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V (�) = V (�2 )

s
1� (�2 � �)2

�2 for(�2 � �) � � � �
2

V (�2 ) = 4P
�R�

Then V (�) = V ( 4P
�R�

)

s
1� (�2 � �)2

�2 (6)

xOW OQ=w lU}O Q@ � = 40 =D ,=@} QkD xOQ=w Q=@ 'x=oW}=tR; QO xmv}= x@ xHwD =@
xQo Qy Q=@ w x@U=Lt u} RDQy `} RwD � = 40 |x} w=R =D R}v |OOa pOt QO =Pr 'CU=
"CU= uDw}v 395 =yxvwtv |t=tD QO |Q=Wi Q=@ Q=Okt "CU= xOW p=ta= xvwtv Q@
|Oa@ wO CQwYx@ =yxvwtv |R=UpOt CkO w C=@U=Lt |xv} Ry x@ xHwD =@ u}vJty
|m} Q_vOQwt CkO x@ xHwD =@ w xU}=kt |Oa@ xU pOt =@ u=wD@ =D CU= xOW pOt R}v
COW ?} Q[ Q}O=kt '2 pwOH QO "OwW ?=NDv= |Oa@ xU =} |Oa@ wO |=yVwQ R=
xOW xU}=kt |y=oW}=tR; pOt w |Oa@ xU w wO |OOa |xvwtv wO Qy pw= Owt VvD
|OOa pOt wO R= l} Qy QO pw= Owt VvD COW ?} Q[ G}=Dv |xU}=kt =@ "CU=
x@ C@Uv G}=Dv CkO '|Oa@ xU pOt QO xm Ci=} QO u=wD|t |y=oW}=tR; pOt =@
=@ xvwtv |m}v=mt Q=DiQ '|Oa@ xU pOt QO =Q} R CU= QDW}@ Q=}U@ |Oa@ wO pOt
VvD ZQi =@ |Oa@ wO pOt QO =t= 'OwW|t p}rLD |rY= VvD xU Qy uDiQo Q_vQO
ZQi w CU= xOW Q_vhQY |Y=N VvQm =} w VvD R= 'K]Ut VvQm =} w K]Ut

"OyO|t Vy=m =Q |R=UpOt CkO xOW QmP
pOt |xOt; CUOx@ |=y?=wH R= u=v}t]= |=Q@ Q[=L VN@ QO u}vJty
|=Q@ =Pr "OW |UQQ@ R}v |Ov@Vt |xR=Ov= x@ C@Uv pOt C}U=UL '|OOa
R= 'lQD lwv R= Q}e x@ |Oa@ xU pOt |Ov@Vt O=a@= 'QwmPt pOt |HvUC}U=UL
swO w pw= h}OQ |=yu=tr= |Ov@Vt =t= 'OW xO=O Q}}eD QDt|r}t 3 =D QDt|r}t 0 1

"u} RDQy |Q=PoQ=@ |xwLv "8 pmW
"|y=oW}=tR; w |OOa pOt wO QO VvD COW ?} Q[ G}=Dv |xU}=kt "2 pwOH
|@Uv |=]N OYQO |y=oW}=tR; pOt |OOa pOt lQD pw]

9 91 17 591 15 846 |Oa@ wO QDt|r}t 91 18 17 328 |Oa@ xU
8 77 19 615 17 894 |Oa@ wO QDt|r}t 110 35 19 546 |Oa@ xU

|HvUCLY w OwOLt <=RH= |R=UpOt "4
x=oW}=tR; QO [13]'=QOvQwU \UwD 5�ECSD� Q=OlQD |xQ}=Os}v lU}O xvwtv wO
QDt|r}t 11 w 9 pw]x@ |}=ylQD w QDt|r}t 6 Ct=N[ w QDt|r}t 30 `=aW =@
xOy=Wt 6 pmW QO Q=OlQD lU}O QO VvD R=QD \w]N |wor= "OvOW xDN=U
|WWm VvD R=QD \w]N |xOwOLt QO lQD lwv xm CU= XNWt ,qt=m "OwW|t
T=U=Q@ "CU= sm =L lU}O Q@ CUmW pw= Owt =Pr 'CU= uOW R=@ p=L QO w `k=w
|Q=Okt R}v swO Owt |=Q@ x=oW}=tR; QO =t= 'CU= OwHwtKI Q=Okt \ki |Qw�D pL
VvD COW ?}=Q[ |y=oW}=tR; G}=Dv '1 pwOH QO 'CU= xOW C@F lJwm Q=}U@

"CU= xOW x�=Q=
|}xQo 20 |=yu=tr= =@ =yxvwtv '|OOa |R=UpOt |HvUCLY |=Q@ wQ u}= R=
u=tr= "CU= xOW xO=iDU= xQo Qy QO |r=kDv= |O=R; xHQO 3 =@ solid186 |Oa@ 3
|Ov@Vt |xwLv '7 pmW QO w OQ=O =Q lQD lwv |D} Qqwov}U pL C}r@=k QwmPt

"OwW|t xOy=Wt |=ypOt
=@ u}vJty "OwW|t OQ=w u} RDQy CQwYx@ pOt |}q=@ CtUk QO xOQ=w Q=@
|=DU=Q QO |r=ta= |wQ}v p@=kt |=yxQo 'OwW ^iL pOt uQ=kD O}=@ xmv}= x@ xHwD
<=RH= pL |Q=O}=B |=Q@ R}v w OwW ^iL xvwtv uQ=kD sDU}U =D Ov=xOW O}kt s�=k
x@ xHwD =@ "CU= xOW O}kt Z w X |=yCyH QO x=ox}mD pLt QO xQo l} 'OwOLt
Q=PoQ}F-=D |r}N G}=Dv CLY QO Ov=wD|t |OOa |=ypOt QO K}LY |Q=PoQ=@ xmv}=

[13]"=yxvwtv QO VvD R=QD \w]N |wor= "6 pmW

"|Ov@Vt |xwLv w |OOa |=yxvwtv |rm pmW "7 pmW
pw] =@ lQD 2 |=Q@ x=oW}=tR; QO xOW x@U=Lt VvD COW ?} Q[ Q}O=kt "1 pwOH

[13]"Cw=iDt
KII(MPa

p
mm) KI(MPa

p
mm) �QDt|r}t� lQD pw]

0 9803 17 591 9
0 6387 19 615 11
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G}=Dv "5
xOw@ C}ty= R�=L xQ=wty pw= Owt VvD COW ?} Q[ uOQw; CUOx@ xmv}= x@ xHwD =@
uOQw; CUOx@ |=Q@ |}=yV}=tR; =D Ov=xDW=O |aU xW}ty u=QoWywSB =Pr 'CU=
VvD COW ?} Q[ uOQw; CUOx@ |=yV}=tR; "OvyO x�=Q= O=wt |otQkJ `} QU
R=}vOQwt |y=oW}=tR; X=N C=R}yHD w OvDUy |WtN w |WWm Q=@ CLD ,qwtat
|WwQ '|Q=Wi Q=@ CLD Q=OlQD |xQ}=Os}v lU}O |x�=Q= =@ [13]'=QOvQwU =t= 'CU=
xHwD =@ 'Q[=L VywSB QO "O=O x�=Q= pw= Owt |otQkJ |@=} RQ= |=Q@ `} QU w xO=U
pmWt |}=DU}= ^=Lr R= |Q=Wi lH Q} R xQ}=Os}v lU}O l} uO=O Q=Qk xmv}= x@
xm OQm xO=iDU= u} RDQy Q=@ `} RwD R= O}=@ '|r}rLD C=@U=Lt QO u}vJty w CU=
'x=ox}mD w Q=@ pLt uOQm MB =@ =Pr &Ovm wQ@ wQ pmWt =@ =Q p}rLD OvwQ CU= umtt
pmWt w OQ=w lU}O Q@ CN=wvm} w |Q=Wi CQwYx@ Q=@ w =DU}= lH Q} R xvwtv
CLD |O=yvW}B pOt R= |}=tv '11 pmW QO "OW hQ]Q@ u} RDQy Q=@ `} RwD |wor=

"OwW|t xOy=Wt CN=wvm} |Q=Wi Q=@

C@=F Ct=N[ =@ Q=OlQD |xQ}=Os}v lU}O |UQQ@ "1"5
R= (a) lQD pw] '10 wtv =@ 100 =D 00 R= � |x} w=R Q}}eD =@ 'xt=O= QO wQ u}= R=
?} Q[ |UQQ@ x@ '6mm C@=F Ct=N[ =@ w 1mm wtv =@ 29mm =D 1mm
xDN=OQB CN=wvm} |Q=Wi Q=@ CLD Q=OlQD |xQ}=Os}v lU}O pw= Owt VvD COW
QO lQD lwv X |=DU=Q QO VvD '12 pmW QO xvwtv |=Q@ "�7 \@=wQ� CU= xOW
R= xOt; CUOx@ Q=Okt "OwW|t xOy=Wt QDt|r}t 8 lQD pw] w � = 20 |xvwtv

"CN=wvm} |Q=Wi Q=@ CLD |O=yvW}B |xvwtv R= |rm |=tv "11 pmW

"lQD lwv |=DU=Q QO p=tQv VvD "12 pmW

?}DQD x@ 'u=QoWywSB |x}YwD w Q=Ri=sQv |=tvy=Q x@ xHwD =@ w C@=F lQD lwv h=Q]=
9 pmW QO "OvQ=O =Q pw= h}OQ |=yu=tr= pw] 0 65 w a=8 R= QDlJwm |rw]
u}@ |Ov@Vt O=a@= =@ ,=@} QkD xOWp=tQv VvD COW ?} Q[ xm CU= XNWt ,qt=m
|UQQ@ |xt=O= QO w 'CU= |Ov@Vt O=a@= R= pkDUt QDt|r}t 3 =D QDt|r}t 0 1

"CU= xOW xDiQo Q_v QO QDt|r}t 0 1 Vt O=a@= 'Q[=L
w p=tQv VvD QwDv=m |xU}=kt w 10 pmW QO VvD |=yQwDv=m uQ=kD x@ xHwD =@
lwv xm CU= XNWt [18]'u} wQ}= |r}rLD \@=wQ =@ xU}=kt w lQD lwv |=Q@ |WQ@
=yQwDv=m uQ=kD R= w 'CU= sm =L CUmW pw= Owt w xOw@ VWm CLD \ki lQD
pOt uQ=kDt CQwYx@ w CUQO ,qt=m x=ox}mD w |Q=PoQ=@ xm CiQo xH}Dv u=wD|t
OYQO p}rO u}tyx@ 'Ov=xOWv pta OQ=w Qo}O |=yOwt R= s=OmI}y w CU= xOW

"CU= lJwm Q=}U@ x=oW}=tR; x@ C@Uv |OOa pOt |@Uv |=]N

"|Ov@Vt |xR=Ov= x@ C@Uv pOt C}U=UL "9 pmW

"u} wQ}= |r}rLD \@=wQ w |OOa pOt QO lQD lwv VvD |wor= |xU}=kt "10 pmW
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u}}a

DCtU x@ 'pmW ?} Q[ Q}O=kt ' KI
P=Rt

p
�a = F |x]@=Q x@ xHwD =@ w xDi=} V}=Ri=

"CU= xOQm p}t C@=F |OOa
0=067 � u}@ |xOwOLt QO 'CU= XNWt 14 pmW QO xm Qw]u=ty
pw] p@=kt QO xOWp=tQv VvD COW ?} Q[ x@ \w@ Qt \w]N ,=@} QkD aR � 0 6
C@=F pmW ?} Q[ |x�=Q= |=Q@ QwmPt |xOwOLt wQ u}= R= 'CU= QD|ki= |@Uv lQD
C=Q}}eD ?} Q[ OYQO w Q=}at R= h=QLv= Q=Okt |x@U=Lt =@ TBU "OW ?=NDv=
OW XNWt Q}N= |xOwOLt QO =}=wR |t=tD |=Q@ (F ) pmW ?} Q[ QO (Cv)

'0 067 � a
R � 0 6 |xOwOLt QO � = 20 |Q=PoQ=@ |x} w=R CLD xvwtv xm

xm CU=vat u=O@ u}= xm OQ=O =Q pmW ?} Q[ QO C=Q}}eD ?} Q[ OYQO u} QDtm
OYQO w CU= QD|ki= =yQ=Owtv Q}=U x@ C@Uv Q=Owtv '� = 20 |Q=PoQ=@ |x} w=R QO
?} Q[ Q}O=kt u}ov=}t u=wD|t w OQ=OC@=F pmW?} Q[ |x�=Q= |=Q@ |QDtm |=]N

"OQw; CUOx@ C@=F |@U=vt ?} QkD =@ =Q pmW
u} QD?U=vt '� = 20 |x} w=R |=Q@ 1 325?} Q[ '3pwOH x@ xHwD =@ wQu}= R=
R= "CU= CN=wvm} |Q=Wi Q=@ CLD Q=OlQD |xQ}=Os}v lU}O |=Q@ pmW ?} Q[
|xR=Ov= x@ QDw VQ@ =@ Q=OlQD |xQ}=Os}v lU}O CN=U |Oa@ C=ar=]t |=Q@ wQ u}=

"a=R |@Uv lQD p@=kt QO K
I

|xOW p=tQv Q}O=kt "14 pmW

"pmW ?} Q[ Q=}at R= h=QLv= w u}ov=}t Q}O=kt "3 pwOH
C=Q}}eD ?} Q[ OYQO Q=}at h=QLv= u}ov=}t �

1 584 0 027 1 441 00

1 021 0 014 1 353 10

0 841 0 011 1 325 20

1 861 0 024 1 267 30

3 172 0 038 1 21 40

4 652 0 054 1 152 50

6 3 0 069 1 095 60

8 128 0 084 1 038 70

10 175 0 01 0 981 80

12 475 0 115 0 924 90

15 071 0 131 0 867 100

"OQ=O Ck@=]t |r}rLD \@=wQ =@ OwOLt <=RH= VwQ2664�xx�yy
�xy

3775 = KIp2�r cos �2

26641� sin �
2 sin 3�

2
1 + sin �

2 sin 3�
2

sin �
2 cos 3�

2

37758>>>><>>>>:
� = 0
r = 0 1mm) �xx = 18 321(MPa)

KI = 14 523
(7)

Vy=m � |x} w=R V}=Ri= =@ KI Q=Okt xm OQ@ |B u=wD|t 13 pmW R=
"CU= xQ}=Os}v lU}O |=yx@r QO |WWm |xk]vt Vy=m u; p}rO xm 'O@=}|t
"CU= xDi=} Vy=m TBU w V}=Ri= =OD@= KI Q=Okt 'lQD pw] V}=Ri= =@ u}vJty
xm CU= lU}O |Q=Wi |xk]vt x@ lQD lwv uOWl}ORv p}rO x@ Vy=m u}=
QwmPt pmW |OL Cr=L xHQO QiY h=Qo "OwW|t lQD lwv uOW R=@ R= `v=t
KI Q=Okt w xOW OQ=w |}x]kv CQwYx@ ,qt=m Q=@ Cr=L u}= QO =Q} R 'CU=
QiY |v=QL@ h=Qo O}=@v |i=Qo I}y wQ u}= R= 'CU= xOw@ V}=Ri= p=L QO xQ=wty
KI Q=Okt xm |v=tR CU= XNWt 10 pmW x@ xHwD =@ u}vJty "Ovm `]k =Q
pw] |xv}W}@ '(a�) u; pO=at lQD pw] 'OwW|t QiY X=N |x} w=R l} |=Q@
pw] R= w CU= C@Ft KI Q=Okt w xOw@ VWm QO lQD lwv xm CU= |mQD
'13 pmW j@=]t "OwW|t xDU@ w OQ}o|t Q=Qk Q=Wi QO lQD lwv 'Oa@ x@ a�
x=oW}=tR; QO 'KI |x@U=Lt |=Q@ |UQQ@ OQwt lQD pw] � |x} w=R V}=Ri= =@
xHwD O}=@ |y=oW}=tR; |=yxvwtv CN=U s=ovy xr�Ut u}= x@ w 'OwW|t OwOLt

"OwW
Q=Okt xJQo = 'CU= |ivt a� lQD pw] R= V}@ |mQD pw] QO KI Q=Okt
?r=H Ov=wD|t u; |Qw�D |UQQ@ =t= 'CU}v Q}PBu=mt= |m} R}i ^=Lr R= KI |ivt
|=Hx@ a� R= |QDW}@ |rw] QO Q=OlQD |xQ}=Os}v lU}O Qw_vt u}= |=Q@ "OW=@
w OW xO=O Q=Qk Q=@ Q=Okt u=ty =@ CN=wvm} |WWm Q=@ CLD CN=wvm} |Q=Wi Q=@
C@Ft Ctqa =@ |Q=Wi Q=@ CLD KI Q}O=kt u=ty |WWm Q=@ CLD KI Q}O=kt
a� R= V}@ |mQD pw] QO |Q=Wi Q=@ CLD KI Q}O=kt '11 pmW QO "Ot; CUOx@

"OwW|t xOy=Wt
?} Q[ Q}O=kt O}=@ Q=OlQD lU}O C@=F pmW ?} Q[ uOQw; CUOx@ |=Q@
p=tQv VvD COW ?} Q[ '14 pmW QO "OvwW Oa@ uwO@ 'lQD pw] w VvD COW
j@=]t xm CU= xOW sUQ (a=R) |@Uv lQD pw] p@=kt QO ( KI

P=Rh
p
�a ) |xOW

u; |ki= |=yCtUk xm Cw=iD u}= =@ 'CU= 13 pmW x}@W QwmPt h=Qo |wor= 'u;

"lQD pw] p@=kt QO KI Q}O=kt "13 pmW
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|Q}oxH}Dv "6
|otQkJ |Q}oxR=Ov= |=Q@?U=vt |WwQ '|Q=Wi Q=@CLD Q=OlQD |xQ}=Os}vlU}O
|Q=Wi Q=@ CLD =Q OQD Kr=Yt pw= Owt |otQkJ 'QwmPt VwQ "CU= OQD O=wt
'x=oW}=tR; QOCU= umtt xmv}= x@ xHwD =@ "Ovm|t x@U=Lt |@ wNCkO =@CN=wvm}
pLt QO MB O=H}= p}rO u}ty x@ 'OW=@ pmWt MB uwO@ |xvwtv |wQ Q@ |Q=PoQ=@
h}] 'Q[=L |xar=]t QO "Ovm pL =Q QwmPt pmWt Ov=wD|t |Q=PoQ=@ w x=ox}mD
w OW |@=} RQ= Cw=iDt pw] =@ |}=ylQD w � hrDNt |=yx} w=R =@ MB pw] R= |a}Uw
pw] =@ Q=OlQD |xQ}=Os}v lU}O QO CN=wvm} |Q=Wi Q=@ CLD xm O=O u=Wv G}=Dv
CUOx@ 1 325 Q@=Q@ pmW ?} Q[ u} QDxv}y@ '� = 20 |x} w=R =@ Q_=vDt |NB

"Ot;

|=Q@ xO=iDU= OQwt |rm pwtQi "OwW|t x}YwD x=oW}=tR; QO RmQt x@ C@Uv xHQO 2
%CU= 8 |x]@=Q j@=]t VvD COW |x@U=Lt

KI = F�
p
�a (8)

"OQ=O |oDU@ xvwtv |xUOvy w pmW x@ w CU= lU}O pmW ?} Q[ F 'u; QO xm
|Q=Wi Q=@ CLD Q=OlQD |xQ}=Os}v lU}O |=Q@ F ?} Q[ '3 pwOH x@ xHwD =@
Owt VvD COW ?} Q[ w Ot; CUOx@ � = 20 |x} w=R CLD 1 325 CN=wvm}
x@U=Lt 9 |x]@=Q j@] C@=F Ct=N[ =@ Q=O lQD |xQ}=Os}v lU}O |=Q@ pw=

%OwW|t
KECSD
I = 1 325 P

Rh
p
�a (9)

=yCWwv=B
1. stress intensity factor
2. metallic glass
3. perspex
4. zeroth order fringe (ZOF)
5. edge cracked semicircular disk
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