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|OOa |R=Ux}@W |xRwL QO QJ=QO=wm p}Uv=Qi}O u} wv VwQ |xaUwD 'Q[=L Q=DWwv QO
uR=Nt QO p=}U u=} QH "CU= xOW x�=Q= pNrNDt \}Lt QO p=}U u=} QH w |Div uR=Nt
p}Uv=Qi}O VwQ R= u; pL |=Q@ xm Ovm|t |wQ}B |�RH p}Uv=Qi}O |xrO=at l} R= |Div

l} |wQ Q@ xm QJ=QO=wm p}Uv=Qi}O VwQ '=DU=Q u}= QO "OwW|t xO=iDU= �DQM� QJ=QO=wm
VwQ R= 'CqO=at |OOa pL CyH "CU= xOW K} QWD ,qt=m 'CU= xOW |R=UxO=}B xm@W
|v=tR w |v=mt C=kDWt |R=UxDUUo CyH ?}DQD x@ |RmQt p[=iD w QJ=QO=wm p}Uv=Qi}O

wO w |Oa@ l} |xvwtv |xr�Ut OvJ '|OOa pL w |@=} RQ= |=Q@ "CU= xOW xO=iDU=
G}=Dv "CU= xOW xU}=kt OwOLt p[=iD VwQ |=yxO=O w |r}rLD pL =@ G}=Dv w pL |Oa@
pL u}vJty "CU= |r}rLD pL G}=Dv =@ xOt; CUOx@ G}=Dv ?wN j@=]D R= |m =L 'pY=L

w Q_vOQwt CkO x@ uO}UQ QO QDW}@ CaQU Qov=Wv 'OwOLt p[=iD VwQ R= pY=L
"CU= QDtm |D=@U=Lt |xv} Ry
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\}Lt 'QJ=QO=wm p}Uv=Qi}O VwQ '|Div uR=Nt '|OOa pL %|O}rm u=oS=w
"pNrNDt

xtOkt "1
CqO=at R= xO=iDU= =@ u; |] QO xm CU= |Ov}=Qi |Div uR=Nt |R=Ux}@W
xDUO l} '�""" w swDvtt |=k@ � sQH |=k@� pNrNDt \}Lt uwQO u=} QH Q@ sm =L
QwmPt CqO=at pL w |UQQ@ x@ TBU w O};|t CUO x@ |�RH p}Uv=Qi}O CqO=at
xHwD =@ |r}rLD VwQ x@ xOt; CUOx@ p}Uv=Qi}O CqO=at pL "OwW|t xDN=OQB
umttQ}e R}v |y=o w Q=wWO 'uRNt p=}U w nvU X=wN w xUOvy |oO}J}B x@
OQ=wt |NQ@ QO w OwOLt p[=iD |OOa |=yVwQ R= pwtat Qw] x@ uwvm =D "CU=
u=} QH Q@ sm =L p}Uv=Qi}O CqO=at pL |=Q@ OwOLt u=tr= w OwOLt sHL VwQ
uRNt |OOa |R=Ux}@W OQwt QO "CU= xOW xO=iDU= pNrNDt \}Lt QO p=}U
QO x=J lwr@ Q=Wi |=Q@ |YN=W xm 'OQm xQ=W= 1978 p=U QO |D=ar=]t x@ u=wD|t
QO u}vJty [1]"CU= xOW x�=Q= |R=ilD |=yu=} QH QO uRNt |OOa |R=Ux}@W
xO=iDU= =@ xm OW xO=O u=Wv w xO=iDU= 1�BEM� |RQt u=tr= VwQ R= '1988 p=U
Q=O}=B u=} QH \w]N w C@=F Q=Wi |=yRQt QO |QDj}kO |=y?=wH 'QwmPt VwQ R=
|=y p=U QO R}v u=QoWywSB |NQ@ [2]"Ov};|t CUOx@ uoty |Oa@ wO uR=Nt QO
p[=iD 'u} Qo |=yVwQ x@ uRNt l} |OOa pL |xU}=kt x@ '2002 w 2000
xm OvO=O u=Wv w OvDN=OQB |Q=HD |=yQ=Ri=sQv |xO=iDU= OQwt |=yVwQ w 'OwOLt
|rw@k p@=k |=y?=wH x@ R}v CWQO |=yxm@W R= xO=iDU= =@ 2�GEM� u} Qo VwQ

=i}= u=yH R=}vOQwt |SQv= O}rwD QO |tyt Q=}U@ Vkv '|v@ QmwQO}y `@=vt xRwQt=
|=yQwWm O=YDk= QO 'xOW QmP `@=vt R= pY=L Ot;QO 'Qo}O |wU R= w Ovvm|t
u}t-=D |=Q@ |v@ QmwQO}y `@=vt x@ |DavY |=yQwWm R=}v "CU= C}ty=QB R}NCiv
R= |Q=OQ@xQy@ x@ |O=} R xHwD 'u; R= pY=L Ot;QO x@ R}NCiv |=yQwWm w |SQv=
'j} QRD 'O}rwD� uRNt |wQ Q@ C=}rta xvwoQy |=QH= "CU= xOQm ?rH OwN x@ =Q =yu;
u=} QH sR}v=mt w p=}U w nvU \}=QW R= |rw@k p@=k CN=vW OvtR=}v �""" w x=J QiL
p@=k CkO =@ V}=tR; j} Q] R= uRNt p=}U w nvU X=wN CN=vW "OQ=O u; QO
|=yx=Q w |@=} R=@ |ovwoJ 'u=} QH sR}v=mt CN=vW =t= &CU= Q}PBu=mt= |rw@k
xO=iDU= "CU= umttQ}e ,qta uRNt T=}kt QO V}=tR; =@ |@=} R=@ ?} Q[ V}=Ri=
QO =Q |O=} R C=aq]= Ov=wD|t OvJ Qy xSwQB l} OQ@W}B |=Q@ u}W}B C=}@ QHD R=
'uRNt l} \}=QW uOw@ X=N x@ xHwD =@ =t= 'OyO Q=Qk KQ] u; |QHt Q=}DN=
u; uwQO u=} QH w uRNt |R=Ux}@W u}=Q@=v@ "CU}v |i=m xSwQB |=QH= |=Q@ |}=yvDx@

"CU= |QwQ[
pw�Ut xOvU} wv �
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wD?} QkD |=v@t Q@ xOW QmP C=}rta |t=tD xm CU= K[=w "OwW|t u}}aD p@k

p}Uv=Qi}O VwQ u=wva =@ \@DQt DQ VwQ 'u; =@ j@=]t u}=Q@=v@ "CU= |}xrtHOvJ
pL QO uwvm =D xm CU= xOW |Q=Pos=v 6�PDQ� |}xrtHOvJ |=v@t Q@ QJ=QO=wm
QO PDQ VwQ '2006 p=U QO "CU= xOW xO=iDU= |UOvyt uwo =vwo p�=Ut
w O}k |@ C=@F 'DQ VwQ xm OW xO=O u=Wv w xO=iDU= Ovr@ G=wt= |R=UpOt
[15]"OQ=O |OOa |=yVwQ Q}=U x@ C@Uv QDtm |D=@U=Lt VqD x@ R=}v w OQ=O \QW
x@ u=wD|t |v}tRQ} R ?; u=} QH p�=Ut pL QO DQ VwQ OQ@ Q=m |xv}tR QO
VmyR p=v=m wO u}@ ?; K]U p}iwQB |x@U=Lt CyH 2009 p=U QO |WywSB
PDQ VwQ R= xO=iDU= =@ '2011 p=U QO u}= Q@ xwqa [16]"OQm xQ=W= |v}tRQ} R
=@ xDU@ u=wN@; u=} QH pt=W |Oa@l} u=wN@; u=} QH |xr�Ut ẁv 3 pL x@
xDN=OQB uoty=v |xDU@ w R=@ |=yu=wN@; R= CWv w u=tR x@ xDU@=w |RQt \}=QW
|=yVwQ w |r}rLD pL R= pY=L G}=Dv =@ PDQ VwQ G}=Dv xm CU= xOW
xOt; CUOx@ |@ wN j@=]D w xOW xU}=kt 7�FDM� OwOLt p[=iD K} QY |vt[

[17]"CU=
DQ VwQ R= xO=iDU= =@ TmwDU=Q} w=v CqO=at pL w |UQQ@ QO u}vJty
DQ VwQ uOw@ QF-wt p=L u}a QO w |oO=U Qov=}@ xOt; CUOx@ G}=Dv '�2013�
|DQ=QL p}rLD w |UQQ@ QO R}v '2016 p=U QO [18]"Ow@ QwmPt CqO=at pL QO
'DQ VwQ =@ |U}]=vet u=O}t CLD QOvr}U l} pw] QO p=}Uwv=v l} Q}F-=D
C=QPwv=v Ot=H |tHL QUm '|U}]=vet QDt=Q=B xrtH R= \@DQt |=yQDt=Q=B QF=
l =m]Y= ?} Q[ w 'CrU=v OOa 'CQ=QL p=kDv= u=} QH QO p=}Uwv=v ẁv w
Q}PB=vsm =QD p=}U CmQL |xO}OB =OD@= 'Q[=L Q=DWwv QO [19]"OW xar=]t CUwB
R= TB w xar=]t u; Q@ sm =L CqO=at w pNrNDt \}Lt QO Q}PBsm =QD ,=D@Uv w
x@ p}Uv=Qi}O CqO=at `=wv= pL QO u; |=QH= pL=Qt w PDQ VwQ K} QWD
xDN=OQB |Oa@ wO |Div uR=Nt QO R=ilD u=} QH |R=Ux}@W w CqO=at |R=UxDUUo

"CU= xOW

sm =L CqO=at "2
sm =L CqO=at "CU= xOW |UQQ@ R=ilD u=} QH Q@ sm =L CqO=at 'Q[=LVN@ QO
|UQ=O |xrO=at w sQH |=k@ |xrO=at R= CQ=@a pNrNDt |=y\}Lt QO u=} QH Q@
xOy=Wt pmW|@amt pwrU l} QO |HwQN w |OwQw u=} QH '1 pmW QO "OvDUy

"OwW|t

"|@amt pwrU l} QO u=} QH "1 pmW

[4w3]"OQ@ Q=m x@ uoty=v |=y\}Lt |=Q@ =Q u} Qo VwQ u=wD|t u}vJty w OUQ|t
VwQ ltm x@ |}xv=NOwQ uR=Nt |OOa |R=Ux}@W '2006 p=U QO u}vJty
x@ |ki= w |Owta |=yp=v=m |w=L uR=Nt |=Q@ Q=Wi `} RwD w x�=Q= OwOLt <=RH=
|OOa |R=Ux}@W |=Q@ u; sD} Qwor= w pOt l} |iQat QO [5]"OW xOQw; CUO
CWv uDiQo Q_vQO xm OW xO=O u=Wv '2011 p=U QO u}}=B |Q}PBPwiv =@ uR=Nt
|=yxO=O x@ C@Uv |@ wN w l}ORv Q=}U@ |=y?=wH 'nQR@ |=yT=}kt QO |]NQ}e
uR=Nt |R=Ux}@W |=Q@ j}kO sD} Qwor= l} |UQQ@ QO u}vJty [6]"OQ=O |v=O}t
=@ xm OW xO=O u=Wv �2014� OwOLt sHL VwQ x@ x=}U Civ pOt =@ |Div
MQ CqO=at pL QO |QDtm |D=@U=Lt CqmWt '?U=vt |]N VwQ R= xO=iDU=
|U=}ktOvJ OwOLt sHL VwQ |Q@H uw}UqwtQi R}v '2014 p=U QO [7]"OyO|t
QO [8]"CU= xOW xO=iDU= uoty=v pNrNDt \}Lt QO Q}PB=vsm =QD u=} QH pL |=Q@
QO |]NQ}e u=} QH |=y|oS} w |UQQ@ w p}rLD x@ R}v �2015� |Qo}O VywSB
OwOLt u=tr= VwQ x@ C@=F Q=Wi |ki= x=J =@ w sm |Q}PBPwiv =@ |}=} QO uR=Nt
xOW xU}=kt |UQ=O VwQ G}=Dv =@ OwOLt u=tr= pOt R= pY=L G}=Dv w xDN=OQB
|R=Ux}@W |=Q@ u=} QH \w]N VwQ '�2016� u=QoWywSB |NQ@ u}vJty [9]"CU=
OvwQ 'QwmPt VwQ CkO |UQQ@ |=Q@ w OvO=O xaUwD =Q uR=Nt QO |vR?q}U
OvDiQo Q_v QO xv=owO pNrND pOt R= xO=iDU= =@ =Q xDUmW uRNt l} QO |vR?q}U
xOWx�=Q= R=Ux}@W xOR=@ w CkO w xU}=kt |Q=HD |=yQ=Ri=sQv G}=Dv =@ =Q u; G}=Dv w
'2016 p=U QO [10]"OvOQm C@=F =Q uR=Nt QO |R=i wO u=} QH |R=Ux}@W |=Q@
=@ |Oa@ l} uRNt l} QO u=} QH |xrO=at QO swO xHQO Q=Wi u=}O=Qo QF= R}v
OwOLt p[=iD VwQ =@ 'CU= |UQ=O uwv=k |=v@t Q@ xm '|RQt \}=QW uDiQo Q_vQO
CUOx@ uR=Nt xvwou}= QO |RQt CqmWt uOQmhQ]Q@ |=Q@ |rLx=Q w OW |UQQ@

[11]"Ot;
u=} QH Q@ sm =L CqO=at |OOa pL '�2017� |Qo}O VywSB QO u}vJty
CqO=at w OW x�=Q= OwOLt sHL VwQ =@ pNrNDt \}Lt QO R=i wO G=RDt= p@=kQ}e
=Q pNrNDt \}Lt QO p=}U u=} QH xm |UQ=O uwv=k =@ sQH CqO=at ?}mQD =@ sm =L
xO=iDU= =@ |�RH C=kDWt =@ p}Uv=Qi}O CqO=at w OvOt; CUOx@ 'Ovm|t h}YwD
uR=Nt |=Q@ QwmPt VwQ w pL 3�IMPES� K} QY `=@W= w |vt[ Q=Wi VwQ R=

[12]"OW xO=O \U@ R}v uoty=v
Qo}O x@ C@Uv |QDq=@ CkO w |}=Qosy CaQU xm |O}OH |=yVwQ |x�=Q=
xm |OOa |=yVwQ R= |m} "CU= C}ty= R�=L Q=}U@ 'OvQ=O |t}Ok |=yVwQ
4�DQM� QJ=QO=wm p}Uv=Qi}O VwQ 'CU= xOW xHwD u; x@ Q}N= |=yp=U QO
'QJ=QO=wm VwQ QO [13]"OW x�=Q= 1970 p=U QO Q=@ u}rw= |=Q@ 'DQ VwQ "CU=
|xty `@=D Q}O=kt |vRw ẁtHt R= xO=iDU= =@ xvt=O |x]kv l} QO `@=D C=kDWt
p}rO x@ DQ VwQ "OwW|t xOR u}tND 'OvQ=O Q=Qk =DU=Q l} QO xm 'xvt=O \=kv
|R=UxDUUo |=Q@ QDtm \=kv O=OaD R= xO=iDU= x@ R=}v u}vJty w q=@ CkO w |}=Q=m
R= |Q=}U@ xHwD OQwt |OOa |=yVwQ Qo}O =@ xU}=kt QO |D=@U=Lt |xvt=O
|x@U=Lt |=Q@ xO=U |Q@H \@=wQ R= xO=iDU= =OD@= QO "CU= xDiQo Q=Qk u=QoWywSB
QO |tyt OQw=DUO '1990 p=U QO "OW |iQat pw= |x@DQt jDWt |vRw ?}=Q[
?}=Q[ u}}aD QO OwHwt |=yVwQ |xty u; QO xm 'OW x�=Q= |vRw?}=Q[ |x@U=Lt
5|]N Q=OQ@ |=[i R}r=v; w |}xrtHOvJ |q=@ |x@DQt ?} QkD R}r=v; CLD '|vRw
Q[=L VywSB QO xDiQ Q=mx@ VwQ xm Q}N= |rm VwQ QO [14]"Ov=xOW |Ov@`tH
|xO=U |Ov@pwtQi l} R= xO=iDU= =@ pw= |x@DQt C=kDWt |vRw ?}=Q[ 'CU=
Q@ xwqa "OvwW|t u}}aD |}xQo \=kv ?=NDv= QO |D}OwOLt xvwoI}y uwO@ '|Q@H
x@=Wt Ov}=Qi =@ |]@=wQ \UwD R}v QDq=@ w swO |x@DQt C=kDWt |vRw ?}=Q[ 'u;
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QJ=QO=wm p}Uv=Qi}O VwQ "3
VwQ [13]"OW x�=Q= 1970 xyO p}=w= QO �DQM� QJ=QO=wm p}Uv=Qi}O VwQ
CU= C=kDWt ?} QkD CyH |OOa |R=UxDUUo VwQ l} 'QJ=QO=wm p}Uv=Qi}O
|xR=@ QO f(x) `@=D Qo = "CU= xOW xDiQo swUQt QJ=QO=wm p=QoDv= |xO}= R= xm
CQwYx@ |D=YDNt =@ |}xQo |x]kv N O=OaD w Q=wty |i=m |xR=Ov= x@ [a; b]

f(x) `@=D x|=DU=Q QO s)=m jDWt 'OW=@ xDW=O OwHw a = x1; x2; :::; xN = b

xOR ?} QkD 8 |x]@=Q CQwYx@ QJ=QO=wm p}Uv=Qi}O VwQ \UwD 'x(i) |x]kv QO
%OwW|t

@mf
@xm

jx=xi =
NX
j=1

w(m)
ij f(xj) i = 1; 2; :::; N (8)

`@=D Q}O=kt w(m)
ij w f(xj) '|D=@U=Lt |xRwL QO xDUUo \=kv xj 'u; QO xm

|rY= |xDmv "CU=yu; x@ \w@ Qt s)=m jDWt |=Q@ |vRw ?}=Q[ w \=kv u; QO
VwQ QO |vRw ?}=Q[ u}}aD CyH "CU= |vRw ?}=Q[ u}}aD 'DQ VwQ QO
'=yu; u} QDsyt R= |m} xm Ov=xO=O xaUwD |irDNt |=yVwQ OOaDt u=QoWywSB 'DQ

l} \UwD �PDE� |�RH p}Uv=Qi}O CqO=at ?} QkD T=U=Q@ |vRw ?}=Q[ u}}aD
|}xrtHOvJ ?} QkD |=v@t Q@ DQ VwQ u; x@ xm 'CUq=@ xHQO |} xrtHOvJ
|}xrtHOvJ ẁv OvJ uDiQo Q_vQO =@ [14]'1997 p=U QO "OwW|t xDio �PDQ�
|vRw ?}=Q[ w Aij 'pw= C=kDWt |vRw ?}=Q[ u}}aD CyH 12 |r= 9 \@=wQ 'x}=B

%CU= xOW x�=Q= Bij swO C=kDWt

Aij = M (1)(xi)
(xi � xj):M (1)(xj)

; for j 6= i (9)

Aii = �
NX

j=1;j 6=i
Aij (10)

Bij = 2:Aij
�
Aii � 1

xi � xj
�
; for j 6= i (11)

Bii = �
NX

j=1;j 6=i
Bij (12)

%O};|t CUOx@ 13 |x]@=Q R= M 1(xi)'u; QO xm
M (1)(xi) =

NY
k=1;k 6=i

(xi � xk) (13)

QO f(x; y) |Oa@ wO `@=wD C=kDWt |x@U=Lt |=Q@ xm CU= sRq QmPD u}=
pta =DU=Q Qy |=Q@ 'OW u=}@ uDt QO xm xJv; Ovv=t 'x]kv Qy QO y =} w x |=DU=Q

"OwW|t

u} RDQ=m C=YDNt QO |RQt \}=QW w CqO=at |R=UxDUUo "1"3
p}Uv=Qi}O VwQ R= xO=iDU= =@ �5 |x]@=Q� |Oa@ wO pNrNDt\}Lt QO p=}U |xrO=at

%OwW|t |R=UxDUUo 14 |x]@=Q CQwYx@ QJ=QO=wm
1
a
@k
@x

NxX
l=1

A(x)
jl pkl +

�1
a

�2
k
NxX
l=1

A(y)
jl pkl

+1
b
@k
@y

NyX
l=1

B(x)
jl pkl +

�1
b

�2
k
NyX
l=1

B(y)
jl pkl + q = �ct

@p
@t

(14)

%OwW|t x@U=Lt 1 |x]@=Q j@=]t 'pwrU QO sQH |=k@ |xrO=atX
Massin �XMassout =

X
Massaccumulation (1)

'Massin = �uxAxx %|OwQw sQH 'u; QO xm
Massout = �uxAxjx+dx %|HwQN sQH

MassAccumulation %pQDvm sHL QO sQH C=Q}}eD
CQwYx@ QwmPt |x]@=Q 'xrO=at Q}O=kt |Q=Po|=H w 1 |x]@=Q uO=O \U@ =@

%OwW|t xDWwv 2 |x]@=Q
[� uxAxjx � �uxAxjx+dx] + [� uy Ayjy � �uyAyjy+dy]

= (���x�y) jt+dt � (���x�y) jt (2)

|r=oJ � '`]kt K]U A 'y w x |=DU=Q QO u=} QH CaQU uy w ux 'u; QO xm
w (��x�y�t) Q@ xrO=at hQ] wO s}UkD =@ "CU= \}Lt pNrND � w p=}U
\}Lt QO |oDUw}B |xrO=at ��x;�y;�t! 0 |va}� sQD 3 R= uDiQo jDWt

%O};|t CUOx@ 3 |x]@=Q CQwYx@ pNrNDt
�
�
@ (�ux)
@x

+ @ (�uy)
@y

�
= @
@t

(��) (3)

j@=]t '|UQ=O |xrO=at R= xO=iDU= =@ y w x |=DU=Q QO u=} QH CaQU 'u; QO xm
%CU= 4 |x]@=Q

ux = �kx
�
@P
@x

uy = �ky
�
@P
@y

(4)

|xrtH uDiQo Q_vQO w |oDUw}B |xrO=at QO |UQ=O |x]@=Q |Q=Po|=H =@
%OwW|t p}O@D 5 |x]@=Q x@ |R=i l} u=} QH |Oa@ wO |xrO=at 'x=J

@
@x

�
kx
�B

@P
@x

�
+ @
@y

�
ky
�B

@P
@y

�
+ q = @

@t

�
�
B

�
(5)

P 'y |=DU=Q QO p=}U |Q}PBPwiv ky 'x |=DU=Q QO p=}U |Q}PBPwiv kx 'u; QO xm
O}rwD |@O q w pNrND � 'OvR=U |tHL ?} Q[ B 'p=}U |wQv=Qo � 'Civ Q=Wi
6 |x]@=Q CQwYx@ 3 |x]@=Q 'uRNt |=tO uDiQo Q_vQO C@=F =@ "CU= j} QRD =}

[20]%OwW|t xDWwv
@
@x

�
kx
�
@P
@x

�
+ @
@y

�
ky
�
@P
@y

�
+ q = �ct

@P
@t

(6)

"CU= OvR=U |rm |Q}PBsm =QD ?} Q[ ct 'u; QO xm
|m} xm utU}B |xrO=at R= 'Q[=L VywSB QO x=J \}=QW |R=UxO=}B |=Q@
|xrO=at j@] "CU= xOW xO=iDU= 'CU= x=J |R=UpOt QO swUQt |=yVwQ R=
7 |x]@=Q R= C@=F |Q}PBPwiv w Ct=N[ =@ |Oa@ wO uRNt |=Q@ x=J |@O 'utU}B

[21]%O};|t CUOx@
q = 2��kL

�ln(re=rw) + s
(pbh � p) (7)

'K]U ?} Q[ s 'pwrU QO x=J pw] L 'x=J xD Q=Wi pbh 'u; QO xm |Qw] x@
|Q}PBPwiv Cr=L QO xm CU= utU}B VwQ x=J pO=at `=aW re w x=J `=aW rw

"OwW|t h} QaD re = 0 208L 'uoty
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xaU
wD%OwW|t xDWwv 19 |x]@=Q CQwYx@ 18 |x]@=Q 'xrO=at u}iQ] QO �t

pn+1 � �t
'ct

2664 1
a
@k
@x

NxP
l=1

A(x)
jl pkl +

� 1
a

�2 k NxP
l=1

A(y)
jl pkl

+ 1
b
@k
@y

NyP
l=1

B(x)
jl pkl +

� 1
b

�2 k NyP
l=1

B(y)
jl pkl + q

3775
n+1

i

= pn; i = 1; 2; :::; N (19)

Qy QO =yQDt=Q=B Q=Okt R= w ẁQW QiY u=tR R= QJ=QO=wm VwQ QO xr�Ut pL |=Q@
|R=UxDUUo |=Q@ w xO=iDU= |v=tR C=kDWt |R=UxDUUo CyH \ki 'n |v=tR s=o
'u}=Q@=v@ &OwW|t xO=iDU= n+ 1 |v=tR s=o QO =yQDt=Q=B Q=Okt R= '|v=mt C=kDWt
|]N CqO=at x=oDUOl} 'CqO=at |R=UxDUUo R= pY=L |xOt;CUOx@\@=wQ
n + 1 |v=tR s=o =} w tn+1 u=tR |=Q@ QDt=Q=B Qy Q=Okt xm 'OvyO|t p}mWD =Q
=@ "O};|t CUOx@ xOW QmP |]N CqO=at x=oDUO pL j} Q] R= |vt[ Qw]x@
x@ \w@ Qt |=ysQD uDWwv w xrO=at u}iQ] QO �t ?Q[ w � = 0 5 uO=O Q=Qk
CQwYx@ 16 |x]@=Q 'uwUrm}v � lv=Qm sQi |xrO=at hQ] l} QO n+ 1 u=tR

%OwW|t xDWwv 20 |x]@=Q

pn+1 � 1
2�t

2664 1
a
@k
@x

NxP
l=1

A(x)
jl pkl +

� 1
a

�2 k NxP
l=1

A(y)
jl pkl

+ 1
b
@k
@y

NyP
l=1

B(x)
jl pkl +

� 1
b

�2 k NyP
l=1

B(y)
jl pkl + q

3775
n+1

i

= pn + 1
2�t

2664 1
a
@k
@x

NxP
l=1

A(x)
jl pkl +

� 1
a

�2 k NxP
l=1

A(y)
jl pkl

+ 1
b
@k
@y

NyP
l=1

B(x)
jl pkl +

� 1
b

�2 k NyP
l=1

B(y)
jl pkl + q

3775
n

i

(20)

=@ 'CU= |vt[ pL VwQ =@ x@=Wt uwUrm}v � lv=Qm |vt[ x@W pL VwQ
Q@ xwqa n |v=tR s=o Qy QO =yQDt=Q=B Q=Okt R= xr�Ut pL |=Q@ u; QO xm Cw=iD u}=
Q}O=kt Q=vm QO R}v |v=mt C=kDWt |R=UxDUUo QO '|v=tR C=kDWt |R=UxDUUo

"OwW|t xO=iDU= n+ 1 |v=tR s=o QO =yQDt=Q=B

|}xv=wDU= C=YDNt QO |RQt \}=QW w CqO=at |R=UxDUUo "2"3
|ki= u=} QH ZQi =@ �2 pmW� |}xv=wDU= C=YDNt QO |t�=OQ}e p=}U |xrO=at

"|Oa@ l} |a=aW u=} QH "2 pmW

|=yRQt QO |kDWt |RQt \}=QW |R=UxDUUo "CU= k = 1; 2; :::; N 'u; QO xm
%O};|t CUOx@ 15 \@=wQ CQwYx@ xDU@

�1
a

NxX
l=1

A(x)
1l pkl = 0

�1
a

NxX
l=1

ANxl=1A
(x)
Nxlpkl = 0

�1
b

NyX
l=1

B(y)
1l pkl = 0

�1
b

NyX
l=1

B(y)
Nylpkl = 0 (15)

'O};|tCUOx@ 16 |x]@=Q CQwYx@ 14 |x]@=Q |xOW |R=UxDUUo |rm sQi
xOW |R=UxDUUo 'pw= |x@DQt wQW}B OwOLt p[=iD VwQ x@ |v=tR jDWt u; QO xm

%CU=

�

2664 1
a
@k
@x

NxP
l=1

A(x)
jl pkl +

� 1
a

�2 k NxP
l=1

A(y)
jl pkl

+ 1
b
@k
@y

NyP
l=1

B(x)
jl pkl +

� 1
b

�2 k NyP
l=1

B(y)
jl pkl + q

3775
n+1

i

+(1� �)
2664 1

a
@k
@x

NxP
l=1

A(x)
jl pkl +

� 1
a

�2 k NxP
l=1

A(y)
jl pkl

+ 1
b
@k
@y

NyP
l=1

B(x)
jl pkl +

� 1
b

�2 k NyP
l=1

B(y)
jl pkl + q

3775
n

i

= �ct
�
pn+1 � pn

�t

�
i
; i = 1; 2; :::; N (16)

� = 0 5 w K} QY sQi %� = 0 '|vt[ sQi % � = 1 uO=O Q=Qk =@ 'u; QO xm
p@k CtUk QO xm Qw]u=ty "O};|t CUOx@ uwUrm}v � lv=Qm |vt[ x@W sQi
CQwYx@ QwmPt |x]@=Q K} QY sQi '16 |x]@=Q QO � = 0 uO=O Q=Qk =@ 'OW xQ=W=

%OwW|t xDWwv 17 |x]@=Q2664 1
a
@k
@x

NxP
l=1

A(x)
jl pkl +

� 1
a

�2 k NxP
l=1

A(y)
jl pkl

+ 1
b
@k
@y

NyP
l=1

B(x)
jl pkl +

� 1
b

�2 k NyP
l=1

B(y)
jl pkl + q

3775
n

i

= �ct
�
pn+1 � pn

�t

�
i
; i = 1; 2; :::; N (17)

xr�Ut |xRwL QO |}xQo \=kv pm O=OaD N w xQo |xQ=tW i '|v=tR s=o n 'u; QO xm
18 |x]@=Q CQwYx@ xrO=at |vt[ sQi '16 |x]@=Q QO � = 1 uO=O Q=Qk =@ "CU=

%O};|t CUOx@2664 1
a
@k
@x

NxP
l=1

A(x)
jl pkl +

� 1
a

�2 k NxP
l=1

A(y)
jl pkl

+ 1
b
@k
@y

NyP
l=1

B(x)
jl pkl +

� 1
b

�2 k NyP
l=1

B(y)
jl pkl + q

3775
n

i

= �ct
�
pn+1 � pn

�t

�
i
; i = 1; 2; :::; N (18)

uOQm ?Q[ w xrO=at hQ] l} QO n+ 1 u=tR x@ \w@ Qt |=ysQD uO=O Q=Qk =@
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u=Qt
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UOv
yt |Oa@l} CQwYx@ u=} QH ẁ[wt u}ty x@ xHwD =@ w CU= Q@=Q@ Qo}Om} =@ =DU=Q wO

pw= |xr�Ut |OOa pL |=Q@ "CU= xOW xDiQo Q_vQO QO |}xv=wDU= C=YDNt QO
j@=]t xr�Ut |RQt w x}rw= \}=QW "CU= xOW xO=iDU= 22 |x]@=Q R= DQ VwQ x@
x�=Q= 1 pwOH QO O}rwD |@O w x}rw= Q=Wi C@=F Q}O=kt "CU= 24 w 23 |=yx]@=Q
"CU= 3600 psia Q@=Q@ w CN=wvm} uRNt |x}rw= Q=Wi 'pw= |x_Lr QO "Ov=xOW
|Q}PBsm =QD w 'OvDUy Q}PBsm =QD |D@=F MQv =@ xOWQmP p=Ft QO p=}U w uRNt nvU
R}v =yu; Q}O=kt w xOt; CUOx@ p=}U |Q}PBsm =QD w nvU |Q}PBsm =QD ẁtHt R= |rm

"CU= xOW x�=Q= 1 pwOH QO
xHwD =@ w 'OW pL |OOa VwQ =@ hrDNt |=yxQo O=OaD |=Q@ 'pw= |xr�Ut
=@ |=y?=wH 'xQo 21 O=OaD uDiQo Q_vQO =@ |OOa VwQ QO 'xOt; CUOx@ G}=Dv x@
'3 pmW QO "Ot; CUOx@ xr�Ut j}kO |=y?=wH x@ l}ORv Q=}U@ w pw@k p@=k CkO
pL VwQ G}=Dv x=Qty x@ 21 w 17 '13 '11 |=yxQo O=OaD |=Q@ |OOa VwQ G}=Dv

"Ov=xOW xU}=kt Qo}Om} =@ |r}rLD
'K} QY pL %VwQ xU =@ pw= |xr�Ut 'pL |=yVwQ |xU}=kt |=DU=Q QO
uwUrm}v lv=Qm w |vt[ pL |=yVwQ G}=Dv xm 'OW pL uwUrm}v lv=Qm w |vt[
x=Qty |O=} R |=]N =@ K} QY pL VwQ G}=Dv w Qo}Om} x@=Wt w j}kO ,=@} QkD u; QO
"CU= xOW xU}=kt xr�Ut |r}rLD |=y?=wH =@ VwQ xU Qy G}=Dv '4 pmW QO "Ow@
Qo}Om} =@ hrDNt |=yu=tR QO RwQ 4 COt |=Q@ uRNt Q=Wi '2 pwOH QO

"pw= |xr�Ut uRNt C=YNWt w =yQDt=Q=B Q}O=kt "1 pwOH
Q=Okt OL=w Q}eDt
300 STB/D Q O}rwD |@O
1 06 cp � |wQv=Qo
300 md k |Q}PBPwiv
100 ft H Ct=N[
0 2 fraction ' pNrND

3600 psia p0 x}rw= Q=Wi
0 1875 ft rw x=J `=aW
8100 ft xmax x |=DU=Q QO pw]
8100 ft ymax y |=DU=Q QO pw]

0 000014 1 psi ct |rm |Q}PB sm =QD

|xr�Ut QOhrDNt |=yxQo O=OaD =@ r = rw |x]kv QO DQ VwQ G}=Dv "3 pmW
"pw=

[22]%CU= xOW x�=Q= 21 |x]@=Q CQwYx@
1
�
@p
@t

= @2p
@r2 + 1

r
@p
@r
; � = k

'�ct
(21)

|R=UxDUUo CQwY xmCU= t u=tR w r |xrY=i `@=D\ki Q=Wi |xrO=at 'u; QO xm
%CU= 22 |x]@=Q CQwYx@ QJ=QO=wm p}Uv=Qi}O VwQ x@ u; |xOW

1
�
@p
@t

=
NrX
i=1

B(r)
ki pi + 1

r

NrX
i=1

A(r)
ki pi; k = 1; 2; :::; Nr (22)

|=Q@ DQ VwQ |vRw ?}=Q[ B w A 'OW u=}@ V}B VN@ QO xm Qw]u=ty
Ovv=ty Cr=L u}= QO xrO=at |x}rw= \QW "OvDUy swO w pw= |=yx@DQt jDWt

%OwW|t u=}@ 23 |x]@=Q CQwYx@ u; \@=wQ w CU= u} RDQ=m C=YDNt
p (r; 0) = p0; 0 � r <1 (23)

|}xv=wDU= C=YDNt QO R}v |RQt \}=QW "CU= uRNt |x}rw= Q=Wi p0 'u; QO xm
%OwW|t h}YwD 24 |x]@=Q j@]

p (r; t) = p0 r !1; t � 0
r @p
@r

= Q�
2�kH r ! 0; t > 0 (24)

"CU= xOW h} QaD 2 VN@ QO QwmPt |x]@=Q |=yQDt=Q=B |x}rm xm

|HvUCLY w p�=Ut "4
xO=iDU= xvwtv |xr�Ut xU pL |=Q@ 2 VN@ QO xOWxO=O K}[wD DQ VwQ
|Oa@ l} p=Ft pL =@ =OD@= "CU= xOW x�=Q= xt=O= QO s=Om Qy G}=Dv xm CU= xOW
VwQ |}=Q=m 'CU= OwHwt `H=Qt QO u; |r}rLD pL xm '|}xv=wDU= C=YDNt QO
u} RDQ=m C=YDNt QO |Oa@ l} |xRet l} 'xt=O= QO "CU= xOW xO=O u=Wv DQ

QwyWt |Div uR=Nt QO swUQt |xr�Ut '|Oa@ p=Ft QOTBU "CU= xOW |R=Ux}@W
pL xmv}= x@ xHwD =@ "CU= xOW x�=Q= R=ilD u=} QH Cr=L QO Five spot x@
OwOLt p[=iD VwQ =@ xr�Ut 'OQ=Ov OwHw QwmPt |xr�Ut |=Q@ |[=} Q w |r}rLD
Q=}U@ |v=tR s=o w O=} R Q=}U@ |=yxQo O=OaD |=Q@ �OQ=Ov=DU= VwQ l} u=wvax@�
=@ 'xt=O= QO "CU= xOW xDiQo Q_v QO j}kO pL u=wvax@ w OW |R=Ux}@W lJwm
OQwt |OOa VwQ ?}=at w =}=Rt u=}@ x@ 'j}kO pL =@ DQ VwQ G}=Dv |xU}=kt

"CU= xOW x�=Q= \@DQt VN@ QO p}YiD x@ xm CU= xOW xDN=OQB xar=]t

pw= |xr�Ut "1"4
j@] u; |r}rLD pL xm '|Oa@ l} p=Ft l} 'DQ VwQ x@ |WN@ Q=@Da= |=Q@

[22]"CU= xOW x�=Q= 'CU= 25 |x]@=Q
p(r; t) = p0 � Q�

4�kH ln
�2 25t�

r2

�
(25)

%O};|t CUOx@ 26 |x]@=Q j@=]t � QDt=Q=B 'u; QO xm
� = k

'�ct
(26)

QO x=J \}=QW w uRNt C=YNWt w QwmPt \@=wQ |=yQDt=Q=B Q}O=kt w h} QaD
QO |Q}PBPwiv 'pw= p=Ft QO uRNt uOw@uoty x@ xHwD =@ "CU= xOW x�=Q= 1 pwOH
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"""Q
OQJ

=QO=w
mp

}Uv=
Qi}O

Vw
Q|

xaU
wD"swO |xr�Ut QO xDiQ Q=m x@ |RQt \}=QW "3 pwOH

|RQt \QW RQt
P = 20 bar (x = 0)

P = 5 bar (x = 30 cm)

"swO |xr�Ut uRNt C=YNWt "4 pwOH
Q=Okt OL=w Q}eDt
1 cp � |wQv=Qo

0 6 md k |Q}PBPwiv
0 2 fraction ' pNrND
10 bar p0 x}rw= Q=Wi
100 cm xmax xRet pw]

0 000014 1 bar ct |rm |Q}PB sm =QD

Civ |w=L QDt|Dv=U 30 pw] x@ `@ QtQDt|Dv=U 100 C@=F `]kt =@ xRet l} u;
RQt "OwW|t u; OQ=w Q=@ 5 |@Uv Q=Wi =@ Civ u=} QH 'AJ CtU R= xm 'CU=
'xRet pm Q=Wi 'pw= |x_Lr QO "CU= Q=@ 20 C@=F |@Uv Q=Wi =@ CU=Q CtU
Q}=U w 3 pwOH QO swO |xr�Ut |RQt \}=QW "CU= Q=@ 10 =@ Q@=Q@ w CN=wvm}

"CU= xOW x�=Q= 4 pwOH QO xRet C=YNWt
OQ=Ov=DU= VwQ =@ xRet 'swO |xr�Ut QO xDiQQ=m x@ VwQ G}=Dv |xU}=kt |=Q@
xHwD =@ "CU= xDiQo Q=Qk xU}=kt |=v@t w xOW pL [22]'uJ |xOWx�=Q= OwOLt p[=iD
=@ swO |xr�Ut =Pr 'Ow@ Q}PBsm =QD |D@=F MQv =@ swO |xr�Ut QO uRNt nvU xmv}= x@
'7 |r= 5 |=ypmW QO "CU= xOW pL 10�5s Q@=Q@ |v=tR s=o |xR=Ov= uDiQoQ_vQO
p[=iD w DQ VwQ wO R= xO=iDU= =@ xQo 40 w 15 '6 |=Q@ pw] � Q=Wi Q=Owtv
?=wH x@ uO}UQ QO DQ VwQCkO '=yxQo O=OaDV}=Ri= =@ "OwW|t xOy=Wt OwOLt
|xOvyOu=Wv xm OwW|tv xOy=Wt =y?=wH QO |v=OvJ Q}}eD |rw "CU= QDW}@ j}kO

"CU= xm@W R= ?=wH uOw@ pkDUt
s=o 4 =@ swO |xr�Ut '?=wH CkO QO |v=tR s=o |xR=Ov= Q}F-=D |UQQ@ Qw_vt x@
8 pmW QO u; G}=Dv w OW pL |vt[ VwQ =@ 10�4s u=tR QO hrDNt |v=tR
'10�6 s x@ 10�8 s R= |v=tR s=o V}=Ri= =@ '8 pmW j@=]t "OwW|t xOy=Wt
'10�5 s x@ |v=tR s=o uOQm QDnQR@ =@ =t= "OwW|tv xOy=Wt ?=wH CkO QO |Q}F-=D
"CU= OwyWt |RQt \=kv QO ?=wH R= h=QLv= w OwW|t sm ?=wH CkO |OwOL =D
CkO 's=o l} QO ?=wH |x@U=Lt =@ |va} '10�8 s x@ |v=tR s=o uOQm QDnQR@ =@

"O@=}|t Vy=m COW x@ ?=wH

swU |xr�Ut "3"4
QO Five Spot x@ swUwt |y=J IvB |xr�Ut R= sQ=yJ l} '|vwvm VN@ QO
|Oa@ wO uRNt l} 'swU |xr�Ut QO [23]"CU= xOW |UQQ@ R=i lD u=} QH Cr=L
|R=Ux}@W 'xDU@ Q=Wi |=yRQt Cr=L QO w Q}PBsm =QD p=}U w nvU OwHw ZQi =@
OQ=Ov OwHw u; |=Q@ j}kO w |r}rLD pL 'xr�Ut |oO}J}B x@ xHwD =@ "CU= xOW
Q=}U@ |v=tR s=o w R} Q Q=}U@ |xm@W |=Q@ OwOLt p[=iD VwQ =@ swU |xr�Ut w
QO "CU= xDiQo Q=Qk xU}=kt |=v@t 'j}kO pL u=wvax@ u; G}=Dv w xOW pL lJwm
pL |=Q@ "CU= xOw@ Q=@ 81 63 =@ Q@=Q@ w CN=wvm} uRNt pm Q=Wi 'pw= |x_Lr

|=yVwQ |=Q@ 21 xQo O=OaD w r = rw |x]kv QO DQ VwQ G}=Dv "4 pmW
"pw= |xr�Ut QO hrDNt pL

r = rw |x]kv QO DQ |OOa pL w |r}rLD pL Q=Wi |xU}=kt "2 pwOH
"pw= |xr�Ut

u=tR �psia� Q=Wi Q=Wi hqDN=
u=tR x}v=F |r}rLD pL DQ VwQ
0 1 8640 3595 92 3595 61 �0 31
0 2 17280 3595 38 3595 25 �0 13
0 3 25920 3595 06 3595 13 0 07
0 4 34560 3594 84 3594 97 0 13
0 5 43200 3594 66 3594 74 0 08
0 6 51840 3594 52 3594 52 0
0 7 60480 3594 40 3594 35 �0 05
0 8 69120 3594 29 3594 22 �0 07
0 9 77760 3594 20 3594 13 �0 07
1 0 86400 3594 12 3594 06 �0 06
1 5 129600 3593 80 3593 77 �0 03
2 0 172800 3593 58 3593 58 0
2 5 216000 3593 40 3593 44 0 04
3 0 259200 3593 26 3593 30 0 04
4 345600 3593 03 3593 08 0 05

"CU= xOW XNWt QN; uwDU QO |r}rLD w |OOa VwQ Q=Wi hqDN= w xU}=kt
CkO 'DQ VwQ xm OwW|t xOy=Wt pw= |xr�Ut QO xOt; CUOx@ G}=Dv x@ xHwD =@
Q=}U@ |=]N 'hrDNt |=yu=tR QO w uRNt hrDNt \=kv QO =y?=wH w OQ=O |}q=@

"OvQ=O |rw@k p@=k w sm

swO |xr�Ut "2"4
\}Lt "CU= u} RDQ=m C=YDNt QO |Oa@ l} |t�=OQ}e u=} QH ẁv R= swO |xr�Ut
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"�AJ CtU� OwOLt p[=iD VwQ w �CU=Q CtU� DQ VwQ xQo 6 R= xO=iDU= =@ swO xr=Ut u=mt � Q=Wi Q=Owtv "5 pmW

"�AJ CtU� OwOLt p[=iD VwQ w �CU=Q CtU DQ� VwQ %QO xQo 15 R= xO=iDU= =@ swO |xr�Ut u=mt � Q=Wi Q=Owtv "6 pmW

"�AJ CtU� OwOLt p[=iD VwQ w �CU=Q CtU DQ� VwQ %QO xQo 40 R= xO=iDU= =@ swO |xr�Ut u=mt � Q=Wi Q=Owtv "7 pmW

MU=B R}v w j} QRD w O}rwD |=yx=J Q=Wi MU=B "CU= xOW x�=Q= 40� 40 |xm@W
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"OwW|t xOy=Wt lOv= |=yxQo
p[=iD VwQ 185 � 185 |xm@W R= xO=iDU= =@ Q=Wi QwDv=m '12 pmW QO
=@ "OwW|t xOy=Wt 'CU= xOW xDiQo Q_v QO Fine Grid u=wvax@ xm OwOLt
Fine R= xOt; CUOx@ QwDv=m =@ DQ VwQ R= xOt; CUOx@ |=yQwDv=m |xU}=kt
x@ lOv= |=yxQo O=OaD uDiQo Q_vQO =@ DQ VwQ xm OwW|t xOy=Wt Grid

|RQt \QW w xO=iDU= 16 |x]@=Q R= QJ=QO=wm p}Uv=Qi}O VwQ x@ 'swU |xr�Ut
utU}B pOt R= 'swU |xr�Ut QO "CU= xOW ^=Lr u; QO 15 |x]@=Q j@=]t xr�Ut
u; x@ \w@ Qt |=yQDt=Q=B w xO=iDU= O}rwD w j} QRD x=J |R=Ux}@W CyH �7 |x]@=Q�

"CU= xOW x�=Q= 5 pwOH QO
|y=JxD Q=Wi =@ O}rwD x=J l} w C@=F |@O =@ j} QRD x=J l} 'xOW QmP p=Ft QO
"CU= xOW x�=Q= 6 pwOH QO =yu; pt=m C=YDNt w C=YNWt xm 'OQ=O OwHw C@=F
u; \@=wQ w xOw@ xDU@ |=yRQt CQwYx@ 'swU |xr�Ut QO xDiQ Q=m x@ |RQt \}=QW

"CU= xOW x�=Q= 7 pwOH QO
|=Q@ DQ R= xO=iDU= =@ hrDNt |=yu=tR QO Q=Wi QwDv=m C=Q}}eD '9 pmW QO
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VwQ %QO 20 � 20 |xm@W R= xO=iDU= =@ swU |xr�Ut Q=Wi QwDv=m "10 pmW
"�AJ CtU� OwOLt p[=iD VwQ w �CU=Q CtU� DQ

VwQ %QO 40 � 40 |xm@W R= xO=iDU= =@ swU |xr�Ut Q=Wi QwDv=m "11 pmW
"�AJ CtU� OwOLt p[=iD VwQ w �CU=Q CtU� DQ

"?=wH CkO QO |v=tR s=o |xR=Ov= Q}F-=D "8 pmW

"swU |xr�Ut x=J \}=QW w uRNt C=YNWt "5 pwOH
Q=Okt OL=w Q}eDt
0 fraction s K]U ?} Q[
1 cp � |wQv=Qo
50 md k |Q}PBPwiv
100 ft L Ct=N[
0 2 fraction ' pNrND

81 63 bar p0 x}rw= Q=Wi
54 bar pb x=J xD Q=Wi
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500 ft xmax x |=DU=Q QO pw]
500 ft ymax y |=DU=Q QO pw]

0 00002 1/bar ct |rm |Q}PBsm =QD

"swU |xr�Ut QO j} QRD w O}rwD |=yx=J C=YNWt "6 pwOH
C=YNWt C=YDNt x=J ẁv

Y (ft) X (ft)

5000STB/D 82 7 82 7 C@=F |@O j} QRD x=J
200bar 420 3 420 3 C@=F Q=Wi O}rwD x=J

"swU |xr�Ut QO xDiQ Q=m x@ |RQt \}=QW "7 pwOH
|RQt \QW RQt
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@p
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@p
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@p
@y = 0 (x; y = 500)
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(bar) Q=Wi C=YDNtQ=Wi hqDN=

FDM DQM FDM DQM
FDM FDM DQM

Y X�FINE GRID� (30� 30) (15� 15)

0=1131 0=3587 0=1186 0=3762 104=8902 104=7716 104=514 0 0
0=6110 0=2606 0=6456 0=2753 105=6647 106=3103 105=3894 1524 1524
0=8444 0=5087 0=8850 0=5332 104=8121 105=697 104=2789 3048 3048
2=3115 0=0029 2=2146 0=0028 95=80657 98=02114 95=8038 4572 4572
3=1333 0=0847 2=8334 0=0766 90=42919 93=26262 90=50575 6096 6096
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7=6599 5=9860 5=1223 4=0030 66=87184 71=99414 70=8748 13716 13716
8=9679 5=4742 6=0564 3=6970 67=53447 73=59091 71=23145 15240 15240
4=2764 1=4596 3=2154 1=0259 u}ov=}t
9=3417 5=9860 6=1983 4=0030 xv}W}@
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Cr=L w FDM 'DQ |=yVwQ R= pY=L G}=Dv '14 pmW QO "CU= pw@k
xm CU= XNWt K[=w Qw] x@ "CU= xOW xU}=kt Qo}Om} =@ Fine Grid

j}kO pL Q@ j@]vt w l}ORv Q=}U@ DQ VwQ |=y?=wH '\=kv QDW}@ QO
"CU=

"FDM ��ne grid� R= xO=iDU= =@ swU |xr�Ut Q=Wi QwDv=m "12 pmW

QJ=QO=wm p}Uv=Qi}O VwQ |}=Q=m Qou=}=tv xm OwW|t l}ORv j}kO ,=@} QkD |=y?=wH
=@ u=} QH \w]N Q=Owtv '13 pmW QO "CU= Q_vOQwt CkO x@ uO}UQ w |}=Qosy QO
CmQL Q}Ut 'CiQ|t Q=_Dv= xm Qw]u=ty "OwW|t xOy=Wt DQ VwQ R= xO=iDU=
u=} QH \w]N RmQtD w xOw@ O}rwD x=J hQ] x@ j} QRD x=J CtU R= uRNt QO p=}U
q=@ CkO w |DUQO x@ Qt= u}= xm 'CU= xOW QDW}@ j} QRD w O}rwD |=yx=J h=Q]= QO
Q@=Q@ Q=W |RQt \}=QW p=ta= CLY u}vJty "CU= u=}=tv xOt; CUOx@ Q=Owtv QO
C=@F= =yRQt Q@ u=} QH \w]N uOw@ T=tt x@ xHwD =@ 'uRNt |=yRQt QO QiY =@

"OwW|t
hrDNt |x]kv 11 QO Q=Wi 'xQo 40 w 15 =@ |=yxm@W |=Q@ '8 pwOH QO
x@ OwOLt p[=iD VwQ w DQ VwQ R= xO=iDU= =@ uRNt |Q]k QwLt |wQ
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Q=Wi hqDN= u}ov=}t OYQO Q=Wi hqDN= |xv}W}@ Q=Wi hqDN= u}ov=}t
GRIDFINE GRID x@ C@Uv

FDM DQM FDM DQM FDM DQM

5=4568 2=5002 8=5542 7=2356 10=337 1=7582 7
4=9949 1=4596 7=4428 4=0030 3=2154 1=0259 15
4=2764 1=009 6=1983 5=1489 3=2154 0=7095 30
1=3831 0=4678 2=7856 1=2276 3=8739 0=3289 40

'CU= xOW x�=Q= ,q@k u; |r}rLD pL xm Q}PBsm =QD p=}U w nvU =@ pNrNDt \}Lt
j}kO w |r}rLD G}=Dv =@ DQ VwQ R= xOt; CUOx@ G}=Dv w |R=Ux}@W DQ VwQ =@
QO pL VwQ w xm@W |xR=Ov= Q}F-=D u}vJty "CU= xOW |HvUCLY w xU}=kt
xOy=Wt QwmPt |xr�Ut G}=Dv |xU}=kt w |UQQ@ =@ "OW |UQQ@ |R=Ux}@W Ov};Qi
|=y?=wH 'QJ=QO=wm p}Uv=Qi}O VwQ QO xQo lOv= O=OaD ?=NDv= =@ |DL xm OW
OQm u=}@ u=wD|t `k=w QO "O};|t CUOx@ j}kO G}=Dv x@ l}ORv Q=}U@ w j}kO ,=@} QkD
|O=} R OL =D j}kO |=y?=wH x@ uO}UQ |=Q@ =Q C=@U=Lt sHL DQ VwQ xm
C=YDNt QO |Oa@ l} |xRet l} '|R=Ux}@W swO |xr�Ut QO "OyO|t Vy=m
xOy=Wt R}v QwmPt p=Ft QO "OW |UQQ@ xr�Ut pL QO |v=tR s=o Q}F-=D w u} RDQ=m
Q=_Dv=OQwt ?=wH x@ sm Q=}U@ |D=@U=Lt sHL =@ QJ=QO=wm p}Uv=Qi}O VwQ xm OW
'CU= |y=J GvB |xr�Ut R= sQ=yJ l} u; \}Lt xm 'swU |xr�Ut QO "OUQ|t
xr�Ut |oO}J}B x@ xHwD=@ 'OQ=O OwHw xr�Ut \}Lt QO j} QRD w O}rwD x=J l}
Q=}U@ |xm@W |=Q@ OwOLt p[=iD VwQ =@ =OD@= QO xr�Ut '|r}rLD pL uOw@v w
j}kO ?=wH u=wvax@ w pL OQ=Ov=DU= VwQ l} u=wvax@ lJwm |v=tR s=o w R} Q
Q=Wi |=yQwDv=m 'DQ VwQ x@ xr�Ut pL =@ 'xt=O= QO "CU= xOW xDiQo Q_v QO
Cq=L |t=tD QO "OW x�=Q= hrDNt |=yCr=L QO xr�Ut |=Q@ u=} QH \w]N w
w |ki= C=yH QO x]kv lOv= O=OaD ?=NDv= =@ DQ VwQ xm OwW|t xOy=Wt
sHL w q=@ CkO =@ VwQ l} u=wvax@ w OyO|t x�=Q= |rw@k p@=k G}=Dv '|Owta
xHwD u; x@ |D; C=ar=]t QO w xO=iDU= Ov=wD|t xv}tR u}= QO lOv= |D=@U=Lt

"OwW

"Fine Grid w FDM'DQ |=yVwQ R= pY=L G}=Dv Q=Owtv "14 pmW

|Q}oxH}Dv "5
|UQQ@ wEL@|}xOQDUo Qw] x@pNrNDt\}Lt QOCq=}Uu=} QH 'Q}N= |=yxyO QO
|RQt \}=QW QO |}=y|R=UxO=U s=Hv= =@ |r}rLD |=ypL 'xDWPo QO "CU= xOW
p}Uv=Qi}O |OOa VwQ 'Q[=L VywSB QO "CU= xOW x�=Q= nvU C=}YwYN w
xOW xO=iDU= pNrNDt \}Lt QO R=i lD p=}U u=} QH |xrO=at pL |=Q@ QJ=QO=wm
|=Q@ |}xv=wDU= C=YDNt QO |Oa@ l} u=} QH CQwYx@ xr�Ut l} =OD@= "CU=

=yCWwv=B
1. boundary element method (BEM)
2. green element method (GEM)
3. implicit pressure explicit saturation (IMPES)
4. di�erential quadrature method (DQM)
5. linear vector space analysis
6. polynomial-based di�erential quadrature (PDQ)
7. �nite di�erence method (FDM)
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