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|=y|vLvt 'uD@ CUmW l}v=mt '|OOa |R=UpOt 'OQU p=YD= %|O}rm u=oS=w
"|vD@ |WtN |}x]kvxU |xO=U Q}D pOt 'uD@ |WWm w |Q=Wi VvQm - VvD

xtOkt "1
'CU= OQDxt}v K]U l} QO u=mtQ}}eD - Q=@ \@=wQ =@ lQD VNB |v}@V}B x@ QO=k xm
s}Ok uD@ wO u}@ OQU p=YD= K]U Q=DiQ [2]'�2007� w�=Q w uW}m "Ov=xO=O xaUwD =Q
R}v [8]'�2010� uW}m w x=W "Ov=xOQm |UQQ@ |y=oW}=tR; CQwY x@ =Q O}OH w
'2Ov}=Qi |x}L=v pw] 'CUmW |SQv= uwJty|]NQ}eCUmWl}v=mt |=yQDt=Q=B
lQD lwv |oOWR=@ R= |W=v |}=Hx@=H w 4CUmW 1 Owt Ck=] '3|oOvvmW OOa
u}}aD 6xR=Ov= QF= VwQ R= xO=iDU= =@ hrDNt |vD@ R} Q=w Kw]U |=Q@ =Q 5|v=QL@
VwQ ?r=k QO xOvv=@UJ |=yu=tr= R= u=wD|t xm CU= xOW C@=F u}vJty "OvOQm
|oDN}Uosy R= w CUmW |R=UpOt |=Q@ OvtDQOk Q=R@= l} u=wva x@ OwOLt <=RH=
uQk s}v R= V}@ 7 �CZM� l =v@UJ |x}L=v pOt swyit [9]"OQm xO=iDU= O=wt
VWm \@=wQ R= |O=OaD "CU= xOW x�=Q= [11 w 10]'u=QoWywSB |NQ@ \UwD V}B
[12]'�2016� Vv=Q=mty w lQ=B \UwD R}v Twm =@; QO xO=iDU= OQwt V}=OH -

|x}L=v |=ypOt |=y|oS} w R= |NQ@ u}vJty "CU= xOW |}xU}=kt |xar=]t
|Q=}U@ "CU= xOW xar=]t [13]'�2018� u=w} wvwQJ w hv=w}rU \UwD l =v@UJ
|vD@ Q}D V}=tR; R= xO=iDU= =@ |vD@ R} Q=w Kw]U CUmW l}v=mt C=}YwYN R=
C=}YwYN [21]'�2011� uW}m w x=W [20�14]"OvwW|t u}}aD |WtN |}x]kvxU
|wQ Q@ 'p=D}H}O Q} w=YD |oDU@ty VwQ R= xO=iDU= =@ =Q uD@ R} Q=w K]U CUmW
CtU wO QO uD@ |=Q@ hrDNt |Q=Wi Ctw=kt =@ |WtN |}x]kvxU |vD@ |=yQ}D
"OvOQm xar=]t 'Ow@ xOW xO=O Q=Qk Q}D \Uw QO s�=k CQwY x@ xm '|R} Q=w K]U
pw= Owt lQD Q=WDv= |UQQ@ CyH |WywSB [22]'�2018� u=Q=mty w nv=} 'u}vJty
O}OH |@=QN pOt l} =@ 8Ovw}B Q@ |vD@t l}t=v}O} QB VwQ R= xO=iDU= =@ uD@ QO

|=yR=U wCN=U?re= QO xmCU=|v=tDN=U Kr=Yt u} QDsyt uD@ 'Q[=L p=L QO
QO lQDWt R=}v l} '|vD@ <=[a= |R=Uy@ w Q}taD xRwQt= [1]"OwW|t xO=iDU= uQOt
'|vD@ |xa]k l} |R=Uy@ w s}tQD |=Q@ xm |t=ovy "CU=yCN=UQ} R |Q=Oyov
C=}rta s=ovy QO xmu}= =} w OwW u} Ro}=H O}OH uD@ l} =@ |t}Ok uD@ R= |DtUk
uD@ uDN} Q u=tR QO xm |wLv x@ 'ODi=}@ j=iD= |yHwD p@=k |v=tR |xikw '|R} QuD@
R} Q=w K]U 'xR=D uD@ w |t}Ok uD@ u}@ Kw]U QO 'OW=@ xOW CNU |t}Ok uD@ 'xR=D
|=y?=k |=QH= pw=ODt |xw}W QO u}vJty "OwW|t O=H}= OQU p=YD= u=ty =}
"OvwW|t Qy=_ R} Q=w Kw]U 'xOwr=W whkU 'hm x@ uwDU p=YD= pLt QO 'KrUtuD@
sDU}U l} QO u; hQ] wO Kr=Yt R= QDh}a[ ,=D@Uv R} Q=w K]U Ctw=kt ,qwtat
K]U Q=DiQ x@ xDU@=w COW x@ xOW Q}taD sDU}U l} OQmrta "CU= xOW Q}taD
'R} Q=w K]U QO VvD K]U `} QU C=Q}}eD w VvD RmQtD p}rO x@ [2]"CU= R} Q=w
[3]"OQ=O OwHw xOW Q}taD sDU}U QO R} Q=w K]U O=ODt= QO |}q=@ CUmW Q]N
xv=OnvU T} QD=t 'uD@ CUmW l}v=mt C=}YwYN |xv}tR QO |O=} R C=ar=]t
|=yQ=m \ki 'p=L u}= =@ "CU= xOW s=Hv= Kr=Yt Q}=U w uD@ u}@ K]U 'u=t}U -

xOW s=Hv= O}OH w s}Ok uD@ u}@ K]U Q=DiQ |xar=]t |=Q@ |tm |y=oW}=tR;
QoWywSB |O=OaD \UwD O}OH w s}Ok uD@ K]U u}@ 1Ovw}B C=}YwYN [4]"CU=
|OOa |R=Ux}@W |xw}W l} [3]'�2001� u=Q=mty w s}r [7�5]"CU= xOW xar=]t

pw�Ut xOvU} wv �
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=Q="�QDt|r}t x@� =yQ}D O=a@= "1 pwOH
a0 x}rw= h=mW t Ct=N[ S xv=yO L pw] b jta Q}D |xR=Ov=

15 2 50 190 241 76 lJwm
30 4 50 380 431 152 \UwDt
60 8 50 760 810 304 nQR@

|QwLtlD Q=Wi |=Q@ VvQm - VvD |vLvt "2"2
R=}v uD@ |QwLtlD |Q=Wi VvQm - VvD |vLvt x@ 'CDP pOt R= xO=iDU= |=Q@
|QwLtlD |Q=Wi |=yV}=tR;T=U= Q@ u=wD|t =Q QwmPt|x]@=Q 'uD@ Qy|=Q@ "CU=
QO |}=yV}=tR; u}vJ G}=Dv Qo = p=L u}= =@ [23]"OQm u}}aD |O=} R ,=D@Uv CkO =@
|NQ@ QO xOW x�=Q= \@=wQ T=U= Q@ =Q VvQm - VvD |vLvt u=wD|t 'OW=@v TQDUO
QO 'Q[=L Q=DWwv QO xO=iDU= OQwt \@=wQ R= |NQ@ [29�24]"OQm s}UQD |tra `@=vt

"Ov=xOW x�=Q= xt=O=
[24]%O} QO=t |tyU |x]@=Q ��

�c = Ec"c
�
1� 1

2
�
"c
"c1

��
(1)

[25]%u=vW} Q=m w |=UO |x]@=Q ��

�c = Ec"c
1 + ( "c"c1 )2 (2)

[26]%=B wQ= |xt=vu}}; |x]@=Q ��

�c = fcm
k� � �2

1 + (k � 2)�
;

k = 1 05Ecm "c1
fcm

;

� = "c
"c1

(3)

[27]%|mUwH=t |x]@=Q ��8>>>>><>>>>>:
�c = Ec"c if �c � elimfcm

�c = fcm (elim�2)2
4(elim�1)

�
"c
"c1

�2�
fcm (elim�2)2

2(elim�1)

�
"c
"c1

�
+

fcm elim
2

4(elim�1)

if �c > elimfcm

Ec = fcm
"c

(2� elim) ;

elim = 1� exp
��fcm

80
�

(4)

[28]%wU w nvw |x]@=Q ��8>><>>:
�c = �fcm

�
2
�

"c
�"c1

�� � "c
�"c1

�2�
if "c

�"c1 � 1
�c = �fcm

�
1� � "c/�"c1�1

2/��1
�2�

if "c
�"c1 > 1

(5)

[29]%Rv�=U |x]@=Q ��

"|vD@ Q}D |xUOvy "1 pmW
"uD@ C=}YwYN "2 pwOH

fcm(MPa) E(GPa) �

34 31 4 0 19

OvDUy xv} RyQB w Q@u=tR pwtat Qw] x@ |y=oW}=tR; |=yQ=m xm =Hu; R= "OvOQm x�=Q=
Q=wWO |y=oW}=tR; |=yxvwtv QO |ak=w Qw] x@ |Q=PoQ=@ w |RQt \}=QW p=ta= w
|}xR=U Q=DiQ C=ar=]t |xaUwD x@ Ovv=wD|t O=tDa= p@=k |OOa |=ypOt 'CU=
|}x]kvxU |vD@ Q}D l} |R=Ux}@W |=Q@ |Ov}=Qi 'Q[=L Q=DWwv QO "Ovvm ltm
x�=Q= Twm =@; Q=Ri=sQv R= xO=iDU= =@ xv=yO \Uw QO R} Q=w K]U l} |=Q=O |WtN

"CU= xOW

|vD@ Q}D |R=UpOt "2
=@ uD@ wO u}@=t |[Qa OQU p=YD= |=Q=O |vD@ |xO=U Q}D l} 'Q[=L Q=DWwv QO
|UOvy C=}�RH "CU= xOW |R=UpOt |}x]kvxU VtN CLD u=Um} Ctw=kt
|xUOvy =@ Cw=iDt |xR=Ov= xU QO Q=Oh=mW |}=yQ}D QO \@DQt |=y|Q=Pos=v w
2 h=mW ZQa w 0 2 jta x@ h=mW C@Uv '2 5 jta x@ xv=yO C@Uv =@ x@=Wt
V}=tR; w j}kLD [8]'�2010� uW}m w x=W \UwD |y=oW}=tR; Qw] x@ xm QDt|r}t
xOy=Wt \@DQt C=aq]= '1 pmW w 1 pwOH QO "CU= xOW ?=NDv= 'OvOw@ xOW

"OwW|t

uD@ Q=DiQ |R=UpOt "1"2
|=Q@ u}vJty "CU= xOW xO=iDU= C3D8R |}xQo 8 u=tr= R= Q}D |R=UpOt |=Q@
"CU= xOW xO=iDU= 9 �CDP� uD@ |Q}tN CQ=UN pOt R= uD@ Q=DiQ |R=UpOt
pOt |=Q@ xOW xO=iDU= |@=QN |=yQ}eDt x@ \w@ Qt Q}O=kt w uD@ Kr=Yt C=}YwYN

"Ov=xOW x�=Q= 3 w 2 |=ypwOH QO ?}DQD x@ Q[=L |xar=]t QO CDP
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`=UD= x} w=R C} RmQt R= GwQN fbo=fco KC xD} RwmU} w QDt=Q=B
36 0 1 1 16 0 667 0

CtUk QO 6 |r= 1 \@=wQ |t=tD R= pY=L |=y|vLvt '2 pmW j@=]t
sy Q@ ,qt=m '|Q=Wi Ctw=kt |xv}W}@ |x]kv x@ uO}UQ =D Q=Owtv |OwaY |xN=W
|xN=W QO '|Q=Wi Ctw=kt |xv}W}@ |x]kv R= Qw@a R= TB =t= "OvDUy j@]vt
R= pY=L Cw=iDt Q=DiQ xDUO wO '|oOvwWsQv =} |@=QNTB |x}L=v =} Q=Owtv |rwRv
\@=wQ R= pY=L |=yQ=Owtv pt=W 'pw= |xDUO "OwW|t xOy=Wt xOW QmP \@=wQ
"CU= 6 w 2 \@=wQ R= pY=L |=yQ=Owtv pt=W 'swO |xDUO w 5 w 4 '3 '1
|@=QNTB |x}L=v QO pw= |xDUO \@=wQ R= pY=L |=yQ=Owtv xm OwW|t xOy=Wt
swO |xDUO \@=wQ R= pY=L |=yQ=Owtv 'u}vJty "OvDUy j@]vt Qo}Oty Q@ ,qt=m
wO u}@ |rY= Cw=iD "OvDUy j@]vt Qo}Oty Q@ ,qt=m |@=QNTB |x}L=v QO R}v
QDW}@ x@ xHwD =@ Ck}kL QO "CU= |oOvwWsQv |x}L=v |vLvt ?}W 'Q}N= |xDUO
swO |xDUO x@ C@Uv pw= |xDUO QO |oOvwWsQv |x}L=v QO |vLvt ?}W uOw@
C@Uv pw= |xDUO QO |Q=Wi VvD CLD uD@ |@=QN CaQU xm CiQo xH}Dv u=wD|t
x@ pw= |xDUO |=y|vLvt |oOvwWsQv |x}L=v ?}W "CU= QDW}@ swO |xDUO x@
CtU x@ |Q=Wi Ctw=kt |xv}W}@ |x]kv |r=wL R= CN=wvm} w |H} QOD CQwY
|oOvwWsQv |x}L=v ?}W =t= 'CU= xOQm p}t |ki= CtU x@ w xOW sm Q=Owtv |=yDv=
uO}UQ =D |Q=Wi Ctw=kt |xv}W}@ |x]kv |r=wL R= 'swO |xDUO |=y|vLvt QO
TB w xDi=} V}=Ri= |H} QOD CQwY x@ '0=2�fcm pO=at VvD Q=Okt u} QDtm x@
Q}N= \@=wQ |t=tD xm OvJ Qy "CU= xOt; QO |ki= CQwY x@ ,qt=m 'u; x@ uO}UQ R=
|DN=wvm} w |oDUw}B x@ xHwD =@ =t= 'Ovvm|t |R=Ux}@W =Q uD@ Q=DiQ |@} QkD Qw] x@
OUQ|t Q_v x@ 'pw= |xDUO |=y|vLvt |=Q@ |oOvwWsQv |x}L=v QO xOW xOy=Wt
"OvyO|tu=Wv uD@ |Q=Wi |ak=w Q=DiQ x@ =Q |QDl}ORv Q=DiQ QwmPt |=y|vLvt xm
Qo}Oty Q@ pw= |xDUO x@ \w@ Qt |=y|vLvt xm =Hu; R= 'xOW QmP ?r=]t x@ xHwD =@
4 '3 '1 \@=wQ R= |m} u=wD|t 'OwW|tv xOy=Wt =yv; u}@ |Dw=iD w OvDUy j@]vt
\w@ Qt \@=wQ OQwt QO ẁ[wt u}= "OQm ?=NDv= pw= |xDUO R= |oOv}=tv x@ =Q 5 w
'pw= |xDUO x@ \w@ Qt \@=wQ u}@ R= 'wQ u}= R= "CU= jO=Y R}v swO |xDUO x@
|=y|@=} RQ= Qw_vt x@ 2 |x]@=Q 'swO |xDUO x@ \w@ Qt \@=wQ u}@ R= w 1 |x]@=Q
Q[=L VywSB |R=UpOt QO xO=iDU= |=Q@ =yv; R= |m} ?=NDv= C}=yv QO w |Oa@

"CU= xOW ?=NDv=

|QwLtlD VWm |=Q@ VvQm - VvD |vLvt "3"2
|WWm VvQm - VvD |vLvt 'CDP pOt QO xO=iDU= OQwt pt=wa R= Qo}O |m}
uD@ l} |=Q@ |WWm VvQm - VvD |x]@=Q xm OvJ Qy "CU= uD@ |QwLtlD
V}=tR; =} s}kDUt VWm V}=tR; j} Q] R= |y=oW}=tR; Qw] x@ u=wD|t =Q ZwQit
Q@ u=wD|t =Q xOW QmP Q=Owtv =t= 'OQm u}}aD Q}D VtN V}=tR; =} xvwtv Ci=mW
|WWm Ctw=kt u}ov=}t Q=Okt [31 w 30 '28]"OQm s}UQD R}v |tra `@=vt |NQ@ T=U=

[26]%OQm x@U=Lt 10 |x]@=Q R= xO=iDU= =@ u=wD|t =Q uD@ |QwLt

fctm = 0 3f( 23 )
ck (10)

Ctw=kt w \UwDt |QwLt |WWm Ctw=kt '?}DQD x@ 'fck w fctm'u; QO xm
"OvDUy p=mU=B=ot ?UL Q@ xRwQ 28 uD@ |}xv=wDU= |xvwtv |Q=Wi xYNWt

"6 =D 1 \@=wQ R= pY=L VvQm - VvD |=y|vLvt |xU}=kt "2 pmW

�c = "c
A+B"c + C"2

c +D"3
c

A = 1
Ec

; B = P3 + P4 � 2
P3fcm

; C = � 2P4 � 1
P3fcm"c1

; D = P4 � 1
P3fcm"c1

;

P1 = "cu
"c1

; P2 = fcm
fcu

; P3 = Ec"c1
fcm

; P4 = P3 (P2 � 1)
(P1 � 1)2 � 1

P1
;

(6)

w ("c1) \UwDt |Q=Wi Ctw=kt Q}_v VvQm '(Ecm) uD@ |rw] |v=UWm pwOt
Q_v QO =@ =yQ=DWwv QO TQDUO p@=k\@=wQ R= xO=iDU= =@ u=wD|t =Q ("cu)|}=yvVvQm
[27 w 26]%OQm x@U=Lt p=mU=B=ot ?UL Q@ (fcm) \UwDt |Q=Wi Ctw=kt uDiQo
Ecm = 22(0 1fcm)0 3 (7)

"c1 = 0 0014 [2� exp (�0 024fcm)

� exp (�0 140fcm)]
(8)

"cu = 0 004� 0 0011 [1�
exp (�0 0215fcm)]

(9)

R= xOQm Qw@a `]=kDt \N |x} w=R Cv=Sv=D Q@=Q@ wO pO=at R}v x}rw= |v=UWm pwOt
R= l} Qy R= K}LY xO=iDU= |=Q@ "CU= xOW xDiQo Q_v QO("c1; fcm) |x]kv
pwOt Ck}kL QO "OwW h} QaD K}LY Qw] x@ |v=UWm pwOt O}=@ '6 =D 1 \@=wQ
6 w 2 '1 \@=wQ QO "CU= Cw=iDt QwmPt \@=wQ R= l} Qy QO xDiQ Q=m x@ |v=UWm
7 |x]@=Q j@=]t |rw] |v=UWm pwOt R= 3 |x]@=Q QO w x}rw= |v=UWm pwOt R=
xOW h} QaD x]@=Q OwN x=Qty |v=UWm pwOt R}v 4 |x]@=Q QO "CU= xOW xO=iDU=
|v=UWm pwOt h} QaD x@ |R=}v '5 |x]@=Q 'OwW|t xOy=Wt xm xvwou=ty "CU=
|vLvt |rwRv CtUk QO 'x@U=Lt QO xwkr=@ |OOa pmWt R= |Q}owrH |=Q@ "OQ=Ov
^=Lr 0=2�fcm pO=at VvD Q=Okt u} QDtm '5 w 4 '3 '1 \@=wQ QO VvQm - VvD
xOW ZQi � = 1 'QwD=tQ; uDiQo Q_v QO sOa x@ xHwD =@ u}vJty [28]"CU= xOW
6 |r= 1 \@=wQ R= pY=L VvQm - VvD |=y|vLvt |xU}=kt '2 pmW QO "CU=

"OwW|t xOy=Wt p=mU=B=ot 34 \UwDt |Q=Wi Ctw=kt =@ |vD@ |=Q@

63



"""|
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|O
=yvW

}B|
OOa

pOt
|x�

=Q=

"|WWm |oOvwWsQv CtUk |=Q@ Cw=iDt pOt wO "3 pmW

"|WWm VvQm - VvD |=y|vLvt |xU}=kt "4 pmW

Cr=L QO VvQm - VvD |vLvt |=Q@ �2001� wU w nvw \UwD '11 |x]@=Q
[28]%CU= xOW x�=Q= |WWm |QwLtlD VvD8<: �t = Ec"t if "t � "cr

�t = fcr
�
"cr
"t

�0 4
if "t > "cr

(11)

QO |oOQwNlQDVvD 'fcr w "t ZwQitVvQm QO |WWmVvD Q=Okt '�t 'u; QO xm
|xYNWt Ctw=kt uDiQo Q_v QO =@ '12 |x]@=Q T=U= Q@ xm 'CU= "cr Q}_vVvQm

%O};|t CUO x@ p=mU=B=ot ?UL Q@ f 0c uD@ |Q=Wi
fcr = 0 31pf 0c (12)
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1. bond properties
2. length of process zone
3. brittleness number
4. mode I fracture toughness
5. critical crack tip opening displacement
6. size e�ect method
7. cohesive zone model
8. bond-based peridynamics
9. concrete damage plasticity
10. traction-separation relation
11. damage initiation criterion
12. damage evolution law
13. crack mouth opening displacement
14. initial compliance
15. initial compliance
16. mode I (opening mode)
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