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CUOx@ w QwmPt VwQ |}=Q=m V}=Ri= Qw_vt x@ "Ov};|t CUOx@ |r}rLD w xOW |Q}oxR=Ov=
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x@ u}vJty "OwW|t s=Hv= |ak=w |xR=U |m}t=v}O |=yMU=B CW=OQ@ R= pY=L
|ivt Q=F; R= |Q}owrH u}vJty w |r=t w |v=H |=yCQ=UN R= |Q}owrH Qw_vt
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`k=wt QO =yxR=U ?wr]t OQmrta R= u=v}t]= w |vt}= |=Q@ |}xR=U CtqU pQDvm w

[5w4'1]"CU= |QwQ[ w sRq Q=}U@ R}v Q]N
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?U=vt |r}rLD pOt uDW=O '=yxR=U |ak=w OQmrta |UQQ@ QO sOk u}rw= "Ov=xOWv
xQy@ |}xR=U sDU}U Q=DiQ p}rLD =} |@=} RQ= |=Q@ u; R= u=wD@ xm CU= |Ot;Q=m w
=} CN=U Ovv=t |}=yxWkv uDW=O Q=}DN= QO |rOt u}vJ x@ |@=}CUO |=Q@ "CUH
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pw�Ut xOvU} wv �
"1397 5 23 VQ}PB '1397 5 3 x}LqY= '1396 8 7 Ci=} QO %M} Q=D

DOI:10.24200/J30.2018.5024.2201

u}= s=Hv= |=Q@ QF-wt |=yVwQ R= |m} [3-1]"OW=@ |r}rLD pOt \UwD |R=UR=@ p@=k



"""|
Oa@w

O|
=y?

=kQ
OxO

vm=QB
|=y

?}U
;|

}=U=
vW=} xv}tm Q}O=kt uDi=} pta x@ |@=}xv}y@ 'C=}[=} Q sra QO "CU= xOW s=Hv= O}kt

CU= xDiQo pmW xR=U QO K=Q] Q_vOQwt C=}YwYN R= xm hOy `@=D l} |xv}W}@
"OwW|t jq]= 'OQ}o|t Q=Qk sRq |=yO}k \}=QW p=ta= CLD swRr CQwY QO w
x@ u; R= xm CU= ?U=vt |rOt CN=U '|@=}xv}y@ |xr�Ut l} pL |=Q@ sOk u}rw=
sD} Qwor= l} ltm =@ 'pOt h} QaD R= TB "OwW|t xOQ@ s=v xrLQt u} QDsyt u=wva
'|@=}xv}y@ p�=Ut =@ xH=wt QO "CN=OQB xr�Ut pL x@ u=wD|t ?U=vt |@=}xv}y@
QO "OQm xO=iDU= xr�Ut ẁv Qy pL |=Q@ |twta |@=}xv}y@ sD} Qwor= l} R= u=wD|tv
|xr�Ut l} |=Q@ =yu; R= s=Om Qy xm OvQ=O OwHw =ysD} Qwor= R= xawtHt l} `k=w
w xr�Ut pL OvwQ QO s}kDUt Q}F-=D 'Q}N= ?=NDv= "OvDUy ?U=vt X=N |@=}xv}y@
xm OwW Ea=@ Ov=wD|t CUQO=v ?=NDv= l} '|OQ=wt QO w OQ=O u; pL CaQU =}

[13]"OwWv Ci=} xr�Ut |=Q@ |@=wH ,qY=
p=ta= =@ |@=}xv}y@ "OvQ=O xOvwWQ=QmD Ov}=Qi l} |oty '|@=}xv}y@ |=ysD} Qwor=
|}xr=@vO O=H}= =@ w OwW|t R=e; 'Ov=xOW xO}t=vX xm |}=yQ}eDt R= x}rw= TOL l}
|}=yv ?=wH x@ uO}UQ =D 'OvwW|t xO}t=v Q=QmD `k=w QO xm xDi=}Ow@y@ |=yu}tND R=
|=ysD} Qwor= QO |Oa@ Q=QmD x@ Q=QmDl} R=CmQL |=Q@ xm |OQm} wQ "Ovm|t =O}B xt=O=
'hOy `@=D Q}O=kt R= =yOQm} wQ QDW}@ "OvQo}Om} R= Cw=iDt 'OwQ|t Q=m x@ hrDNt
C=@U=Lt OQ@W}B |=Q@ xOW QmP `@=wD swO w pw= |=yjDWt Q}O=kt =} w O}k `@=wD
xO=iDU= |r@k Q=QmD QO xOt; CUOx@ Q}O=kt R= =ysD} Qwor= R= |[a@ "Ovvm|t xO=iDU=
CmQL |=Q@ "Ovvm|t xO=iDU= |rai Q=QmD R= pY=L Q}O=kt R= Qo}O |[a@ w Ovvm|t
%OQ=O OwHw |rY= OQm} wQ wO 'Xk+1 |va} O}OH Q=QmD x@Xk pFt '|rai |x]kv R=
sD} Qwor= '\N |wHwCUH OQm} wQ QO "2ut= |x}L=v "2 ' 1\N |wHwCUH "1
wHwCUH x@ ẁQW u; |=DU=Q QO w Ovm|t ?=NDv= =Q �PK � Ovv=t CyH l} =OD@=
=D =Q Q=m u}= w Ovm|t QDtm `@=D Q=Okt =@ O}OH Q=QmD l} |=Q@ Xk |rai |x]kv R=
=@ Ov=wD|t PK |=DU=Q QO CmQL |xrY=i "OyO|t xt=O= |}=yv ?=wH x@ uO}UQ
s=o pw] uOQm =O}B |=Q@ �1 |x]@=Q� |Oa@ l} |R=Uxv}tm |xr�Ut |@} QkD pL

%O}; CUOx@ ?U=vt
min f(XK + �PK) (1)

|@=NDv= CyH |=Q@ CkO u} QDq=@ x@ u=wD|t '1 |xrO=at j}kO pL j} Q] R=
'CU= |QwQ[Q}e x=o w Q=wWO 1 |xrO=at j}kO pL xm |}=Hv; R= =t= "O}UQ PK
CUH xQy@ xvwou}O@\N |wHwCUH |=ysD} Qwor= R= u; j}kOpL |=H x@ u=wD|t
u} QDl}ORv xm |t=o pw] =D OwW O=H}= |W}=tR; |=ys=o pw] R= |OwOLt O=OaD xm
QmP OvwQ |xt=O= QO "OwW ?=NDv= =yu; u=}t R= 'OW=@ xDW=O =Q 1 |xrO=at x@ ?} QkD
C=}rta w x@U=Lt =ys=o pw] '?=NDv= O}OH CyH l} 'O}OH |x]kv QO 'xOW
C=aq]= 'ut= |x}L=v OQm} wQ |va} 'swO OQm} wQ QO "OwW|t Q=QmD ?DQt Qw] x@
x}@W |Q=DiQ xm mk pOt CN=U |=Q@ 'f `@=D |=yxO=O u=ty =} xOW |Qw;`tH
xm =Hv; R= "OwW|t xO=iDU= 'OvQ=O XK |va} |rai |x]kv QO |ak=w hOy `@=D x@
QDQwO |r}N X xm |Dr=L QO� OyOv x�=Q= f R= |@ wN ?} QkD mk `@=D CU= umtt
x@ "OwW|t OwOLtXK h=Q]= QO |}xOwOLt QOmk |xOvvmxv}tm '�OW=@XK R=
CUOx@ 2 |xr�Ut |@} QkD pL =@ P s=o |=Q@ O}OH |O=yvW}B Q=Okt 'Qo}O CQ=@a

%OQ}o|t Q=Qk ut= |xOwOLt pN=O QO XK + P xm O};|t
minmk(XK + P ) (2)

xH}Dv u=wD|t 'OwW f `@=D QO QF-wt Vy=m Ea=@ Ov=wDv Q_vOQwt ?=NDv= Qo =
'QwmPt |xOwOLt uOQm QDlJwm =@ w CU= xOW ?=NDv= |oQR@ |xOwOLt xm CiQo

QO ?wr]t=v C=W=aDQ= w =y|}=Hx@=H '=yVvD RwQ@ ?@U xm =[a= |RQt \}=QW QO
|v=UQRwQx@ |=yVwQ "OvwW|t xDN=vW |}xR=U ?}U; u=wva x@ 'OvwW|t xR=U
xwQo wO x@ xm CU=yxR=U QO ?}U; X}NWD |=yVwQ xrtH R= 'OwOLt <=RH= pOt
|=yVwQ QO "xOvwWQ=QmD |=yVwQ w s}kDUt |=yVwQ %OvwW|t s}UkD |rY=
QO =]N RwQ@ w CU= pOt R= j}kO |=y|Q}oxR=Ov= w |R=UpOt x@ R=}v 's}kDUt
QO 'Qo}O hQ] R= [7w6]"OwW|t?}U;X}NWD QO x=@DW= G}=Dv x@ QHvt =y|Q}oxR=Ov=
|@=}xv}y@ |xr�Ut l} pL pt=W |rY= Ov}=Qi 'xOvwWQ=QmD |v=UQRwQx@ |=yVwQ
Q_v QO =@ |Q}oxR=Ov= w |r}rLD |m}t=v}O |=yxYNWt u}@ hqDN= u; QO xm CU=
|v=UQRwQx@ |=yVwQ ,=Q}N= "OvwW|t xv}tm pwyHt |v=UQRwQx@ |=yQDt=Q=B uDiQo
|=yVwQ |=yC}OwOLt Q@ CU= xDUv=wD C}U=UL |x}=B Q@ OwOLt <=RH= pOt
|v=UQRwQx@ w ?}U; X}NWD |=yVwQ R= |Q=}U@ ,qwtat [9w8]"Ovm x@re s}kDUt
=@ |=y?}U; |=Q=O |=y=B QN ,qFt '=yxR=U R= |Y=N h}] QO |r}rLD pOt
hQ=aDt |=yxR=U QO Ov=wD@ xm |WwQ |x�=Q= =t= "OvQ=O |rw@kp@=k G}=Dv q=@ COW
|=y?}U; xm |WtN =} |WQ@ |=y?=k Ovv=t QDW}@ |oO}J}B =@ u=Qta |UOvyt
'OW=@ xDW=O |@ wN OQmrta w |}=Q=m 'OvQ=O nQR@ =D lJwm |=yCOW =@ xOvm =QB
xOW xDN=OQB QwmPt |xr�Ut x@ Q[=L Q=DWwv QO =Pr "O@=}|t |}=RU@ C}ty=
<=RH= pOt |v=UQRwQx@ VwQ |Ovtv=wD <=kDQ= |=Q@ |O}OH |SwrwODt |x�=Q= %CU=
=@ 'T=}ktnQR@ |=yxR=U QO ?}U; X}NWD |=Q@ C}U=UL Q@ |vD@t OwOLt
=D lJwm R= |awvDt Q}O=kt R}v u; <=[a= ?}U; COW xm xOvm =QB |=y?}U;
|SwrwODt ha[ \=kv w =y|Ovtv=wD |}=U=vW Qw_vt x@ [10]"OW=@ xDW=O =Q nQR@
|UQQ@ ?}U; R= |Dw=iDt |=ywor= uDiQo Q_vQO =@ |irDNt |=yp=Ft '|O=yvW}B
|Oqwi |Oa@ wO ?=k OvJ OwOLt <=RH= pOt |wQ Q@ QwmPt VwQ "CU= xOW
|xr�Ut l} O}=@ u; QO w CU= xOW |@=} RQ= xOvm =QB |=y?}U; uDiQo Q_vQO
=@ |@=}xv}y@ "OwW pL =[a= |DNU |=yT} QD=t |v=UQRwQx@ Qw_vt x@ |@=}xv}y@
G}=Dv 'QDy@ |}=Qosy Qw_vt x@ xm CU= xOW s=Hv= uDw}v ut= |x}L=v sD} Qwor= ltm
|=yCOW =@ xOvm =QB |=y?}U; OwHw "CU= xOWh} QaD xr�Ut |=Q@ R}v sRq |=yO}k
V}=Ri= Ea=@ '=[a= |xty x@ pwyHt ?}=Q[ p=ta= u}vJty w ?}U; hrDNt
u} QDtm |xr�Ut pL R= 'xOW KQ]t pmWt `iQ |=Q@ "OwW|t xr�Ut |oO}J}B
Q_vOQwt VwQ |@=} RQ= R= pY=L G}=Dv "CU= xOW xO=iDU= O}kt |]NQ}e C=a@ Qt
C}r@=k 'QwmPt VwQ xm CU= xO=O u=Wv OwOLt <=RH= hrDNt |=ypOt |wQ Q@
%OQ=O =Q |}xR=U CtqU V}=B Kw]U R= ?}U; |}=U=vW K]U 3 CUQO X}NWD
<=[a= ?}U; COW u}}aD "2 'xO}O?}U; w sr=U <=[a= l}miD w X}NWD "1
<=[a= QO ?}U; ẁkw pLt w C}akwt "3 'u}vJty w lJwm OvJ Qy xO}O?}U;

[11]"xO}O?}U;

Q@ |vD@t OwOLt <=RH= pOt |v=UQRwQx@ VwQ "2
C}U=UL

pw=ODt |=yVwQ xrtH R= 'C}U=UL Q@ |vD@t OwOLt <=RH= pOt |v=UQRwQx@ VwQ
|Q}oxR=Ov= |=yOt=U@ w |Ot |=ypmW |Q}oQ=mx@ =@ xm CU= pOt |v=UQRwQx@ QO
|r}rLD pOt QO x@=Wt Q}O=kt =@ =yv; s}kDUt |xU}=kt w |}xR=U sDU}U |xOW
|=yVwQ R= |}xOQDUo h}] [12]"Ovm|t KqY= =Q xR=U OwOLt <=RH= pOt 'x}rw=
QO "Ovvm|t xr�Ut pL x@ s=Ok= |@=}xv}y@ |xr�Ut l} O=H}= =@ pOt |v=UQRwQx@
|@=}xv}y@ |xr�Ut pL |x}=B Q@ xR=U |DNU T} QD=t |v=UQRwQx@ 'Q[=L Q=DWwv
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yt u}= QO "OwW |Q}owrH |OOa |=y=]N RwQ@ R= w l}ORv Qo}Om} x@ =yQ=OQ@ |OOa
%O};|t CUOx@ 5 |x]@=Q CQwY

r(a) = W (~v � v(a)) = W

26666666666664

~�1 � �1
...

~�mf � �mf
~�1 � �1

...
~�mm � �mm

37777777777775
(5)

T} QD=t W w OvDUy xOW |Q}oxR=Ov= |=yxYNWt Qov=Wv � Ctqa 'u; QO xm
6 |x]@=Q CQwY x@ xm CU= xOv=t}k=@ Q=OQ@ |=yQDt=Q=B =@ Q_=vDt uRw Q}O=kt |Q]k

%OwW|t h} QaD
W = diag( 1

~�1
; :::; 1

~�mf
; w'1; :::; wms) (6)

Q}O=kt |xOv=t}k=@ |=yQ=OQ@ xm OwW|t XNWt 6 |x]@=Q Q}O=kt |xOy=Wt =@
|=ypmW OQwt QO =t= 'Ov=xOW T=}kt xOW |Q}oxR=Ov= Q}O=kt x@ C@Uv xYNWt
'OwOLt <=RH= |r}rLD pOt C=@U=Lt QO ,qwtat "OQ=O Cw=iD |mOv= xr�Ut |Ot
QmP |=yQ=OQ@ xm |v=tR =t= "OvwW|t p=tQv sQH T} QD=t x@ C@Uv |Ot |=ypmW
xOWv p=tQv |Ot |=ypmW 'OvwW|t G=QNDU= |]}Lt V=aDQ= |=yV}=tR; R= xOW
C@Uv |Ot pmW Q=OQ@ Qy uOQm T=}kt R= OQ=wt xvwou}= |=Q@ =Pr "Ovv=t|t |k=@
%OwW|t xO=iDU= 7 |x]@=Q CQwY x@ �s)=r |xir-wt� C@=F `HQt |xir-wt l} x@

rs(a) =
�lj(a)
�rj (a)

� ~�lj
~�rj

= wlj(�
l
j � ~�lj) (7)

Q=OuRw "OvDUy |Ot |=ypmW |=Q@ `HQt w |Q=}DN= |O=R; xHQO r w l 'u; QO xm
|xrO=at Qo = "OwW|t R}v|@=}xv}y@ |xr�Ut QDy@|}=QosyEa=@ xOW QmP Q}O=kt uOQm
=@ Q_=vDt xm �w�� uRw T} QD=t |Q]k QY=va 's}vm |Q=Po}=H 5 |xrO=at QO =Q 7

%Ov};|t CUOx@ 8 |x]@=Q CQwY x@ 'OvDUy |Ot |=ypmW Q}O=kt

wlj =
(�lj(a)~�rj � ~�lj�rj (a))
'rj (a)~�rj (�lj(a)� ~�lj)

(8)

CkO 'V}=tR; R= xOt; CUOx@ |=yOt=U@ '|@ QHD |=yxO=O u=}t QO '|iQ] R=
C@Uv R}v |QDq=@ C}U=UL w OvQ=O xOW |}=U=vW |Ot |=ypmW x@ C@Uv |QDq=@
|=]N 'Qo}O |iQ] R= &OvyO|t u=Wv OwN R= xR=U |m} R}i C=}YwYN Q}}eD x@
|xr�Ut |Q=O}=B Ov=wD|t V}=tR; R= pY=L |Ot |=ypmW |xOW |}=U=vW Q}O=kt
=Q |Ot |=ypmW =@ Q_=vDt uRw Q}O=kt u=wD|t =Pr 'OyO Vy=m R}v =Q |@=}xv}y@
uRw ?}=Q[ xD@r= [15]"O=O Q}}eD =yOt=U@ x@ C@Uv =yu; C}ty= Vy=m Qw_vt x@
xr�Ut CqwyHt O=OaD R= xOv=t}k=@ |=yQ=OQ@ =} CqO=at O=OaD xm |OQ=wt QO \ki
|R=Uxv}tm =@ pOt |v=UQRwQx@ 'xt=O= QO "OvQ=PoQ}F-=D xr�Ut G}=Dv |wQ Q@ 'OW=@ QDW}@

%O@=}|t xt=O= 9 |x]@=Q CQwY x@ =yxOv=t}k=@
Min[12r(a)T :W:r(a)] = 1

2 jjW
12 :r(a)jj2 (9)

'|WQ@ '|WtN� |DNU Vy=m Ea=@ |v=Qta |=yxR=U QO ?}U; ẁkw ,=twta
|=yV}=tR; s=Hv= =@ Q_=vDt |=y|@=} RQ= QO "OwW|t u; <=[a= �|QwLt w |WJ}B

QO "CU= |wQm =} uwo|[}@ ut= |x}L=v ,qwtat [9]"OwW|t pL xQ=@ wO xr�Ut
s=o w CyH ?=NDv= Q_v R= \N |wHwCUH w ut= |x}L=v |=yOQm} wQ '`k=w
|wHwCUH OQm} wQ "OvDUy Cw=iDt Qo}Om} =@ |Oa@ Q=QmD x@ uDiQ |=Q@ |DmQL
?U=vt |xrY=i |}=U=vW x@ w OwW|t R=e; PK CyH uDW=O xov C@=F =@ \N
QO "OR=OQB|t 'CU= xOW xO=O u=Wv �K =@ w OwW|t xO}t=v s=o pw] `k=w QO xm
`=aW� OwW|t ?=NDv= xrY=i u} QDW}@ =OD@= QO 'ut= |x}L=v OQm} wQ QO xm |r=L
xm Q=Okt u} QDy@ x@ uO}UQ =D =Q s=o |xrY=i w CyH TBU w ��K ut= |x}L=v
xrLQt u}= |xH}Dv Qo = "Ovm|t wHwCUH 'CU= xrY=i C}OwOLt u}= x@ OwOLt
xQ=@ wO pL=Qt w ��K � OyO|t Vy=m =Q xrY=i 'OW=@v VN@C}=[Q CQwY x@

[14]"OwW|t Q=QmD
|xr�Ut pL |=Q@ ut= |x}L=v VwQ ?=NDv= |=Q@ p}rO wO 'Q[=L Q=DWwv QO
|x}=B Q@ xYNWt C}U=UL Qo}O |=yVwQ �hr= %CU= xDW=O OwHw |@=}xv}y@
|wHwCUH |=yVwQ R= xm OwOLt <=RH= pOt C=}YwYN R= pw= |x@DQt ?} QkD
OvQ}o@ Q_v QO =yQDt=Q=B |=Q@ |O}k =} xOwOLt Ovv=wD|tv 'Ovvm|t xO=iDU= \N
QHvt R}v \N |wHwCUH |=yVwQ QO lJwm |=]N l} OwHw |iQ] R= w
�? 'OwW|t xr�Ut |}=Qosy sOa C}=yvQO w nQR@ |=ys=o pw] uOQm|] x@
`=aW =Q} R 'OWN@|t Ow@y@ =Q u}@ wm =S T} QD=t \}=QW 'ut= |x}L=v OQm} wQ
pOt `@=D R= =Q ?} QkD CkO Ov=wD|t w OwW|t RwQx@ Q=QmD Qy QO ut= |x}L=v
|}xOwOLt u=wD@ OwW|t Ea=@ ut= |x}L=v |Q}oQ=mx@ u}vJty w OQ@@ q=@
xr�Ut |Q=O}=B x@ |O=} R ltm xm OQm h} QaD =yQDt=Q=B Q=Okt |=Q@ =Q X=N
'QwmPt VwQ QO CU= umtt OvJ Qy [14]"Ovm|t |@=}xv}y@ QDy@ |}=Qosy w
=yQDt=Q=B CLY w CkO xm |}=H QO =t= 'O@=} Vy=m |@=}xv}y@ C=}rta CaQU
Q_vhQY G}=Dv CkO =@ xU}=kt QO xOWQmP C}OwOLt R= u=wD|t 'OvQ=O C}ty=

"OQm

|v=UQRwQx@ VwQ CqO=at w |Qw�D u=}@ "3
Q=DiQ Q@ sm =L |xYNWt |xrO=at pL 'xR=U l} |UQQ@ w p}rLD |=Q@ sOk u}rw=
|W=aDQ= |=yOt=U@ Q}O=kt 'sQH w |DNU |=yT} QD=t uDW=O Q=}DN= QO =@ "CU= u;
CQwY x@ Q=OQ@ l} QO Ovv=wD|t Q}O=kt u}= "Ov};|t CUOx@ |Ot |=ypmW w

%OvwW h} QaD 3 |x]@=Q
�(a) = [�1; :::; �mf ; �T1 ; :::; �Tms]T (3)

|}xR=U sDU}U Ot=U@ �j '|}x} w=R Ot=U@ !j 'xYNWt Q=Okt �j = !2
j 'u; QO xm

|=yQ=OQ@ |xOvyOu=Wv sy �j w OwW|t x@U=Lt �j = (2��j)2 |x]@=Q R= xm
w =yOt=U@ O=OaD '?}DQD x@ R}v ms w mf |=yT}Ov= "CU= pOt |xYNWt
|x@U=Lt =@ "OvDUy |v=UQRwQx@ Ov}=Qi QO R=}vOQwt |xOW |}=U=vW |Ot |=ypmW
|xOW |Q}oxR=Ov= Q_=vDt Q}O=kt uDW=O w OwOLt <=RH= pOt R= xOW QmP Q}O=kt
4 |x]@=Q CQwY x@ Q_=vDt Q}O=kt u}@ p[=iD CQwY x@ �r� =yxOv=t}k=@ Q=OQ@ '=yu;

%OwW|t h} QaD

r(a) =

"
rf (a)

rS(a)

#
; rf : Rn ! Rmf ; rS : Rn ! Rms (4)

Cw=iD Qo}Om} =@ |Q=Okt ^=Lr R= |Ot pmW w Ot=U@ |=yQDt=Q=B xm |}=Hv; R=
Q}O=kt =D OwW h} QaD Q=OuRw CQwY x@ =yxOv=t}k=@ Q=OQ@ CU= sRq 'OvQ=O Q=}U@
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"""|
Oa@w

O|
=y?

=kQ
OxO

vm=QB
|=y

?}U
;|

}=U=
vWxvwou=ty "OvDUy |v=UQRwQx@ |=yQDt=Q=B O=OaD P w m = mf +ms 'u; QO xm

|}=Qosy Qw_vt x@ ut= |x}L=v OQm} wQ R= 'Q[=L Q=DWwv QO 'CU= xOW u=}@ xm
|rOt `@=D =OD@= QO sD} Qwor= 'ut= |x}L=v OQm} wQ QO "CU= xOW xO=iDU= QDy@
ak |rai |x]kv |m}ORv QO f |ak=w hOy `@=D x@ x}@W |Q=DiQ xm 'mk pFt
xr�Ut pL x@ s=Ok= ak h=Q]= QO |}xOwOLt u}}aD =@ w Ovm|t O=H}= 'OQ=O
x@ OwOLt xm CU= �k `=aW x@ |}xQm `k=w QO ut= |x}L=v "OQm Oy=wN
Q=QmD Qy �k QO `=aW "jjajj � �k xm |DQwY x@ 'CU= |L=Q] |=yQ}eDt
Q=Okt w xOW |v}@V}@ Vy=m u}@ |@ wN ji=wD =D OwW|t s}_vD |}xvwo x@
|x]@=Q� OQ}PB CQwY 'CU= xOW |Q}oxR=Ov= �k C@Uv |xr}Uw x@ xm `@=D |ak=w

%�17

�k = f(ak)� f(ak + zk)
f(ak)�mk(zk)

(17)

'OQ}PB CQwY `@=D |ak=w Q=Okt w |v}@V}B Q}O=kt u}@ |@ wN ji=wD xm |v=tR
CQwY |@ wN ji=wD Qo = w Ci=} Oy=wN V}=Ri= �k w OW Oy=wN 1 Q@=Q@ �k Q=Okt
�k Cr=L u}= QO xm OW Oy=wN |ivt |DL =} w lJwm �k 'OW=@ xDiQ}PBv
Oy=wN |k=@ Q}}eD uwO@ �k R}v xOW QmP OQwt wO Q}eQO "Ci=} Oy=wN Vy=m
|Q}oQ=mx@ =@ Ovv=wD|t ae K}LYD |=yQDt=Q=B x@ C@Uv |Owt |=yC}U=UL "Ov=t
|=yQ=OQ@ R= s=Om Qy pw= |x@DQt|�RH C=kDWt "OvwW x@U=Lt R}v OwOLt |=yp[=iD
19 w 18 |=yx]@=Q CQwY x@ a x@ C@Uv |Ot |=ypmW w Ot=U@ |=Q@ xOv=t}k=@

%OvwW|t u=}@
�rf
�ae

= 1
~�j
��j
�ae

(18)

�rs
�ae

= 1
�rj

��lj
�ae
� �lj

(�rj )2
��rj
�ae

(19)

|@=}xv}y@ |x}=B Q@ uDw}v ut= |x}L=v sD} Qwor= xm =Hv; R= 'CU= QmP x@ sRq
l} w �pt=m ?}U;� QiY u}@ =[a= |DNU ?} Q[ =} =yQDt=Q=B Q=Okt 'CU= O}kt
xOW |iQat xt=vQ@ x@ O}k u=wva x@ C}OwOLt u}= xm Ov=xOW OwOLt �sr=U ,qt=m �
VwQ R= xO=iDU= =@ OwOLt <=RH= pOt |v=UQRwQx@ |=Q@ 'Q[=L Q=DWwv QO "CU=
R= |]NQ}e |@=}xv}y@ |xr�Ut pL |=Q@ ' T=}ktnQR@ |=yxR=U |=Q@ ut= |x}L=v
OQ=Ov=DU= |OQm} wQ C=a@ Qt u} QDtm VwQ "CU= xOW xO=iDU= C=a@ Qt u} QDtm VwQ
CqwyHt O=OaD R= CqO=at O=OaD =yu; QO xm CU= |}=ysDU}U |@} QkD pL |=Q@
xOW O=H}= |]N C=a@ Qt ẁtHt xm |rm MU=B |va} 'C=a@ Qt u} QDtm "OW=@ QDW}@
xm 'C=a@ Qt u} QDtm VwQ QO "Ov=UQ|t xv}tm u=R}t x@ =Q CqO=at R= s=Om Qy QO
u} QDy@ 'CU= xOW x�=Q= |Oq}t 1794 p=U QO Tw=o V} QOQi \UwD Q=@ u}DUNv
C=a@ Qt ẁtHt u; QO xm CU= |rOt |=yxO=O R= |}xawtHt Q@=Q@ xOW VR=Q@ pOt
w |]N |rm |xDUO wO x@ OwN C=a@ Qt u} QDtm p�=Ut "OW=@ xv}tm =yxOv=t}k=@
CqwyHt |xty x@ C@Uv xOv=t}k=@ |=yQ=OQ@ Qo = `k=w QO "OvwW|t s}UkD |]NQ}e
CQwY u}= Q}e QO w CU= |]N C=a@ Qt u} QDtm xr�Ut 'OW=@ xDW=O |]N |x]@=Q
QO |]N C=a@ Qt u} QDtm p�=Ut "CU= |]NQ}e C=a@ Qt u} QDtm ẁv R= xr�Ut
u} QDtm p�=Ut =t= "OvQ=O xDU@ pL w OvyO|t MQ VR=Q@ |Q=t; |=yp}rLD w x} RHD
pL |Q=QmD Ov}=Qi l} |xr}Uw x@ ,qwtat w OvQ=Ov xDU@ pL |]NQ}e C=a@ Qt
Qwr}D |QU \U@ |xr}Uw x@ Ov=wD|t pOt 'Q=QmD Qy QO Cr=L u}= QO "OvwW|t
Cr=L wO Qy QO C=@U=Lt |rm swyit u}=Q@=v@ [19 w18]"OwW |R=U|]N pw= |x@DQt

"CU= u=Um}

|UQv}= u=tt Ovv=t |D=}YwYN QO Q}}eD xJQo = '|k}kL |=yxR=U |wQ Q@ |m}t=v}O
|=Q@ ,=twta =t= 'OvW=@ =[a= ?}U; R= |QDy@ hQat Ovv=wD|t `]kt K]U =} w
xO=iDU= =[a= |v=UWm pwOt Vy=m Q=}at R= |@=} RQ= CaQU V}=Ri= w CrwyU
'|]N ?} Q[ l} p=ta= =@ Ov=wD|t =[a= ?}U; |@=} RQ= '?=NDv= u}= =@ "OwW|t
|=yQDt=Q=B u}=Q@=v@ "OwW Qw_vt xR=U |xO}O ?}U; <=[a= |DNU Vy=m Qov=Wv
|xr�Ut QO w[a|DNUT} QD=t?}=Q[ u=ty `k=w QO |OOa pOt pwyHt|m} R}i
QO =[a= |DNU |xOW RwQx@ Q}O=kt [17w16]"OvDUy OwOLt <=RH= pOt |v=UQRwQx@

%OwW|t u=}@ 10 |x]@=Q CQwY x@ pOt
Ke = Ke0 (1� ae) (10)

%O};|t CUOx@ 11 |x]@=Q R= xO=iDU= =@ 'xR=U |rm |DNU T} QD=t w
K = Ku +

nX
e=1

Ke0 (1� ae) (11)

C=}YwYN xmCU=|}=[a=|DNUT} QD=tKu w|rm|DNUT} QD=tK 'u; QO xm
RwQx@ |=yT} QD=t ?}DQD x@ Ke0 w Ke u}vJty "Ov=xOv=t |k=@ Q}}eD uwO@ =yu;
|}=[a= O=OaD Qov=Wv R}v n QDt=Q=B "OvDUy |DNU T} QD=t |x}rw= Q}O=kt w xOW
sD} Qwor= [17]"OvQ=O KqY= x@ R=}v |v=UQRwQx@ OvwQ QO =yu; |DNUT} QD=t xmCU=
OQm} wQ =@ uDw}v VwQ 'CU= xOW xO=iDU= hOy `@=D |R=Uxv}tm |=Q@ xm |@=}xv}y@
xHQO pOt "CU= C}U=UL Q@ |vD@t |xOvwWQ=QmD VwQ l} xm CU= ut= |x}L=v
|x]@=Q CQwY x@ f(a) hOy `@=D |=Q@ Qwr}D Xk=v |QU |xr}Uwx@ mz(z) swO

%OwW|t h} QaD 12
Min[mz(z)] = fs + [rfs]T z + 1

2z
T [r2fs]z (12)

s�qa "CU= a |=Q@ s=o Q=OQ@ |xOvyOu=Wv z xm |}=H QO jjzjj � �s 'u; QO xm
"OvDUy hOy `@=D 3u=}Uy w u=}O=Qo 'hOy `@=D hQat ?}DQD x@r2fs wrfs 'fs
|}xvwo x@ f(a) hOy `@=D |=Q@ a� |xv}tm Q=Okt '|Q=QmD Ov}=Qi l} |] R= Oa@
QiY x@ l}ORv Q=}U@ =} Q@=Q@ QwmPt Q=Okt QO hOy `@=D u=}O=Qo xm O};|t CUOx@
%OvwW|t h} QaD 14 w 13 |=yx]@=Q CQwY x@ R}v u=}Uy w u=}O=Qo `@=wD "CU=

rf(a) =
kX
j=1

rj(a)rrj(a) = Ja(a)T r(a) (13)

r2f(a) = Ja(a)TJa(a) +
kX
j=1

rj(a)r2rj(a) � Ja(a)TJa(a)

(14)

C=kDWt pt=W xm CU= �C}U=UL T} QD=t =}� u}@ wm =S T} QD=t Ja '=yu; QO xm
%�15 |x]@=Q� CU= a QDt=Q=B x@ rj C@Uv |xOv=t}k=@ |=yQ=OQ@ pw= |x@DQt |�RH
�rj =

nX
e=1

�rj
�ae

�ae (15)

%�16 |x]@=Q� |rm pmW QO w

[J ]m�n =

26666666664

�r1
�a1

�r1
�a2

�r1
�a3

�r1
�ap

�r2
�a1

�r2
�a2

�r2
�a3 : : : �r2

�ap
�r3
�a1

�r3
�a2

�r3
�a3

�r3
�ap

... : : :
...

�rm
�a1

�rm
�a2

�rm
�a3 � � � �rm

�ap

37777777775
(16)
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1/
2|

xQ=t
W'

36
�2

|xQ
wO'

�13
99

Q=y@
�h

}QW
u=Qt

a|
UOv

yt OQ=Ov=DU= p=tQv `} RwD =@ |iO=YD |OOa w xiwv Q=Okt OYQO?}DQD x@ " w � 'u; QO xm
%OwW|t xO=O u=Wv 26 |x]@=Q CQwY x@ xm OvDUy

" � N(0; I) (26)

MU=B w xO}O?}U; |xR=U MU=B ?}DQD x@ Rn w R '25 |xrO=at QO u}vJty
"OvDUy xiwv x@ xOwr; |xO}O?}U; |xR=U

Q=Oxiwv |=yxO=O KqY= "2"1"3
w |mtm |xO=O u=wva x@ sr=U |xR=U p}rLD R= pY=L |=yxO=O R= xO=iDU= =@
R= xm OQw; CUO x@ |mtm |=yxO=O |=Q@ |}=yuRw u=wD|t xiwv x@ xOwr; |=yxO=O
CUOx@ xiwv uwO@ w |rY= |=yxO=O R= |v}tND |mtm |=yxO=O QO =yu; ?Q[
xv}y@ uRw 'OvW=@ Q=Oxiwv |=yxO=O w |mtm |=yxO=O ?}DQD x@ Vn w Va Qo = "O};|t

%O};|t CUOx@ 27 |x]@=Q R= xO=iDU= =@ �W �

W =

jP
k=1

Vn(k)Va(k)

jP
k=1

V 2
a (k)

(27)

|x]@=Q CQwY x@ =]N |mOv= =@ xiwv uwO@ |=yxO=O 'xOt; CUOx@ uRw R= xO=iDU= =@
%Ov};|t CUOx@ 28

Z(k) = W Va(k) (28)

|mtm |=yxO=O Va(k) w xO}O?}U; |xR=U R= xiwv uwO@ |=yxO=O Z(k) 'u; QO xm
"OvDUy sr=U |xR=U R=

|m}D=DU= |R=UxOQWi "2"3
'OQ=Ov OwHw O=ODt= u; QO |tQH xm xR=U |O=R; |=yxHQO R= xDUO u; hPL |=Q@
|=yVwQ u} QDOQ@ Q=mQB R= |m} "OQm xO=iDU= |R=UxOQWi |=yVwQ R= u=wD|t
x@ xR=U sQH xm |r}rLD |=ypOt QO "CU= |m}D=DU= sm =QD VwQ '|R=UxOQWi
|rY= Q]k |wQ QY=va 'CU= xOW xDiQo Q_v QO =yxQo pLt QO RmQtDt CQwY
|=Q@ "OvQ=O QiY Q}O=kt 'OvDUy |v=QwO |O=R; |=yxHQO =@ \@DQt xm sQH T} QD=t
Q=F; ?=UDL= =@ u=wD|t '|m}t=v}O |=yp}rLD s=ovy QO |OOa CqmWt R= R}yQB
VwQ ltm x@ =Q =yu; '|}xR=U |=yT} QD=t QO xOW QmP |O=R; |=yxHQO R= |W=v
uwO@ |xR=U |=Q@ CmQL |xrO=at ?}DQD u}= x@ "CW=Po Q=vm |m}D=DU= |R=UxOQWi

%OwW|t xDiQo Q_v QO 29 |x]@=Q CQwY x@ xOW R=Qi= pmW QO |}=Q}t"
mtt 0
0 0

#(
�ut
�u0

)
+

"
ktt kt0
k0t k00

#(
ut
u0

)
=

(
pt(t)

0
)

(29)

OwW|t xDW=Po Q=vm s}kDUt CqO=at R= xmCU= sQH uwO@ |O=R; xHQO u0 'u; QO xm
|Q}oxR=Ov= w x@U=Lt p@=k =yu; |=yMU=B xm CU= xOv=t}k=@ |O=R; xHQO ut w
=@ |DNU T} QD=t K}LYD '|[=} Q |xO=U C=@U=Lt |mOv= s=Hv= =@ "Ow@ Oy=wN
%Ow@ Oy=wN 30 |x]@=Q CQwY x@ =yxQo |v=QwO |O=R; |=yxHQO |DNU ?=UDL=
k̂tt = ktt � kT0tk�1

00 k0t (30)

|xrO=at '?}DQD u}= x@ "CU= xOW xOQWi =} sm =QDt |DNU T} QD=t k̂tt 'u; QO xm
%Ot; Oy=wNQO 31 |x]@=Q sQi x@ xR=U |m}t=v}O V@vH

mtt�utt + k̂ttut = pt(t) (31)

|y=oW}=tR; |=yxO=O Q@ xiwv QF= "1"3
xrtH R= "Ov=xOwr; xiwv x@ xOW |Q}oxR=Ov= |=yxO=O xQ=wty '|]}Lt |=yV}=tR; QO
%OQm xQ=W= OQ=wt u}= x@ u=wD|t 'OvwW|t =yxO=O QO xiwv O=H}= ?@U xm |rt=wa
|=y=]N w =yxO=O p=kDv= w |Qw;`tH Ov}=Qi |=yxiwv '=yxO=O C@F R= |W=v |=yxiwv
uDN=U Q=wty w xiwv x@ xOwr; |=yxO=O =@ xyH=wt |=Q@ "|OOa |=yp}rLD R= |W=v
'=yxO=O |R=UxDUUo x@ u=wD|t xrtH R= xm OQ=O OwHw |irDNt |=yVwQ '=yxO=O
[18]"OQm xQ=W= |UQR=@ |@}mQD |=yVwQ w |Ov@xWwN '|]NQ}e w |]N uw}UQoQ
u}tND uOw@v TQDUO QO "CU= Q=wWO Q=}U@ OOaDt p}qO x@ xiwv pt=m hPL ,=twta
u}tND |=yVwQ ha[ '|Q=OQ@xO=O u}L QO u=tR =@ xiwv C=Q}}eD 'xiwv Q=Okt j}kO
xmv}= x@ xHwD =@ "Ot=U@ |xRwL QO u}tND |=yVwQ QO =]N OwHw w =yxO=O j}kO
=yxO=O CW=OQ@ QO |}=y=]N 'QoVHvU QO xiwv OwHw p}rO x@ CU= umtt xQ=wty
QO Ov=wD|t MU=B Q=OQ@ QO lJwm Q=}U@ C=Q}}eD xm CU= XNWt 'O}; OwHw x@
u}= x@ u=wD|t =Q Qt= u}= Cra "OW=@ xDW=O |}q=@ |Q=PoQ}F-=D 'xOW pY=L |xH}Dv
%CWwv =Q 20 |x]@=Q u=wD|t 'OW=@ OQivtQ}e S T} QD=t Qo = xm OQm u=}@ CQwY
� = S�1�� (20)

"� Ovv=t |D=@U=Lt uOQm OQo R= |W=v |D=@U=Lt |=y=]N =} R} wv pt=W �� Qo =
%OW Oy=wN Qy=_ MU=B QO 21 |x]@=Q CQwY x@ =]N u}= CQwY u}= QO 'OW=@
� + "� = S�1 (��+ "�) (21)

%CWwv =Q 22 |x]@=Q u=wD|t TB
"� = S�1"� (22)

|x]@=Q u=wD|t 'Q}N= |x]@=Q sQv |x@U=Lt w =yT} QD=t sQv X=wN R= xO=iDU= =@
%CWwv =Q 23

jj"�jj � jjS�1jj"�jj (23)

QO sm C=Q}}eD|va} 'OW=@lJwm jjS�1jj Qo = xm OQm \=@vDU= u=wD|t 23 |x]@=Q R=
Q}O=kt |=Q@ |rw "Ow@ Oy=wNlJwm R}v jj"�jj Q=Okt 'jj"�jjlJwm Q=Okt |=Q@ ' ��
xDW=O |mJwm Q=Okt jj"�jj Qo = |DL 'Ow@ Oy=wN nQR@ jj"�jj Q=Okt 'jjS�1jjnQR@
CU= Cr=L VwN 23 |xrO=at x=oDUO xm OwW xO=O X}NWD O}=@ =OD@= TB "OW=@
%OwW|t h} QaD 24 |x]@=Q CQwY x@ C}a[w OOa 'Qw_vt u}ty x@ "Cr=L O@ =}
� = jjSjj jjS�1jj (24)

|xOvyOu=Wv 'OW=@ lJwm � OOa Qo = xm OwW|t xH}Dv 24 |xrO=at R= xO=iDU= =@
� OOa Qo = w CU= Cr=LVwN '23 |xrO=at x=oDUO w S T} QD=t xm CU= u}=
u; w CU= uOW OQivt x@ l}ORv S T} QD=t xm CU= u; Qov=}@ 'OW=@ nQR@ |r}N

"Ow@ Oy=wN O=} R |D=@U=Lt |=]N w Ov} wo|t Cr=LO@ =Q
=yxO=O |wQ Q@ xiwv p=ta= "1"1"3

xiwv QF= 'OvW=@ xDW=O |mOv= |=]N =yQoVHvU '=yxO=O CW=OQ@ QO xmv}= ZQi =@
[20]%CiQo Q_vQO 25 |x]@=Q CQwY x@ u=wD|t =Q =yxO=O QO

Rn = R+ � � "�R (25)
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vm=QB
|=y
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}=U=
vW|v=UQRwQx@?rDt|xt=vQ@ |=[i QO xOW x}yD |=yQ=Ri=sQvltm =@ xO}O?}U;|xR=U

|rwyHt ?}=Q[ =OD@= QO 'CU= xOW u=}@ ,q@k xm Qw]u=ty "CU= xOW s=Hv= pOt
u=}=B QO "OW xO=O X=YDN= =[a= |xty x@ |DNU Vy=m ?}=Q[ u=wva x@
'w[a u; |xQ=tW u}vJty w w[a Qy QO |DNU Vy=m u=R}t 'pOt |v=UQRwQx@
|v=UQRwQx@ Q@ xwqa ?}DQD u}O@ "CU= Q=}DN= QO 'CU= xDi=} Vy=m u; |DNU xm
u}vJty w �?}U; pLt u}}aD� xO}O?}U; <=[a= |xQ=tW 'xR=U |r}rLD pOt
s=Hv= R= TB "OwW|t XNWt �w[a Qy ?}U; COW� =[a= |DNU Vy=m u=R}t
QO xm Qw]u=ty "Ov=xOt; CUOx@ 2 pmW j@=]t ?}=Q[ Q=Okt '|v=UQRwQx@ Ov}=Qi
|}q=@ Q=}U@ CkO =@ '|v=UQRwQx@ R= xOt; CUO x@ Q}O=kt 'OwW|t xOy=Wt 2 pmW
'CU= xOQm |}=U=vW |@ wN x@ =Q =yu; COW w ẁkw C}akwt R= sa= =y?}U; |x}rm

"CU= QwmPt VwQ |Ovtv=wD Qov=}@ xm

"=[a= QO |DNU Vy=m u=R}t "2 pwOH
=[a= =[a=

|DNU Vy=m ?} Q[ xQ=tW |DNU Vy=m ?} Q[ xQ=tW
0 65 6 0 4 1
0 72 7 0 6 2
0 82 8 0 7 3
0 88 9 0 6 4
0 95 10 0 75 5

"|O=R; xHQO 10 |WQ@ |xR=U |=yOt=U@ "3 pwOH
xR=U |=yOt=U@ Ot |xQ=tWxO}O?}U; sr=U

7 35 19 36 1
46 84 179 35 2
110 509 23 3

182 44 994 08 4
300 83 1590 20 5
416 32 2236 37 6
612 28 2863 94 7
931 98 3405 52 8
1104 35 3802 73 9
1299 65 4012 67 10

"O=R; xHQO 10 |WQ@ |xR=U <=[a= QO ?}U; |@=} RQ= "2 pmW

pOt |=yxR=U |OOa p}rLD "4
pwyHt ?}=Q[ p=ta= Qw_vt x@ xOW QmP |OOa p}rLD VwQ R= xO=iDU= |=Q@
T} QD=t R}v w =[a= |x}rm |DNU |=yT} QD=t uDW=O Q=}DN= QO x@ R=}v |v=UQRwQx@
'sr=U |xR=U |x}rw= p}rLD w pOt O=H}= |=Q@ Qw_vt u}O@ "CU= xR=U |rm |DNU
TQDUO QO =[a=|DNU |=yT} QD=t |x}rm =D OW O=H}=?rDt |xt=vQ@ QO |Q=Ri=sQv
CUOx@ |=yu=mtQ}}eD w =ywQ}v |xU}=kt j} Q] R= ?rDt Q=Ri=sQv CLY R= "OvW=@
TB "OW pY=L u=v}t]= SAP2000 |xt=vQ@ QO xOW O=H}= pOt =@ u; R= xOt;
=[a= R= l} Qy |DNU T} QD=t x@ pwyHt ?}=Q[ 'G}=Dv CLY R= u=v}t]= R=

"OvOW xO=O X=YDN=

xk@] 10 |WQ@ |xR=U l} QO ?}U; X}NWD "1"4
R= hOy "CU= xOW xDiQo Q_v QO xk@] 10 |WQ@ |xR=U l} 'Q[=L |xvwtv QO
CU= |OQ=wt |=Q@ =yu; COW w xk@] |rm |=y?}U; u}}aD '|vwvm |xr�Ut pL
=@ QwmPt |WQ@ |xR=U =Pr "�1 pmW� CUq=@ =yu; COW w O=} R '=y?}U; O=OaD xm
xDiQo Q_vQO |[Qa `]kt "CU= xOW |R=UpO=at RmQtDt |=ysQH =@ xQ] uwDUl}
1 pwOH QO u; C=YNWt xm CU= 2IPE140 '|vwvm p=Ft QO =[a= |=Q@ xOW
C=aq]= u=wD|t =ysQH w `]=kt C=YNWt uOw@ XNWt =@ "CU= xOW x�=Q=
|O=R; xHQO wO 'xQo Qy QO 'Qw_vt u}= |=Q@ "OQw; CUOx@ =Q sr=U |xR=U |Owt
|v=QwO |O=R; xHQO R= w xOW xDiQo Q_v QO s�=k w |ki= |=DU=Q QO CmQL |va}
|=yxHQO \ki '|m}D=DU= |R=UxOQWi s=Hv= =@ 'xt=O= QO "CU= xOW Q_vhQY
|DNU T} QD=t |O=R; |=yxHQO =Pr w xOW Qw_vt |Owt p}rLD |=Q@ |ki= |O=R;
|Ot |=ypmW w Ot=U@ uOQw; CUOx@ R= TB "CU= xDi=} Vy=m 10 OOa x@ xR=U
|DNU Qw_vt u}= |=Q@ "OW xDiQo Q_v QO xR=U |=Q@ ?}U; |wor= l} 'sr=U |xR=U
'|Ot p}rLD xQ=@ wO w '�2 pwOH� xDi=} Vy=m |YNWt u=R}t x@ =[a= R= l} Qy
sr=U |xR=U |Ot=U@ Q}O=kt "CU= xDiQ}PB s=Hv= xO}O?}U; |xR=U |wQ Q@ Q=@ u}=

"CU= xOW x�=Q= 3 pwOH QO xO}O?}U; w
u}vJty w sr=U |xR=U |=Q@ |Ot C=aq]= uDW=O Q=}DN= QO =@ xrLQt u}= QO

"|WQ@ pO=at |xR=U "1 pmW
"pO=at |WQ@ |xR=U |=Q@ =[a= C=YNWt "1 pwOH

|v=UWm pwOt |UQv}= u=tt `]kt K]U ẁv
(kg=cm2) (cm4) (cm2) `]kt =[a=
2 1� 106 1082 32 8 2IPE140 =[a= |x}rm

8



1/
2|

xQ=t
W'

36
�2

|xQ
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Q=y@
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}QW
u=Qt

a|
UOv

yt "xk@] wO |Oqwi |WtN ?=k pw= Ot=U@ xU "6 pwOH
xR=U |=yOt=U@ Ot |xQ=tWxO}O?}U; sr=U

285 54 385 73 1
1842 02 2643 86 2
54852 61 88109 62 3

"p}rLD R= xOt; CUOx@ G}=Dv =@ |DNU Vy=m ?}=Q[ |xU}=kt "4 pmW

"|DNU Vy=m ?}=Q[ w s_vt=v ?=k |=Q@ xOW xDiQo Q_v QO ?=k "5 pmW

xk@] 3 s_vt=v |Oqwi |WtN ?=k l} QO ?}U; X}NWD "3"4
xDiQo Q_v QO s_vt=v |xUOvy =@ xk@] 3 |Oqwi |WtN ?=k l} 'Q[=L p=Ft QO
|xR=U |=ysQH "CU= xOW Qw_vt ,qkDUt ?=k R= w[a Qy "�5 pmW� CU= xOW
"Ov=xOW xDiQo Q_v QO RmQtDt CQwY x@ Qo}Om} x@ =[a= p=YD= |=yxQo QO QwmPt

"CU= xOw@ IPE140 <=[a= |=Q@ xOWxDiQo Q_v QO |[Qa `]kt
u=QwO w s�=k '|ki= |=DU=Q xU QO CmQL |va} |O=R; xHQO xU xQo Qy |=Q@
|O=R; |=yxHQO hPL |=Q@ |m}D=DU= |R=UxOQWi s=Hv= =@ 'xOW xDiQo Q_v QO
|wor= |=Q@ "OW xO=O Vy=m 14 OOa x@ xR=U |DNU T} QD=t O=a@= '=yxQo |v=QwO
xO}O?}U; w sr=U |xR=U |=yOt=U@ u}vJty w =[a= |DNU Vy=m u=R}t '?}U;
xU R= \ki |v=UQRwQx@ |=Q@ '|vwvm p=Ft QO "CU= xOW x�=Q= 8 w 7 |=ypwOH QO

"CU= xOW xO=iDU= Ot pmW l} C=aq]= w Ot=U@
|r}rLD pOt u=wD|t xO}O?}U; w sr=U |xR=U C=aq]= uDW=O Q=}DN= QO =@
R= pY=L G}=Dv 'OwW|t xOy=Wt 6 pmW QO xm Qw]u=ty "OQm |v=UQRwQx@ =Q
pmWt `iQ |=Q@ "OvQ=O Cw=iD ,qt=m Q=_Dv= OQwt G}=Dv =@ |r}rLD pOt |v=UQRwQx@
|=yQ=OQ@ V}=Ri= u}vJty w xR=U R= |QDW}@ \=kv QO sQH `} RwD Qw_vt x@ w QwmPt

"xOW xDiQo Q_v QO |Oqwi |xk@] 2 ?=k "3 pmW

"=[a= QO |DNU Vy=m ?}=Q[ "4 pwOH
|DNU Vy=m ?} Q[ |xQ=tW

=[a=
0 55 1
0 68 3
0 33 4

"xk@] wO |Oqwi |WtN ?=k |=Q@ =[a= C=YNWt "5 pwOH
|v=UWm pwOt |UQv}= u=tt `]kt K]U ẁv
(kg=cm2) (cm4) (cm2) `]kt =[a=
2 1� 106 541 16 4 IPE140 =yuwDU w =yQ}D |x}rm

xk@] 2 |Oqwi |WtN ?=k l} QO ?}U; X}NWD "2"4
"�3 pmW�CU= xOW xDiQo Q_v QO xk@] 2 |Oqwi|WtN ?=kl} 'Q[=L p=Ft QO
=[a= p=YD= pLt |=yxQo QO =ysQH w pkDUt w[a l} u=wva x@ ?=k R= w[a Qy
xOW xDiQo Q_v QO |[Qa `]kt "Ov=xOW xDiQo Q_v QO RmQtDt CQwY x@ Qo}Om} x@
4 pwOH QO u; C=YNWt xm CU= xOw@ IPE140 '=[a= |=Q@ Q[=L p=Ft |=Q@

"CU= xOW x�=Q=
|xR=U |Ot C=aq]= u=wD|t =ysQH w `]=kt C=YNWt uOw@ XNWt =@
'|ki= |=DU=Q xU QO CmQL '|O=R; xHQO xU xQo Qy |=Q@ "OQw; CUOx@ =Q sr=U
|=yxHQO |m}D=DU= |R=UxOQWi s=Hv= =@ "CU= xOW xDiQo Q_v QO |v=QwO w s�=k
xR=U |DNU T} QD=t '=yxQo QO |v=QwO |O=R; |=yxHQO hPL Qw_vt x@ |O=R;
|=ypmW w =yOt=U@ uOt; CUOx@ R= TB "CU= xOW xO=O Vy=m 8 OOa x@
Qw_vt 4w 3 '1 <=[a= |DNU Vy=m CQwY x@ ?}U; |wor= 'sr=U |xR=U |Ot
sr=U |xR=U pw= Ot=U@ xU u}vJty w =[a= |DNU Vy=m u=R}t "CU= xOW
'Q[=L p=Ft QO "CU= xOW x�=Q= 6 w 5 |=ypwOH QO ?}DQD x@ xO}O?}U; w
Ot pmW l} C=aq]= w pw= Ot=U@ xU R= \ki '|r}rLD pOt |v=UQRwQx@ |=Q@
G}=Dv 'xO}O?}U; w sr=U |xR=U C=aq]= uDW=O Q=}DN= QO =@ "CU= xOW xO=iDU=
'OwW|t xOy=Wt 4 pmW QO xm Qw]u=ty "O};|t CUO x@ |v=UQRwQx@ pOt p}rLD
|@ wN Ck@=]t xR=U x@ xOW p=ta= ?}=Q[ =@ |v=UQRwQx@ R= xOt; CUOx@ Q}O=kt

"OQ=O
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"p}rLD R= xOt; CUOx@ G}=Dv =@ |DNU Vy=m ?}=Q[ |xU}=kt "8 pmW

"swO p}rLD R= xOt; CUOx@ G}=Dv =@ |DNU Vy=m ?}=Q[ |xU}=kt "9 pmW

OwW|t ?@U QwmPt |xR=U QO RmQtDt sQH u=wva x@ xOW xDiQo Q_v QO \=kv
|=tv "O}; CUOx@ xR=U <=[a= |Ot pmW w |Ot=U@ C=Q}}eD R= |QDj}kO C=aq]=
x�=Q= 7 pmW QO CqwyHt O=OaD x@ CqO=at O=OaD C@Uv |xU}=kt w O}OH pOt
O}OH pOt |=Q@ xO}O?}U; <=[a= |xQ=tW w |DNU Vy=m ?}=Q[ "CU= xOW
xOy=Wt 8 pmW QO QwmPt pOt |wQ Q@ |v=UQRwQx@ R= pY=L G}=Dv u}vJty w

"OwW|t
CU= xDUv=wD Q_vOQwt |r}rLD VwQ 'OwW|t xOy=Wt 8 pmW QO xm Qw]u=ty
u}}aD =Q ?}U; Q}O=kt w |}=U=vW |DUQO x@ =Q xO}O?}U; <=[a= swO Cr=L QO
<=[a= Ovv=t '=[a= |NQ@ 'CU= j}kO ,qt=m G}=Dv '=[a= QDW}@ QO xJQo = =t= "Ovm
u}}aD =yu; QO =Q ?}U; COW xDUv=wDv |@ wN x@ VwQ u}= xm OvDUy 21 w 12
1 Q@=Q@ ?}=Q[ |x}rm OwQ|t Q=_Dv= xm sr=U <=[a= ?}=Q[ u}}aD QO u}vJty "Ovm
QmP pmWt `iQ |=Q@ "OvDUy Q}eDt 1 =D 0 94 u}@ ?}=Q[ xm OW xOy=Wt 'OvW=@
Q@ p}rLD l} s=Hv= |=Hx@ Qw_vt u}O@ "CU= xOW xO=iDU= O}OH |OQm} wQ R= xOW
p}rLD QO "CU= xOW s=Hv= pwyHt ?}=Q[ uDi=} |=Q@ |B=}B p}rLD wO 'xR=U |wQ
|@=}xv}y@ s=Hv= R= TB 'xt=O= QO w p=ta= =[a= xty x@ pwyHt ?}=Q[ '|}=OD@=
|vat u}O@ "OvOW l}miD sy R= w |}=U=vW xO}O?}U;w sr=U <=[a= 'pw= |xrLQt
pwyHt ?}=Q[ O=OaD '|@=}xv}y@ OvwQ R= �5 R= QDtm ?}U; =@ <=[a= uOQm GQ=N =@ xm
|k=@ C@=F u=vJty 'xOv=t}k=@ |=yQ=OQ@ O=OaD xm |r=L QO &CU= xOQm =O}B Vy=m
QO C=Q}}eD Q}O=kt ,qta '�5 R= QDtm |=y?}U; QO CU= QmP x@ sRq "CU= xOv=t
OwW|t xOy=Wt xOW QmP OvwQ |] =@ "Ow@ Oy=wN |�RH Q=}U@ |DNU |=yT} QD=t
p}rLD s=Hv= CaQU 'QDj}kO G}=Dv uOQw; CUOx@ w xr�Ut QDy@ |}=Qosy Q@ xwqa xm
hPL R= xm |v=UQRwQx@ R= pY=L G}=Dv "O@=}|t Vy=m |}x_Lqtp@=k Qw]x@ R}v

"=[a= QO |DNU Vy=m ?}=Q[ "7 pwOH
|DNU Vy=m ?} Q[ |xQ=tW

=[a=
0 55 1
0 78 5
0 68 8
0 33 11

"xU |xQ=tW p=Ft |=yOt=U@ "8 pwOH
xR=U |=yOt=U@ Ot |xQ=tWxO}O?}U; sr=U

117 195 45 1
745 1206 75 2
1724 2522 75 3

"p}rLD R= xOt; CUOx@ G}=Dv =@ |DNU Vy=m ?}=Q[ |xU}=kt "6 pmW

?=k u} Ro}=H pOt w x}rw= pOt QO =yQDt=Q=B |NQ@ |xU}=kt w pOt |=tv "7 pmW
"s_vt=v

|Ov@s}UkD 7 pmW j@=]t 'w[a 3 x@ uwDU Qy w w[a 4 x@ Q}D Qy |xOv=t}k=@
CQwY |]NQ}e C=a@ Qt u} QDtm VwQ ltm =@ xr�Ut pL xm =Hv; R= "OvwW|t
|O=} R ltm Ov=wD|t CqwyHt O=OaD x@ C@Uv CqO=at O=OaD V}=Ri= 'CU= xDiQ}PB

"Ovm QDj}kO G}=Dv uOt; CUOx@ w xr�Ut QDy@ |}=Qosy x@
xOv=t}k=@ |=yQ=OQ@ w |O=R; |=yxHQO O=OaD '37 x@ 11 R= =[a= O=OaD V}=Ri= =@
V}=Ri= u}vJty "Ov@=}|t V}=Ri= R}v |Ot |=ypmW |=yxir-wt w =yOt=U@ |va}
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"p}rLD R= xOt; CUOx@ G}=Dv =@ |DNU Vy=m ?}=Q[ |xU}=kt "11 pmW
"|@}mQD sDU}U =@ ?=k |=Q@ xiwv uwO@ w xiwv x@ xOwr; |=yOt=U@ "10 pwOH

xO}O?}U; |xR=U |=yOt=U@ xQ=tWxiwv OYQO 4 =@ xiwv OYQO 1 5 =@ |ak=w
40 02 40 72 40 84 1

62 62 09 61 85 2
64 99 64 6 64 07 3
66 88 66 38 65 79 4
66 06 66 66 66 72 5
66 97 67 5 67 78 6
68 85 68 86 68 15 7
69 16 68 57 68 43 8
69 07 68 97 68 56 9
69 21 69 03 68 72 10

QO xiwv QF= |xOy=Wt w xU}=kt Qw_vt x@ "OvDUy xOwr; xiwv �4 x@ =yxO=O 'swO
uwO@ Cr=L QO xR=U pw= Ot=U@ xO '10 pwOH QO xO}O?}U; |xR=U |=yOt=U@

"CU= xOW x�=Q= xiwv �4 w xiwv �1 5 'xiwv
Randn QwDUO R= OQ=Ov=DU= p=tQv `} RwD =@ |iO=YD |=yxO=O O=H}= Qw_vt x@
xiwv x@ xOwr; |=yxO=O uDW=O Q=}DN= QO =@ "CU= xOW xO=iDU= ?rDt |xt=vQ@ QO
pOt |v=UQRwQx@ w pwyHt ?}=Q[ u}}aD x@ s=Ok= |O=yvW}B VwQ ltm =@ u=wD|t
|r}rLD pOt |v=UQRwQx@ R= xOt; CUOx@ G}=Dv QDy@ xJ Qy |xU}=kt Qw_vt x@ "OQm
|}=U=vW Q}O=kt =@ QwmPt G}=Dv 'xiwv �4 w xiwv �1 5 x@ xOwr; |=yxO=O R= xO=iDU= =@
xU}=kt Qo}Om} =@ 12 pmW QO |ak=w |=y?}U; Q}O=kt u}vJty w xiwv uwO@ |xOW
?}U; Q}O=kt 'xiwv �1 5 Cr=L QO 'OwW|t xOy=Wt G}=Dv |xU}=kt =@ "Ov=xOW
Cr=L QO =t= "CU= xOW |}=U=vW |DUQO x@ OQ=wt QDW}@ QO xO}O?}U; <=[a=
xm |Dr=L QO xO}O?}U; w[a |iQat |va} 'CU= C@Ft |}=U=vW |=]N 'QwmPt
�1 5 Cr=L QO =Pr "OwW|t xOy=Wt Qo}O w[a 4 QO R}v 'CU= sr=U w[a u;
,=Dk}kL <=[a= QO ?}U; X}NWD sOa |va} 'CU= |ivt |}=U=vW |=]N 'xiwv
hqDN= �8 OwOL =DC@Ft |}=U=vW |=]N QO xJQo = "OwW|tv xOy=Wt xO}O?}U;
|ak=w Q=Okt =@ �5 R= QDtm |ak=w |xOW |}=U=vW ?}U; Q}O=kt 'OwW|t xOy=Wt
xOW xO=iDU= =yxO=O QO |iO=YD CQwY x@ xiwv R= xmv}= x@ xHwD =@ "OvQ=O Cw=iD
x@ 'CU= xDW=Ov OwHw |@}U; ,=Dk}kL xm |}=[a= QO CU= |a}@] u}=Q@=v@ 'CU=
|O=yvW}B VwQ xm OW=@ xDi=} Owtv |Ot |=ypmW QO |H=Hwa= |xiwv OwHw p}rO
"OW=@ xO=O C@Uv ?}U; x@ =Q u; 'xR=U Xr=N w |k}kL Ot pmW =@ xU}=kt QO

"|@}mQD sDU}U =@ xOW xDiQo Q_v QO ?=k "10 pmW
"|@}mQD sDU}U =@ ?=k |=Q@ `]=kt C=YNWt "9 pwOH

|v=UWm pwOt |UQv}= u=tt `]kt K]U ẁv
(kg=cm2) (cm4) (cm2) `]kt =[a=
2 1� 106 541 16 4 IPE140 =yQ}D |x}rm
2 1� 106 1082 32 8 2IPE140 =yuwDU |x}rm
2 1� 106 206 13 5 UNP100 =yOv@O=@ |x}rm

"OwW|t xOy=Wt 9 pmW QO 'CU= xOW pY=L sr=U <=[a= pwyHt ?}=Q[

?=k |@}mQD sDU}U =@ |Oqwi ?=k l} QO ?}U; X}NWD "4"4
Ov@ Q=yt w |WtN

10 pmW j@=]t Ov@ Q=yt =@ x=Qty xk@] 3 |Oqwi |WtN ?=k l} 'Q[=L p=Ft QO
|Ov@s}UkD w[a 3 x@ uwDU Qy w 'w[a 4 x@ Q}D Qy 'u; QO xm 'CU= xOW Qw_vt
"CU= xOW xDiQo Q_v QO w[a l} |rYit p=YD= p}rO x@ R}v Ov@ Q=yt Qy w xOW
C=YNWt "CU= xOW xDiQo Q_v QO RmQtDt CQwY x@ =yxQo QO xR=U |=ysQH

"CU= xOW x�=Q= 9 pwOH QO |vwvm p=Ft |=Q@ xOW xDiQo Q_v QO `]=kt
'Ov=xOW xDiQo Q_v QO xO}O ?}U; <=[a= u=wva x@ xm |}=[a= '10 pmW QO
QO CmQL |va} |O=R; xHQO xU 'xQo Qy |=Q@ "OvwW|t xOy=Wt QDnvQQB CQwY x@
|R=UxOQWi 'p}rLD u}L QO w xOW xDiQo Q_v QO u=QwO w s�=k '|ki= |=DU=Q xU
|xQ=tW u}vJty w =[a= |DNU Vy=m u=R}t "CU= xDiQ}PB CQwY |m}D=DU=
Ot=U@ 3 R= \ki |v=UQRwQx@ |=Q@ "OwW|t xOy=Wt 11 pmW QO xO}O?}U; <=[a=
|OQm} wQ =@ |v=UQRwQx@ s=Hv= R= TB "CU= xOW xO=iDU= Ot pmW l} C=aq]= w
xOt; CUOx@ xr�Ut pL R= |rw@kp@=k Q=}U@ G}=Dv 'OW K} QWD p@k VN@ QO xm
xwqa '|vwvm |xr�Ut QO "CU= |O=yvW}B OvwQ uOw@Ot;Q=m |xOvyOu=Wv xm CU=
xDiQo Q_v QO hrDNt Q}O=kt =@ w xOvm =QB CQwY x@ =y?}U; 'QDW}@ <=[a= O=OaD Q@

"OwW|t xOy=Wt 11 pmW QO |v=UQRwQx@ R= pY=L G}=Dv "Ov=xOW

?=k |@}mQD sDU}U =@ |Oqwi ?=k l} QO ?}U; X}NWD "5"4
xiwv x@ xOwr; |=yxO=O R= xO=iDU= =@ Ov@ Q=yt w |WtN

=t= "CU= xOW xO=iDU= p@k |xr�Ut ?}U; |wor= w =yxO=O R= '|vwvm |xr�Ut QO
xO=O KQW 1 3 CtUk QO xJv; j@] xO}O?}U; |xR=U |Ot |=ypmW w =yOt=U@
xDiQo Q_v QO =yxO=O |=Q@ xiwv R= K]U wO Qw_vt u}O@ "Ov=xOW xOwr; xiwv x@ 'OW
Cr=L QO w �h}iN |xiwv� xiwv �1 5 x@ xOwr; =yxO=O 'pw= Cr=L QO "CU= xOW
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|DNU Vy=m ?}=Q[ u=tr= |xQ=tW |DNU Vy=m ?}=Q[ u=tr= |xQ=tW
0 88 53 0 85 1
0 86 54 0 87 2
0 85 56 0 92 6
0 85 61 0 86 8
0 93 64 0 9 13
0 91 65 0 9 14
0 95 67 0 85 17
0 9 69 0 92 22
0 94 71 0 87 23
0 92 72 0 95 26
0 9 73 0 91 27
0 85 74 0 85 33
0 88 75 0 88 39
0 9 76 0 95 43
0 93 78 0 92 44

0 95 50

x�=Q= 11 pwOH QO xOW xDiQo Q_v QO |DNU Vy=m Q}O=kt "Ov=xOW xO=O V}=tv
"CU= xOW

|m}t=v}O |=yQDt=Q=B uOQw; CUOx@ w ?}U; |wor= l} uDW=O Q=}DN= QO =@
xO}O?}U; |=yu=tr= w OQm |v=UQRwQx@ =Q |}xR=U pOt u=wD|t 'xO}O?}U; |xR=U
xO=O X=YDN= =yu=tr= |xty x@ pwyHt ?}=Q[ 'pw= |xrLQt QO "OQm XNWt =Q
xOW x�=Q= 12 pwOH QO u; R= pY=L G}=Dv '|v=UQRwQx@ Ov}=Qi s=Hv= =@ "CU= xOW
uO=O X=YDN= =@ xm OwW|t xOy=Wt 12 w 11 |=ypwOH |xU}=kt =@ "CU=
sr=U |=yu=tr= |}=U=vW QO Q_vOQwt VwQ xJQo = '=yu=tr= |xty x@ pwyHt?}=Q[
Qy "OQ=O OwHw =]N |mOv= ?}U; Q=Okt u}}aD QO =t= 'CU= xOw@ jiwt xO}O?}U; w
&CU= QDtm w �5 OwOL QO Q=_Dv=OQwt Q=Okt =@ xOt; CUOx@ G}=Dv hqDN= xm OvJ
sr=U |=yu=tr= ?}=Q[ swO p}rLD QO 'QDj}kO G}=Dv uOQw; CUOx@ Qw_vt x@ =t=
p}rLD R= pY=L G}=Dv "CU= xOW |] |v=UQRwQ x@ Ov}=Qi xQ=@ wO w OvOW hPL
'OwW|t xOy=Wt 13 pwOH QO xm Qw] u=ty "CU= xOW x�=Q= 13 pwOH QO 'swO
Ck@=]t Q=_Dv=OQwt G}=Dv =@ |}q=@ Q=}U@ CkO =@ 'swO p}rLD R= xOt;CUOx@ G}=Dv
'CU= xOW xO=O Vy=m pwyHt ?}=Q[ O=OaD xmv}= p}rO x@ 'swO p}rLD QO "OQ=O
=O}B Vy=m R}v xOW |QBU u=tR u; p=@vO x@ w xt=vQ@ \UwD xOW |] |=yQ=QmD O=OaD
=Q C}r@=k u}= |O=yvW}B VwQ xm O=O u=Wv |vwvm p=Ft R= pY=L G}=Dv "CU= xOQm

"Ovm u}}aD w |}=U=vW |@ wN x@ R}v =Q |�RH Q}O=kt =@ OOaDt |=y?}U; xm OQ=O

|Q}oxH}Dv "5
=@ =yxR=U QO ?}U; X}NWD |=yVwQ R= |m} |r}YiD KQW x@ 'Q[=L Q=DWwv QO
sD} Qwor= |Q}oQ=mx@ =@C}U=UL |x}=B Q@ OwOLt <=RH= pOt |v=UQRwQx@ VwQ u=wva

"xiwv x@ xOwr; |=yxO=O =@ |v=UQRwQx@ R= pY=L G}=Dv |xU}=kt "12 pmW

"|@}mQD sDU}U =@ xOW xDiQo Q_v QO ?=k "13 pmW

w[a wO QO |ivt |}=U=vW |=]N 'CU= xOw@ �4 xiwv Q=Okt xm swO Cr=L QO
QO R}v xOW |}=U=vW |=y?}U; Q}O=kt "OwW|t xOy=Wt 61 w 55 |xO}O?}U;
u=wD|t |rm |Q}oxH}Dvl} u=wva x@ "OvQ=O Cw=iD |ak=w Q}O=kt =@ �18 =D �5 OwOL
|=ypmW w =yOt=U@ s}kDUt |xU}=kt R= xmv}= x@ xHwD =@ xOW QmP VwQ xm Cio
"CU= T=UL Q=}U@ xOW CW=OQ@ C=aq]= CkO x@ C@Uv 'Ovm|t xO=iDU= |Ot
G}=Dv u=wD|t 'OW=@ QDtm |Ot |xOW |Q}oxR=Ov= |=yxO=O QO =]N Q=Okt xJ Qy =Pr
|QDj}kO |=yVwQ R= xO=iDU= =@ u=wD|t =Q pmWt u}= xD@r= "CW=O Q=_Dv= =Q |QDy@
'xiwv R= |Q=a w j}kO G=QNDU= QO �SSI� |iO=YD |=[iQ} R |}=U=vW VwQ Ovv=t

"OQm hQ]Q@ ,qt=m |Ot |=ypmW w Ot=U@ Q}O=kt

?=k |@}mQD sDU}U =@ |Oqwi ?=k l} QO ?}U; X}NWD "6"4
O=} R |=y?}U; O=OaD =@ Ov@ Q=yt w |WtN

=@ =t= '13 pmW j@=]t 4�4 p=Ft |Oqwi �|WtN ?=k R= 'Q[=L p=Ft QO
4 x@ Q}D Qy '|vwvm p=Ft QO "CU= xOW xO=iDU= p}rLD |=Q@ Cw=iDt ?}U; |wor=
Q_v QO u=tr= l} 'Ov@ Q=yt Qy R}v w xOW |Ov@s}UkD u=tr= 3 x@ uwDU Qy w u=tr=
4�4 p=Ft Ovv=ty xOW xDiQo Q_v QO |[Qa `]=kt C=YNWt CU= xOW xDiQo
|}=U=vW QO Q_vOQwt VwQ |Ovtv=wD |UQQ@ 'Q[=L |xr�Ut pL R= hOy "CU=
|@}U; |wor= Qw_vt u}ty x@ "CU= xR=U QO O=} R O=OaD =@ w xOvm =QB |=y?}U;
�15 =D �5 u}@ |DNU Vy=m Q}O=kt 'CU= xOW xDiQo Q_v QO xr�Ut |=Q@ xm
"CU= xOW xO=O X=YDN= pOt u=tr= 78 ẁtHt R= u=tr= 31 x@ xm CU= xOw@
=yu=tr= |xQ=tW =@ x=Qty QDnvQQB CQwY x@ xO}O?}U; |=yu=tr= '13 pmW QO
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|r=wDt |=yp}rLD R= xO=iDU= 'u}W}B C=ar=]t x@ C@Uv xOWxQ=W= OQm} wQ |xOta
Ow@y@ Qw_vt x@ QDW}@ u=tr= O=OaD =@ |=yxR=U QO u; |Q}oQ=mx@ w x=wNrO O=OaD x@
V}=Ri= Ea=@ pmQO xJQo = QwmPt OvwQ xm OQm xHwD O}=@ "CU= xOt; CUOx@ G}=Dv
pwyHt |=yQDt=Q=B uOQw; CUOx@ w |v=UQRwQx@ |xr�Ut pL |=Q@ p}rLD u=tR
|wQ Q@ xOW QmP VwQ "OQ@|t q=@ Q=}U@ =Q G}=Dv CkO w CLY =t= 'OwW|t pOt
|@=} RQ= R= pY=L G}=Dv "OW |@=} RQ= w |UQQ@ |Oa@ wO |=y?=k hrDNt |=ypOt
w �10 OwOL QO |}=y?}U; QO xm OQ=O =Q C}r@=k u}= Q_vOQwt VwQ xm O=O u=Wv
�1 %|va} '|}xR=U CtqU V}=B Kw]U R= K]U xU '|@ wN Q=}U@ CkO =@ QDW}@
xO}O?}U; <=[a= C}akwt X}NWD �2 'xR=U uOw@ xO}O?}U; =} sr=U X}NWD
|}q=@ Q=}U@ CkO =@ w |DUQO x@ =Q '=[a= ?}U; COW u=R}t u}}aD �3 'C}=yvQO w
R=e; x@ |}xR=U <=[a= QO �QDtm w �7� u}}=B COW =@ |=y?}U; "Ovm |}=U=vW
`iQ x@ Ov=wD|t V}=O}B wO@ QO |}=U=vW xm 'OQ=O xQ=W= xR=U QO |Ykv OWQ w
QDW}@ nQR@ |=y?}U; =@ <=[a= |}=U=vW 'Qo}O hQ] R= =t= "Ovm ltm ?}U;
|QDq=@ C}ty= 'OvQ=O |v} Ro}=H =} w |R=Usw=kt x@ R=}v pta QO xmv}= p}rO x@

"OvQ=O

"|v=UQRwQx@ R= xOt; CUOx@ |DNU Vy=m ?}=Q[ "12 pwOH
xOt; CUOx@ Q}O=kt u=tr= |xQ=tW xOt; CUOx@ Q}O=kt u=tr= xQ=tW|v=UQRwQx@ R= |v=UQRwQx@ R=

0 884 53 0 83 1
0 84 54 0 85 2
0 893 56 0 9 6
0 833 61 0 84 8
0 9 64 0 866 13
0 88 65 0 877 14
0 92 67 0 836 17
0 87 69 0 9 22
0 91 71 0 852 23
0 897 72 0 928 26
0 881 73 0 889 27
0 833 74 0 836 33
0 863 75 0 852 39
0 879 76 0 933 43
0 912 78 0 904 44

0 931 50

VwQ ha[ w Cwk \=kv |}=U=vW Qw_vt x@ "CU= xOW xDN=OQB uDw}v ut= |x}L=v
QO "CU= xOW xDiQo Q_v QO Cw=iDt \}=QW =@ |irDNt |OOa |=yp=Ft 'QwmPt
ẁvDt |=yCOW =@ xR=U QO xOvm =QB |=y?}U; uOQm Qw_vt =@ 'xOW QmP |=yp=Ft
|@=} RQ= xO}J}B w nQR@ p�=Ut pL QO |O=yvW}B VwQ |Ovtv=wD '|wk =D h}a[ R=
C=a]k x@ =[a= |Ov@s}UkD xm OW xO=O u=Wv OOaDt |=yp=Ft pL QO "CU= xOW
OW=@ Q=PoQ}F-=D G}=Dv QO Ov=wD|t OL xJ =D =[a= pw] QO sQH `} RwD w QDlJwm
<=[a= xm |}=yxR=U QO u}vJty "OwW |}xR=U sDU}U |}=U=vW Ow@y@ Ea=@ w
Vy=m Q@ xwqa xm OW xO=iDU= O}OH |OQm} wQ R= 'OvDW=O �QDW}@ CqwyHt� |QDW}@
"CU= xOW pY=L |QDj}kO G}=Dv '|@=}xv}y@ |xr�Ut pL u=tR w =yQ=QmD O=OaD
|}=U=vW xO}O?}U; w sr=U <=[a= 'x}rw= p}rLD QO 'xOW xQ=W= O}OH OQm} wQ QO
Ovv=t |YNWt OL R= QDtm xm |}=[a=� sr=U <=[a= hPL =@ TBU w OvwW|t
Q=QmD QO w OvwW|t hPL =yu; x@ \w@ Qt pwyHt ?}=Q[ '�Ov=xO}O ?}U; �5
'p}rLD l} s=Hv= |=H x@ `k=w QO 'xOW QmP OQm} wQ QO "OvwW|tv Qy=_ |Oa@
Cw=iD "OwW|t s=Hv= xR=U |wQ Q@ QDW}@ O=OaD =@ swRr CQwY QO w p}rLD wO

=yCWwv=B
1. line search
2. trust region

3. Hessian
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"swO p}rLD R= pY=L G}=Dv "13 pwOH
xOt; CUOx@ Q}O=kt u=tr= |xQ=tW xOt; CUOx@ Q}O=kt u=tr= xQ=tW|v=UQRwQx@ R= |v=UQRwQx@ R=

0 88 53 0 85 1
0 86 54 0 8699 2
0 85 56 0 9199 6
0 85 61 0 86 8
0 93 64 0 90 13
0 90 65 0 90 14

0 9499 67 0 85 17
0 899 69 0 92 22
0 939 71 0 8699 23
0 919 72 0 95 26
0 90 73 0 90 27
0 849 74 0 85 33
0 879 75 0 88 39
0 90 76 0 95 43
0 93 78 0 92 44

0 95 50
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