_D Ov}=Qi OQ=w 4
x@ xHwD =@ w |}=U=vW R=Ht OL R= QDq=@ |=]N =@ |=yxQo '|}xQo Q}O=kt x@ u; s}taD
\@DQt VWwB |R=U|ve ?=}uwQO `@=wD |x@DQt '12 |xrO=at QO xOW x�=Q= \}=QW
KQ]t ,q@k xm Qw]u=ty "OwW|t xO=iDU= |R=U|ve QO w u}}aD QwmPt |=yxQo =@
|=yx@DQt =@ VWwB `@=wD R= hrDNt \=kv QO Ov=wD|t P |R=U|ve VwQ 'OW

"|O=yvW}B VwQ x@ xr�Ut pL OvwQ |] xOWx�=Q= |=y|Ov@xm@W "4 pmW
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wx@
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D

"xOQDUo |QwLt Q=@ QF= CLD '|}xQ}=O M=QwU =@ xLiY "8 pmW

"|}xQ}=O M=QwU =} xLiY |=Q@ xOW p=ta= |RQt \}=QW "9 pmW

\QW ED w AB |=yRQt |=Q@ "CU= xOW xO=O u=Wv 9 pmW QO |} wQ}v w |RQt
CD w BC |=yRQt |=Q@ w Q=@ VvD uwO@ |m} R}i \QW AE RQt |=Q@ '|vQ=kD
?=wH "CU= xOW xO=iDU= xr�Ut j}kO ?=wH R= xOt; CUOx@ |WvD |RQt \QW
\@=wQ QO [18]'CU= xOW x�=Q= Q}Owo w wmvWwt}D \UwD xm xr�Ut u}= j}kO |r}rLD

"CU= xOW x�=Q= 24 |r= 19

ur = t
4G [r(k � 1

2 + cos(2�)) + c2
r

(1 + (1 +K)

cos(2�))� c4
r3 cos(2�)] (19)

u� = t
4Gsin (2�)

�
(1� k) c

2
r
� r � c4

r3
�

(20)

�x = t
�
1� c2

r2
�3

2cos(2�) + cos(4�)
�

+ 3c4
2r4 cos(4�)

�
(21)

�y = �
�
c2
r2
�1

2cos(2�)� cos(4�)
�
cos(4�) + 3c4

2r4

cos(4�)
�

(22)

�xy = �t
�
c2
r2
�1

2sin(2�)� sin(4�)
�
� 3c4

2r4 sin(4�)
�

(23)

k = (3� �)= (1 + �) (24)

Q=Okt xr�Ut u}= QO "OvDUy |WQ@ pwOt G w uwU=wB ?} Q[ � '=yu; QO xm
?} Q[ 't � 1(N=m) xOQ=w Q=@ COW E = 1 � 103 Pa |v=UWm pwOt
'10 pmW QO "CU= a = 1m pmW|}xQ}=O CtUk `=aW w � = 0 3 uwU=wB
"CU= xOW x�=Q= |O=yvW}B VwQ x@ xr�Ut pL OvwQ |] xOW x�=Q= |=y|Ov@xm@W

"xQ] Q}D |q=@ |=DU=Q |ki= u=mtQ}}eD x@ \w@ Qt G}=Dv "6 pmW

"xQ] Q}D |q=@ |=DU=Q s�=k u=mtQ}}eD x@ \w@ Qt G}=Dv "7 pmW

xOw@ ?U=vt Q=}U@ C}i}m w q=@ CkO =@ |=y?=wH x@ |@=}CUO u; |xH}Dv w
"CU=

wO |xr}Uw x@ xm OwW|t xOy=Wt 5 pmW R= xOt; CUOx@ G}=Dv x@ xHwD =@
"CU= xOW KqY= xr�Ut pL R= xOt;CUOx@ |=y?=wH '\@DQt |rw =RHt Q=my=Q
h} Q_D |xrLQt u} QN; G}=Dv '5 pmW 1 uwDU QO xOW xO=O u=Wv |=yQwDv=m QO
xOW x�=Q= VWwB R=U|ve ?=}uwQO VwQ x@ \w@ Qt G}=Dv '2 uwDU QO w h VwQ x@
=OD@= '5 pmW QO xOW xO=O V}=tv G}=Dv x@ |@=}CUO |=Q@ |O=yvW}B VwQ "CU=
|=]N =@ |L=wv Q@ RmQtD =@ TBU w xOQm p}rLD =Q xr�Ut QDtm |O=R; |xHQO =@
5 pmW 1 uwDU QO Q=DiQ u}= |xH}Dv "CU= xDN=OQB |Ov@xm@W KqY= x@ O=} R
u=mtQ}}eD� |UQQ@ OQwt C}tm QDy@ `} RwD x@ |@=}CUO pta u}= "OwW|t xOy=Wt
|=y?=wH x@ uO}UQ |=Q@ xm CU= sRq QmPD u}= "CU= xDW=O |B QO =Q �VvD �
u}ty x@ w Ov=xOW KqY= R=Ht OL R= QDq=@ |=]N =@ |=yxRwL Q} R \ki 'xOWQmP
|m} ẁ[wt u}= "CU= xOW |Q}owrH |O=R; |=yxHQO |x} wQ|@ V}=Ri= R= p}rO
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