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wO R= xO=iDU= =@ xOW x�=Q= pOt OQmrta CLY "OvDUy Q[=L Twmat pOt x@ |OwQw
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xtOkt "1
OQ@ Q=m u} QDsyt 'OQ=Ov OwHw =yu; s}kDUt |Q}oxR=Ov= u=mt= xm |}=yQDt=Q=B =} wCU=
u} QDsyt R= xv=NOwQ |[Qa `]=kt |=yxO=O "OvwQ|t Q=tW x@ Twmat p�=Ut
l}rwQO}y '|m}rwQO}y %|=ypOt QDW}@ QO |OwQw u=wvax@ xm OvDUy |}=yxO=O
|U=U= Vkv w OvwW|t xO=iDU= u=} R@; x=oDU} R |R=Ux}@W w xOv}q; p=kDv= '?wUQ
p}rO x@ =yu;CW=OQ@ w OvQ=O xv=NOwQ|yOu=t=U wC} Q}Ot '|R} Qxt=vQ@ '|L=Q] QO
|xO}OB "CU= Q@u=tR xD@r= w xv} RyQB 'CNU Q=}U@ |Q=OQ@xWkv C=}rta s=Hv= x@ R=}v
|[Qa `]=kt C=Q}}eD 'u; `@D x@ w xv=NOwQ QO |Q=Po?wUQ w V}=UQi |oW}ty
`]kt l} "Ovm|t u=OvJ wO =Q =yxv} Ry w OwW|t |Q=OQ@xWkv C=}rta O}OHD Ea=@
xrY=i x xm 'CU= y w x C=YDNt x@ \=kv R= |}xawtHt pt=W 'xv=NOwQ |[Qa
'�`]kt CL=Ut� |=yQDt=Q=B "OyO|t u=Wv =Q \=kv |a=iDQ= R=QD y w AJ pL=U R=
w Ov};|t CUO x@ |[Qa `]=kt R= �?; K]U O=R; ZQa� w �?w]Qt uwt=Q}B�
CQ=@ax@ "OvwW|t xO=iDU= xv=NOwQ l}rwQO}y |=ypOt Q}=U QO |OwQw u=wva x@
|=ypOt C=@U=Lt OQ=w xm OvDU}v |[Qa `]=kt \=kv 'Q}N= C=YDNt 'QDxO=U
QwmPt \=kv xawtHt R= GQNDUt |m}rwQO}y |=yQDt=Q=B xmr@ 'OvwW|t |m}rwQO}y
|m}rwQO}y |=yQDt=Q=B "OvwW|t xO=iDU= C=@U=Lt QO |OwQw u=wvax@ xm OvDUy
\@=wQ '?; jtaV}=Ri= =@ w Ovvm|t =O}B|vat `]kt uwQO ?; jta OwHw =@ GQNDUt

u=QoVywSBTBUwO=yvW}B 1Tvo} wy\UwD|Oq}t1673p=UQOTwmatp�=Ut
xm |r�=Ut QDW}@ [1]"Ov=xOQm p=@kDU= =yu; R= |tra |=yxv}tR R= |Q=}U@ QO |O=} R
OwHw 's}NO@ p�=Ut QO "OvDUy s}NO@ p�=Ut <RH 'OvwW|t EL@ j} Q] u}= x@
xr�Ut MU=B QO |oQR@ |=]N ?Hwt 'xOW |Q}oxR=Ov= |=yxO=O QO lJwm |=y=]N
'OvW=@ xDW=Ov ?=wH ,qY= CU= umtt Twmat p�=Ut 'Qo}O hQ] R= "OW Oy=wN
x@ [2]"OvwWv =Qoty |OL=w ?=wH x@ xmu}= =} w OvW=@ xDW=O ?=wH C}=yv|@ =}
xO=iDU= w xDiQW}B |OOa |=yVwQ j} Q] R= O}=@ Twmat p�=Ut pL 'p}rO u}ty
l} Twmat |xr�Ut 'Ck}kL QO "OwW s=Hv= |R=Uxv}y@ |wk |=ysD} Qwor= R=
|=yQDt=Q=B '|D=Oy=Wt |=yxO=O R= |}xawtHt j} Q] R= xm 'CU= |D=@U=Lt Ov}=Qi
xr�Ut Q@ sm =L l} R}i xmu; \QW x@ xD@r= "OvwW|t u}}aD xr�Ut Cra |xOvvmu=}@
'OvW=@ swrat xr�Ut Q@ sm =L CqO=at 'Qo}O CQ=@a x@ =} w OW=@ xOW xDN=vW ,qt=m
xar=]t OQwt |xO}OB Q@ sm =L|[=} Q pOt uOQm Twmat |x}=B Q@ QwmPt VwQ xm =Q} R
xv} RyQB w CNU =yu; |Q}oxR=Ov= xm '|m} R}i |=yQDt=Q=B |}=U=vW "CU= Q=wDU=

pw�Ut xOvU} wv �
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`=aW R w p=kDv= ?} Q[ K '?; jta y '`]kt CL=Ut A '=yu; QO xm
|}=U=vWOQwt CqwyHt z w � '� 'B QDt=Q=B Q=yJ u}vJty "OvDUy |m}rwQO}y
Q_v QO u; `]kt uOw@ s_vt ZQi =@ w |QwWvt =yu; Q_v OQwt |xv=NOwQ "OvDUy
|=Q@ |v=wD |x]@=Q wO uDiQo Q_v QO =@ 6=O}@a '2009 p=U QO [17]"Ow@ xOW xDiQo
OwHwt ?}=Q[ '�5 w 4 \@=wQ� p=kDv= ?} Q[ w `]kt CL=Ut |m}rwQO}y \@=wQ
|QwWvt |xv=NOwQ l} QO 'Cv=vw - CvU CqO=at Twmat pL =@ =Q \@=wQ u}= QO

[18]%OvOQw; CUO x@ ?mQt w
A = ayb (4)

K = cyd (5)

w 7Cww "OvDUy ?; jta y w p=kDv= ?} Q[ K '`]kt CL=Ut A '=yu; QO xm
'=QHt hm ?}W u}ov=}t 'K]U ZQa u}ov=}t |=yQDt=Q=B R}v '�2009� u=Q=mty
K]U R=QD u}ov=}t w CUOq=@ QO |@O u}ov=}t 'nv}v=t |Q@ R ?} Q[ u}ov=}t
=Q |}xkvRwP `]kt K]U =@ |QwWvt w s_vt |xv=NOwQ l} CUO u}}=B QO ?;
|}=U=vW hOy =@ 8Q}rU w R}UH '2012 p=U QO u}vJty [19]"OvOQw; CUO x@
Cr=L QO TmwDU=Q} w=v CqO=at Twmat pL x@ s=Ok= 'xv=NOwQ hm |i=QowB wD
|t�=O u=} QH uDiQo Q_v QO =@ =yu; |O=yvW}B pOt w OvOQm |Oa)@ xU w l}
QO xm 'CW=O R=}v |O=} R |OwQw |=yxO=O x@ QwmPt pOt [20]"Ow@ xOW u} wOD
QO Q}N= C=k}kLD "CU= xv} RyQB w CNU Q=}U@ |}=yxO=O u}vJ |Q}oxR=Ov= pta
s=Hv= C=ar=]t xv=o} 'xv=NOwQ |m}rwQO}y - |UOvy C=YNWt |}=U=vW |xv}tR
xOW x�=Q= 1 pwOH QO =yu; |xYqN xm 'OvDUy Twmat pL VwQ x@ xOW
xv=NOwQ `]=kt |xUOvy ẁ[wt C}ty= u=}@ =@ R}v '�2005�9uUOQ=w}DU= "CU=
xv=NOwQ `]=kt R= GQNDUt |m}rwQO}y - |UOvy \@=wQ 'u=} QH Q=DiQ QO u; Q}F-=D w
%|xOW |Q}oxR=Ov= |=yxO=O R= xO=iDU= =@ |@O w CaQU R= |a@=D u=wva x@ =Q
w RQ [21]"OvOQm x@U=Lt xv=NOwQ |=yQDt=Q=B Q}=U w xv=NOwQ `]=kt '|@O 'CaQU
|m}rwQO}y \@=wQ 'uUOQ=w}DU= VywSB x@=Wt VwQ =@ R}v '�2008�10Vv=Q=mty
s=Hv= C=ar=]t 'OW u=}@ xm Qw]u=ty [22]"OvOQw; CUO x@ =Q xv=NOwQ CUOu}}=B
ZQi =@ 'Twmat |xr�Ut VwQ x@ xv=NOwQ |=yQDt=Q=B |}=U=vW |xv}tR QO xOW
l} xm |r=L QO 'CU= xDiQo CQwY s_vt `]=kt pmW w xR=@ uOw@ |QwWvt
s_vt=v |[Qa `]=kt pmW |=Q=O xD@r= w CU= |QwWvtQ}e |a}@] |xv=NOwQ
|@O sy w ?; K]U R=QD sy |=yxO=O OwHw ZQi =@ xOW s=Hv= C=ar=]t QO "CU=
R= GQNDUt |m}rwQO}y \@=wQ |t=tD '|D=Oy=Wt |=yxO=O u=wvax@ u=tR x@ C@Uv
"CU= xOW xOvU@ |OwOLt |=yQDt=Q=B |}=U=vW x@ xmr@ 'Ov=xOWv |}=U=vW `]kt
|=yxO=O x@ 'u=} QH uOw@ |t�=O ZQi =@ R}v '�2012�11Q}rU w R}UH VywSB
VywSB =Pr [20]"CU= xv} RyQB w CNU =yu; |Q}oxR=Ov= xm 'OQ=O R=}v |D=Oy=Wt
'Cv=vw - CvU CqO=at Twmat pL Q@ |v@t |[=} Q pOt l} |x�=Q= =@ Q[=L
?; K]U O=R; ZQa w ?w]Qt uwt=Q}B '`]kt CL=Ut |m}rwQO}y \@=wQ |t=tD
OwHw =@ \ki |QwWvtQ}e w s_vt=v `]=kt =@ |a}@] ,qt=m |xv=NOwQ l} QO =Q
xOQm |}=U=vW |D=Oy=Wt |=yxO=O u=wvax@ u=tR x@ C@Uv ?; K]U R=QD |=yxO=O
\@=wQ R= xO=iDU= =@ xv=NOwQ QO u=} QH |m}rwQO}y |@=}OvwQ 'u; Q@xwqa "CU=
QO 'Cv=vw - CvU CqO=at Twmat pL R= pY=L xOW |}=U=vW |m}rwQO}y
xU}=kt �s=ov}mU=t� |m} SwrwQO}y VwQ l} x@ u=} QH |@=}OvwQ =@ w s=Hv= xv=NOwQ

"CU= xOW

OvQ=O |W}=Ri= OvwQ ?; jta V}=Ri= =@ xm |Qw]x@ &OvyO|t p}mWD =Q |m}rwQO}y
Ov=wD|t |[=} Q |x]@=Q l} 'Ck}kL QO "Ovvm|t |wQ}B |[=} Q|x]@=Q l} R= w
|}=U=vW OUQ|t Q_v x@ "OW=@ xOW QmP |m}rwQO}y \@=wQ C=Q}}eD OvwQ |=} wo
Ov=wD|t '`]=kt |=yxO=O uDW=O uwO@ w Qo}O VwQ l} =@ xOW xQ=W= |[=} Q \@=wQ
OQ=wt u} QDsyt R= |m} "OW=@ xDW=O |B QO =Q xOW O=} |=yxv} Ry |t=tD hPL
'CU= |m}rwQO}y VwQ x@ u=} QH |@=}OvwQ 'GQNDUt |m}rwQO}y \@=wQ xO=iDU=
x@ 'xv=NOwQ |[Qa `]=kt |xv} RyQB |=yxO=O u=Oki p}rO x@ C=kw= ?re= QO xm
xQ=W= |m}rwQO}y \@=wQ |}=U=vW "OwW|t s=Hv= |m} SwrwQO}y j}kOQ}e |=yVwQ
Ov=wD|t 'Twmat |R=UpOt R= xO=iDU= =@ w `]=kt |=yxO=O CW=OQ@ uwO@ xOW
CqO=at Twmat pL "Ovm pL R}v =Q |m}rwQO}y VwQ x@ u=} QH |@=}OvwQ pmWt
x@ =D CUOq=@ |RQt \QW w nv}v=t |Q@ R ?} Q[ PN= hOy x@ Cv=vw - CvU
C@F xv}tR u}= QO |O=} R Q=}U@ |=yVywSB w s=Hv= |O=} R u=QoWywSB \UwD p=L
hQat |=yQDt=Q=B w |m} R}i |=yQDt=Q=B uOQw; CUO x@ |xv}tR QO =t= "CU= xOW
pL '�2000�2u=Q=mty w =D=O "OQ=O OwHw |mOv= C=ar=]t 'xv=NOwQ C=}YwYN
xO=iDU= =@ 'nv}v=t |Q@ R ?} Q[ u}tND hOy x@ =Q Cv=vw - CvU CqO=at Twmat
X}NWD |xv}tR QO 'u}= Q@ xwqa [3]"Ov=xO=O s=Hv= 3 SQP |R=Uxv}y@ pOt R=
?} Q[ =yu; QO xm 'OQm xQ=W= C=ar=]t |NQ@ x@ u=wD|t nv}v=t |Q@ R ?} Q[
pL R= xO=iDU= =@ u; R= xO}J}B |xm@W l} =D xv=NOwQ R= xR=@ l} QO nv}v=t |Q@ R
C=ar=]t u}@ QO [8�4]"CU= xOW xOQw; CUO x@ Cv=vw - CvU CqO=at Twmat
pL R= xO=iDU= =@ xv=NOwQ CUOq=@ |RQt \QW |}=U=vW |xv}tR QO xOW s=Hv=
�2013� s}yO=m w O}Lwr=O@a VywSB x@ u=wD|t 'Cv=vw - CvU CqO=at Twmat
CqO=at Twmat pL |xr}Uw x@ =Q ?q}U Twmat |@=}OvwQ =yu; "OQm xQ=W=
w xU}=kt =Q =yu; w s=Hv= '|m} SwrwQO}y w |m}rwQO}y VwQ wO x@ Cv=vw - CvU
=yu; QO xm 'OQ=O OwHw R}v |Qo}O C=ar=]t xv}tR u}= QO u}vJty [9]"OvOQm |@=} RQ=
|=yVwQ uOQ@ Q=m x@ w xv=NOwQ |=Q@ Cw=iDt \}=QW uDiQo Q_v QO =@ u=QoWywSB
|x@U=Lt [14�10]"OvOQw; CUO x@ =Q CUOq=@ |RQt \QW 'Twmat pL hrDNt
|}=U=vW "OwW|t xO}t=v ?q}U Twmat |@=}OvwQ ,=Lq]Y= 'CUOq=@ |RQt \QW
u}DUNv 'Cv=vw -CvU CqO=at Twmat pL R= xO=iDU= =@ xv=NOwQ QO =yQDt=Q=B Qo}O
r w n l =m]Y= ?}=Q[ =yu; "OW s=Hv= 1972 p=U QO 4x=} w Qm@ \UwD Q=@
|QwWvt w s_vt `]kt K]U =@ xv=NOwQ R= xR=@ l} QO =Q 1 |x]@=Q QO OwHwt

"OvOQm |}=U=vW
s = v jvj rR�n (1)

[15]"CU= |m}rwQO}y `=aW R w |SQv= \N ?}W s 'u=} QH CaQU v 'u; QO xm
|=yQDt=Q=B |}=U=vW 'OwN VywSB uDN=U QD|ak=w Qw_vt x@ 1973 p=U QO =yu;
C=}YwYN QO Cw=iD� Qo}Om} R= Cw=iDt \}=QW =@ xv=NOwQ R= xR=@ wO QO =Q QwmPt
VywSB QO =yu; |}=U=vWOQwt |}xR=@ wO |xv=NOwQ "OvO=O s=Hv= �xR=@ wO |UOvy
w uwDr}tw 1984 p=U QO [16]"Ow@ xOW xDiQo Q_v QO s_vt w |QwWvt R}v QwmPt
|=yQDt=Q=B u} QDsyt R= |m}rwQO}y w |UOvy C=}YwYN xmu}= Q=y_= =@ 5sot=m
CNU =yu; CW=OQ@ w OvwW|t ?wULt xv=NOwQ |R=Ux}@W pOt Qy x@ |OwQw
2 |x]@=Q `]kt CL=Ut |m}rwQO}y \@=wQ QO OwHwt ?}=Q[ 'CU= xv} RyQB w
Cv=vw - CvU CqO=at Twmat pL R= xO=iDU= =@ =Q 3 |x]@=Q p=kDv= ?} Q[ w

"OvOQm |}=U=vW
A = y (B + zy) (2)
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yt "Twmat pL VwQ x@ |m}rwQO}y |UOvy \@=wQ |}=U=vW |xv}tR QO xOW s=Hv= |=yVywSB |xYqN "1 pwOH
xO=iDU= OQwt sD} Qwor= s}kDUt pL VwQ Twmat pL VwQ xOvU}wv s=v

One-Shot K} QY |wor= |=v@t Q@ OwOLt hqDN= Q=QmD |=v@t Q@ �2012� Q}rU w R}UH
Nelder and Mead Simplex Algorithm utR}=QB |vt[ |x]kv Q=yJ Q=QmD |=v@t Q@ �2009� xO}@a

uDw}v sD} Qwor= utR}=QB |vt[ |x]kv Q=yJ Q=QmD |=v@t Q@ �1984� sot=m w uwDr}tw
Q}F-=D ?} Q[ sD} Qwor= K} QY |wor= |=v@ Q@ OwOLt hqDN= Q=QmD |=v@t Q@ �1973� x=} w xQm@
Q}F-=D ?} Q[ sD} Qwor= K} QY |wor= |=v@ Q@ OwOLt hqDN= Q=QmD |=v@t Q@ �1972� x=} w xQm@

=yxv=NOwQ QO u=} QH CqO=at pL s}kDUt pOt "1"3
Cv=vw - CvU CqO=at '|Oa@l} Cr=L QO |t�=OQ}e |=yu=} QH Q@ sm =L CqO=at
�8 |x]@=Q� sDvtwt w �7 |x]@=Q� |oDUw}B |xrO=at wO R= CqO=at u}= "OvDUy

"Ov=xOW p}mWD
@A
@t

+ @Q
@x

= 0 (7)

@Q
@t

+ @
@x

(Q
2

A
) + gA@zw

@x
+ gASf = 0 (8)

'u=} QH jta y 'pkF ?=DW g 'u=} QH `]kt K]U A 'u=} QH |@O Q '=yu; QO xm
K]U R=QD zw w u=} QH CyH QO |rw] |xrY=i x 'u=tR t '|SQv= \N ?}W St
CqO=at pL "CU= QwmPt CqO=at pL x@ sRrt s}kDUt pOt u} wOD [24]"CU= ?;
'xr�Ut |xOW xO=U |=yCr=L QO RH '|r}rLD VwQ x@ xOW |iQat |wrwrPy
'Q[=L p=L QO "OQ}o CQwY |OOa VwQ x@ O}=@ =yu; pt=m pL w CU}v Q}PBu=mt=
OwOLt p[=iD VwQ R= ?re= 'R=@ |=yp=v=m QO Q=oOv=tQ}e u=} QH |R=UpOt QO
12utR}=QB |vt[ |wor= 'OwOLt p[=iD |=yVwQ u} QDy@ R= |m} "OwW|t xO=iDU=
VywSB QO [10]"CU= xOW xO=iDU= xOQDUo Qw] x@ 1960 |xyO p}=w= R= xm 'CU=
'`]=kt s_vt=v |xUOvy =@ |ak=w |xv=NOwQ l} |=Q@ utR}=QB |vt[ |wor= 'Q[=L
"CU= xOW u} wOD |Oa@l} Cr=L QO |t�=OQ}e u=} QH s}kDUt pOt w xDi=} VQ=ov

=yxv=NOwQ QO u=} QH CqO=at pL Twmat pOt "2"3
,qt=m xR=@ pw] QO w s_vt=v '|a}@] |xv=NOwQ l} QO |[Qa `]=kt |UOvy pmW
QO "Ovm|t QDCNU =Q Q_vOQwt |xr�Ut pL ẁ[wt u}= xm 'OvDUy Cw=iDt sy =@
s_vt=v `]=kt R= GQNDUt |m}rwQO}y \@=wQ |wQ Q@ xm |}xOQDUo C=ar=]t |]
pmW uOw@ s_vt=v OwHw =@ xm CU= xOW XNWt 'CU= xOW s=Hv= xv=NOwQ
QO "OvQ=O |t_vt C=Q}}eD OvwQ '=yu; R= GQNDUt |m}rwQO}y \@=wQ '|[Qa `]=kt
|m}rwQO}y\@=wQ x=Qty x@ |a}@] |xv=NOwQ |[Qa `]ktl} R= |}xvwtv '1 pmW
V}=Ri= =@ '1 pmW x@ xHwD =@ "CU= xOW x�=Q= u; ?w]Qt uwt=Q}B w `]kt CL=Ut
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R= Ov=wD|t w CU= s_vt |m}rwQO}y \@=wQ |W}=Ri= OvwQ '`]kt s_vt=v |xUOvy
|=} wo Ov=wD|t |[=} Q |x]@=Q l} 'Qo}O CQ=@ax@ "Ovm C}a@D |[=} Q |x]@=Q l}
'xDiQo CQwY OOaDt |=yuwtR; x@ xHwD =@ "OW=@ |m}rwQO}y \@=wQ C=Q}}eD OvwQ
OvwQ '=yu; R= GQNDUt |m}rwQO}y \@=wQ '|a}@] |=yxv=NOwQ s_vt=v `]=kt QO
|=} wo Ov=wD|t xm |[=} Q \@=wQ u} QDy@ R= |m} w OvQ=O |y@=Wt ,=@} QkD |W}=Ri=
|}=tv ZQi =@ 'Q[=L VywSB "CU= |}=tv |x]@=Q l} 'OW=@ |W}=Ri= OvwQ u}=
x@ 10 w 9 \@=wQ sQi x@ ?w]Qt uwt=Q}B w `]kt CL=Ut |m}rwQO}y \@=wQ uOw@
K]U O=R; ZQa xm =Hu; R= "CU= xDN=OQB =yu; QO xDiQ Q=m x@ ?}=Q[ |}=U=vW

xOW x�=Q= Twmat pOt |=yOQ@ Q=m "2
|m}rwQO}y \@=wQ 'Q[=L VywSB QO xOW x�=Q= Twmat pOt 'OW u=}@ xm Qw]u=ty
|R=UpOt `=wv= QO Ovv=wD|t =yu; w Ovm|t |}=U=vW =Q `]=kt |=yxO=O R= GQNDUt
|=H x@ u=} R@; x=oDU} R |R=Ux}@W w xOv}q; p=kDv= '?wUQ l}rwQO}y '|m}rwQO}y
\@=wQ |=yOQ@ Q=m u} QDsyt R= |m} "OvwW xO=iDU= xv=NOwQ |[Qa `]=kt |=yxO=O
|m}rwQO}y VwQ x@ u=} QH |@=}OvwQ QO =yu; |xO=iDU= 'xOW |}=U=vW |m}rwQO}y
xv=NOwQ |[Qa `]=kt |=yxO=O x@ |m}rwQO}y VwQ x@ u=} QH |@=}OvwQ "CU=
x@ |@=}OvwQ |=yVwQ '`]=kt |=yxO=O u=Oki p}rO x@ OQ=wt QDW}@ QO xm 'OQ=O R=}v
|m}rwQO}y \@=wQ |}=U=vW =@ "OvwW|t xO=O K}HQD =yu; x@ |m} SwrwQO}y VwQ
uwO@ 'O=O s=Hv= |m}rwQO}y VwQ =@ =Q xv=NOwQ QO u=} QH |@=}OvwQ u=wD|t 'Q}N=
|}=U=vW =@ Ck}kL QO "OW=@ TQDUO QO xv=NOwQ |[Qa `]=kt |=yxO=O xmu}=
`]=kt |=yxO=O CW=OQ@ |=Q@ |Q=OQ@xWkv x@ |R=}v Qo}O 'QwmPt |m}rwQO}y \@=wQ
|Q=OQ@xWkv h=Ro |=yxv} Ry hPL w Ow@ Oy=wNv 'Ovvm|t Q}}eD u=tR CWPo =@ xm
|D=Oy=Wt |=yxO=O R= |}xawtHt x@ Twmat pOt Qy "CW=O Oy=wN p=@vO x@ =Q
swkQ |=yxO=O 'xOW x�=Q= pOt QO "OQ=O R=}v pOt x@ |OwQw u=wvax@ 'pwYwr=pyU
OQwt pOt x@ |OwQw u=wvax@ '|D=Oy=Wt x=oDU}= OvJ QO u=tR x@ C@Uv ?; K]U
|Q=OQ@xWkv R= QDxv} Rysm xD@r= w QDu=U; Q=}U@?D=Qt x@ =yxO=O u}=CW=OQ@ "CU= R=}v

"CU= `]=kt |=yxO=O CW=OQ@ |=Q@

|Qw�D |v=@t "3
xOW xDN=vW ,qt=m 'Q_vOQwt |xO}OB Q@ sm =L l} R}i Qo = |a}@] |xO}OB Qy QO
'(G) xr�Ut Q@ sm =L l} R}i Qo = "OQm |R=Ux}@W =Q u; Q@ sm =L pOt u=wD|t 'OW=@
(d) |R=Ux}@W xr�Ut u}= R= pY=L C=aq]= w (m) pOt x@ |OwQw |=yQDt=Q=B

[23]%OQm u=}@ 6 |x]@=Q j@] =Q |R=Ux}@W |xr�Ut l} u=wD|t 'OwW xO}t=v
G(m) = d (6)

C=aq]= Qo = xm CU= u}= Twmat |xr�Ut l} pL R= Qw_vt |rmQw] x@
VywSB QO xm � xr�Ut Q@ sm =Ll} R}i w (d) OW=@ TQDUO QO |R=Ux}@W R= pY=L
OW=@ xOW xDN=vW pt=m Qw] x@ �CU= |t�=OQ}e |=yu=} QH Q@ sm =L CqO=at Q[=L
Ov=xO=O u=Wv C=ar=]t "OQw; CUO x@ =Q pOt x@ |OwQw C=YNWt u=wD|t '(G)

pL s}kDUt VwQ "1 %OQ=O OwHw |rm OQm} wQ wO 'Twmat p�=Ut pL |xv}tR QO
VwQ R= 'Q[=L Q=DWwv QO [20]"|R=Uxv}y@ =} Q=QmD |=v@t Q@ |=yVwQ "2 w |OOa
pOt u; QO xm 'CU= xOW xO=iDU= Q_vOQwt Twmat |xr�Ut pL Qw_vt x@ swO
w xar=]t OQwt |xO}OB Q@ sm =L CqO=at s}kDUt pL pOt wO ?}mQD R= Twmat

"CU= xOW p}mWD |R=Uxv}y@ pOt l}
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|}=U=vW |m}rwQO}y \@=wQ CkO 'OW=@ QDW}@ |}=U=vWOQwt |=yxR=@ Q} R O=OaD xJ
R= |}xawtHt x@ Twmat pOt Qy xmu}= x@ xHwD =@ xD@r= "OwW|t QDW}@ R}v xOW
OQwt |=yxR=@ O=OaD xJ Qy 'OQ=O R=}v pOt x@ |OwQw u=wvax@ |D=Oy=Wt |=yxO=O
O=OaD 'Ck}kL QO "CU= |QDW}@ R=}v |D=Oy=Wt |=yxO=O x@ 'OW=@ QDW}@ |}=U=vW
OwHwt |D=Oy=Wt |=yx=oDU}= O=OaD xD@r= w Q_vOQwt CkO x@ |}=U=vWOQwt |=yxR=@

"CU= xDU@=w xv=NOwQ QO

|R=Uxv}y@ Ow}k w hOy `@=D p}mWD "3"3
|r=wDt |]NQ}e swO xHQO |R} Qxt=vQ@ |R=Uxv}y@ VwQ R= 'Q[=L VywSB QO
|R} Qxt=vQ@ sD} Qwor= "CU= xOW xO=iDU= Twmat pOt u} wOD Qw_vt x@13 (SQP)

'CU= |R=Uxv}y@ |wk w ?w@Lt |=ysD} Qwor= R= |m} '(SQP) |r=wDt swO xHQO
|]NQ}e |R=Uxv}y@ p�=Ut pL |=Q@ O}it w?U=vt Q}PB Q=QmD VwQl} u=wvax@ xm
s}UkD |}=yVN@ Q} R x@ =Q |R=Uxv}y@ |xr�Ut 'SQP VwQ "CU= xOW xDN=vW
swOxHQO |R} Qxt=vQ@ "OvDUy swO xHQO |R} Qxt=vQ@ |xr�Ut l} s=Om Qy xm 'Ovm|t
|w=Ut=v |]N C}OwOLt m =@ xQ}eDt n `@=wD |R=Uxv}tm |=Q@ |WwQ 14'(QP)

x]kv l} R= xm CU= CQwY u}O@ SQP VwQ sD} Qwor= "CU= wOQy =} w |w=Ut =}
sD} Qwor= "OUQ|t pw@k p@=k ?=wH x@ =yxO=O u=}O=Qo |xr}Uw x@ w Ovm|t ẁQW
xr�Ut Qo = "OUQ@ u=v}t]= p@=k ?=wH x@ =D OQ=O |k]vt ẁQW |x]kv x@ R=}v SQP

=O}B Vy=m uDw}v VwQ x@ QwmPt VwQ 'OW=@ xDW=Ov |]QW w C}OwOLt xvwoI}y
KqY= VwQ R= xm 15'Sv=Qo q `@=D ?} QkD R= Q=QmD Qy QO SQP sD} Qwor= "Ovm|t
swO xHQO |R} Qxt=vQ@ j} Q] R= TBU "Ovm|t xO=iDU= 'OQ@|t xQy@ uDw}v |xOW
hOy `@=D xm OQ=O OQ@ Q=m |r�=Ut |=Q@ SQP VwQ [26]"Ovm|t pL =Q xr�Ut 'QP

QO |]NQ}e |R} Qxt=vQ@ p�=Ut "OW=@ |]N u; Ow}k `@=wD w swO xHQO ẁv R= =yu;
%OvDUy 12 |x]@=Q CQwYx@ |rm Cr=L

min
x

F (x)

s:t: c(x) � 0 (12)

QO "OwW|t ?wULt |R=Uxv}y@ O}k c w CqwyHt Q=OQ@ x 'hOy `@=D F 'u; QO xm
pw= |xrtH 2 =@ Ow}k `@=wD w Qwr}D |QU pw= |xrtH 3 =@ hOy `@=D =OD@= 'QwmPt VwQ
p}mWD xOW xOR ?} QkD hOy `@=D u} Sv=Qo q TBU "OvwW|t xOR ?} QkD Qwr}D |QU
|=yQ=QmD QO xOt; CUO x@ CqO=at |r=wDt pL w uDw}v VwQ p=ta= =@ w OwW|t
Oy=wN xv}y@ MU=B x@ QHvt (SQP) |r=wDt swO xHQO |R} Qxt=vQ@ VwQ 'hrDNt
|=yC} Rt R= 'xv}y@ \=kv j}kO pL x@ |@=}CUO w |}=Qosy |q=@ CaQU "OW
pL |=Q@ SQP |R=Uxv}y@ VwQ ?=NDv= p}qO u} QDsyt R= w CU= QwmPt VwQ
Cv=vw - CvU CqO=at Twmat pL CQ=Jwri "OwW|t ?wULt Q[=L |xr�Ut

"OwW|t xOy=Wt 2 pmW QO
CU= Q=Qk xm =Q |}=yQDt=Q=B s=tD hOy `@=D '|R=Uxv}y@ |xr�Ut Qy QO
OwHwt ?}=Q[ '|}=U=vWOQwt |=yQDt=Q=B w OwW|t pt=W 'OvwW xOR u}tND
xOW x�=Q= |m}rwQO}y \@=wQ x@ xHwD =@ "Ow@ Ovy=wN |m}rwQO}y \@=wQ QO
QO w OQ=O OwHw pwyHt OOa 4 'xR=@ Q} R Qy |=Q@ '11 |r= 9 \@=wQ QO
CQwY x@ CqwyHt Q=OQ@ 'OW=@ |}=U=vWOQwt |xR=@ Q} R 'n QDt=Q=B xm |DQwY
T}Ov= "Ow@ Oy=wNfa1; b1; c1; d1; a2; b2; c2; d2; : : : ; an; bn; cn; dng Q=OQ@
`@=D p}mWD |=Q@ "Ovm|t XNWt =Q |}=U=vWOQwt |xR=@ Q} R |xQ=tW 'CqwyHt

|x]@=Q uDiQo Q_v QO x@ |R=}v =Pr [25]'CU= `]kt CL=Ut |x]@=Q jDWt '?;
xDiQ Q=m x@ |=yQDt=Q=B |}=U=vW =@ w Ow@ Oy=wNv ?; K]U O=R; ZQa |=Q@ xv=o =OH
?; K]U O=R; ZQa |m}rwQO}y |x]@=Q '`]kt CL=Ut |m}rwQO}y |x]@=Q QO

"OwW|t |}=U=vW R}v �11 |x]@=Q�
A(y) = aeby (9)

P (y) = c(e�dy � 1) (10)

T (y) = dA
dy

= abeby (11)

'|a}@] |xv=NOwQ R= u=mt Qy QO =yu; C=Q}}eD w `]=kt uOw@ s_vt=v x@ xHwD =@
xm Qw]u=ty =t= "CU= Cw=iDt u=mt Qy QO =yu; R= GQNDUt |m}rwQO}y \@=wQ
xm =Hu; R= "Ovm|t |wQ}B |}=tv |x]@=Q l} R= =yu; OvwQ u=vJty 'OW xQ=W=
CiQo Q_v QO xv=o =OH |}x]@=Q '`]kt Qy Ck}kL QO =} w u=mt Qy |=Q@ u=wD|tv
OvJ x@ xv=NOwQ |xR=@ =OD@= =Pr '�|}=U=vWOQwt ?}=Q[ O=OaD uOW O=} R p}rO x@�
uwt=Q}B w `]kt CL=Ut |m}rwQO}y |x]@=Q l} 'xR=@ Q} R Qy |=Q@ w s}UkD xR=@ Q} R

"s_vt=v `]kt xvwtv l} R= GQNDUt |m}rwQO}y \@=wQ "1 pmW
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|xv}tm =@ ?U=vDt xv=NOwQ ZQa "CU= TQDUO QO w u=U; QwmPt \}=QW QO
Cr=L x@ xv=NOwQ QO u=} QH xm |t=ovy QO p}U ẁkw R= TB '?; K]U swkQ
?U=vDt xv=NOwQ ZQa u}vJty "CU= |Q}oxR=Ov= p@=k |DL=Q x@ 'OUQ|t |t�=O
x@ R}v QDt=Q=B u}= xm 'CU= QwmPt p}U ?; d=O \N '?; K]U swkQ |xv}W}@ =@

"CU= TQDUO QO |DL=Q

Twmat pOt |HvUCLY |xwLv "4
'CU= swrat p@k R= u; MU=B xm 'p=Ft l} R= xO=iDU= =@ Twmat |=ypOt |@=} RQ=
|xv}tR QO xDiQo CQwY C=ar=]t Q}=U Ovv=ty 'Q[=L VywSB QO "OwW|t s=Hv=
'�2004� nv=w w nv}O '�1973 w 1972� x=} w Qm@ %Ovv=ty� Twmat |R=UpOt
'��1984� sot=m w uwDr}tw '�2012� Q}r}U w R}UH '�2014� u=Q=mty w =} QwO
p=Ft l} =@ TBU w |[Qi p=Ft l} R= xO=iDU= =@ =OD@= QO pOt |HvUCLY
|=]N x@ C@Uv Twmat p�=Ut 'OW xQ=W= xm Qw]u=ty "CU= xOW s=Hv= |ak=w
umtt =yxO=O QO =]N OwHw =@ w OvDUy T=UL |D=Oy=Wt |=yxO=O QO OwHwt
=@ ,=twta Twmat pOt |HvUCLY =Pr 'OvwW sDN s}NO@ |xr�Ut l} x@ CU=
R}v Q[=L VywSB QO "OwW|t s=Hv= |D=Oy=Wt |=yxO=O QO =]N |OYQO p=ta=
|D=Oy=Wt |=yxO=O QO =]N �10 p=ta= =@ 'xOW x�=Q= pOt OQmrta CLY |@=} RQ=

"xOW x�=Q= Twmat pOt CQ=Jwri "2 pmW

|=yxO=O Ovv=wD|t |D=Oy=Wt |=yxO=O "CU= R=}v R}v |D=Oy=Wt |=yxO=O x@ hOy
|Q}oxR=Ov= xmu}= p}rO x@ "OvW=@ xv=NOwQ uwQO u=tR x@C@Uv ?; K]U swkQ =} w|@O
swkQ |=yxO=O 'CU= xv=NOwQ QO |@O |Q}oxR=Ov= R= QDu=U; Q=}U@ ?; K]U swkQ
|=yxO=O u=wvax@ '|}=U=vWOQwt |xR=@ Q} R Qy \Uw QO u=tR x@ C@Uv ?; K]U
|}=U=vWOQwt |xR=@ Q} R Qy <=R= x@ 'QDxO=U CQ=@a x@ "Ov=xOW xDiQo Q_v QO |D=Oy=Wt
Q=}at =Pr "OW=@ xDW=O OwHw ?; K]U swkQ CW=OQ@ |Q}oxR=Ov= x=oDU}= l} O}=@
|D=@U=Lt w |D=Oy=Wt ?; K]U swkQ |=yxO=O u}@ =]N C=a@ Qt `tH hOy `@=D

%CU= 13 |x]@=Q CQwYx@ u; uw}UqwtQi xm 'CU=

Minimize F =
MX
m=1

NmX
n=1

�
HO
m;n �HC

m;n

�2
(13)

O=OaD Nm '|}=U=vWOQwt |=yxR=@ Q} R O=OaD M '�QDt� ?; K]U swkQH 'u; QO xm
O '=]N C=a@ Qt ẁtHt Q=}at F 's)=m |xR=@ Q} R QO xOW CW=OQ@ |D=Oy=Wt \=kv
C=a@ Qt ẁtHt Q=}at "OvDUy |D=@U=Lt w |D=Oy=Wt Q}O=kt hQat ?}DQD x@ R}v C w
'xO=iDU= OQwt |R=Uxv}y@ O}k "OwW xv}tm |R=Uxv}y@ |xrLQt QO O}=@ '(F ) =]N
=} w |R=Uxv}y@ O}k uOQw; CUO x@ |=Q@ "CU= xOW ?=NDv= pwyHt ?}=Q[ OwOL
`]kt R= QDlJwm `]kt l} w QDnQR@ `]kt l} x@ 'pwyHt ?}=Q[ u}}=B w q=@ OL
TQDUO QO |ak=w `]kt x@ C@Uv |D=aq]= I}y xm|Qw] x@ 'CU= R=}v |ak=w
O}=@ ?; K]U swkQ |xv}tm w xv}W}@ \}=QW QO xv=NOwQ ZQa Qw_vt u}O@ "OW=@v
swkQ |xv}W}@ \}=QW QO xv=NOwQ ZQa uDW=O =@ '3 pmW j@=]t "OwW CW=OQ@
QO xm 'O=O p}mWD |ak=w `]kt Q@ \}Lt |r}]DUt `]kt l} u=wD|t ?; K]U
CL=Ut R= QwmPt |r}]DUt `]kt QO ?w]Qt uwt=Q}B w `]kt CL=Ut |kta Qy
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"�|[Qi p=Ft� xOW x�=Q= pOt |@=} RQ= CyH |Q=t; |=yXN=W "4 pwOH
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|xv=NOwQ QO s=ov}mU=t VwQ x@ u=} QH |@=}OvwQ 'QwmPt |xOW xQ@}r=m Q}O=kt =@
16'(RMSE) =]N C=a@ Qt u}ov=}t QPH |Q=t; |=yXN=W "OW s=Hv= |[Qi
18'(E) |@Uv |=]N u}ov=}t w 17 (MEA) jr]t |=]N u}ov=}t XN=W
pY=L G}=Dv xm '5 pmW x@ xHwD =@ "Ov=xOW x�=Q= 4 pwOH QO pOt |@=} RQ= CyH
Q_v x@ 'OyO|t u=Wv =Q |ak=w w xOW |}=U=vW |m}rwQO}y \@=wQ |xU}=kt R=
QDy@ '`]kt K]U CL=Ut |m}rwQO}y \@=wQ X}NWD QO pOt |}=v=wD OUQ|t
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|@=}OvwQ pOt QO xOW |}=U=vW |m}rwQO}y \@=wQ OQmrta CLY 'Q[=L VywSB
pOt QO =Q xOW |}=U=vW \@=wQ CLY '6 pmW "CU=xOW xO}HvU |m}rwQO}y

"OyO|t u=Wv u=} QH |@=}OvwQ

EL@ w G}=Dv "5
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