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QO "CU= u=wD h}] w x} Qwi |QU R= xO=iDU= 'xrRrR Gwt Ot=U@ |UQQ@ |=yVwQ R= |m}
u=wD h}] R= xO=iDU= =@ xrRrR CLD xR=U ?r=e Owt Ot=U@ |UQQ@ x@ 'Q[=L Q=DWwv

xOW |UQQ@ 'CW=O xR=U MU=B QO =Q Q}F-=D u} QDW}@ xm 'xrRrR R= |Ot=U@ w OW xDN=OQB
5 =D xrRrR CW=ov?=DW 'xDUUo lHwt |Qw�D R= xO=iDU= =@ =OD@= 'Qw_vt u}= |=Q@ "CU=
=@ "OW pY=L C=}�RH w C=@} QkD Gwt wO 'QDr}i R= xrLQt Qy QO "CU= xOW QDr}i xrLQt
u}ty x@ "CU= QDl}ORv |rY= |xrRrR Gwt x@ C=@} QkD Gwt 'u}W}B C=ar=]t x@ xHwD

OvJ TBU "OW sUQ C=@} QkD Gwt u=wD h}] 'Ot=U@ |xRwL QO p}rLD s=Hv= |=Q@ CyH
Ot=U@ |xRwL QO xrRrR u=wD h}] CLD TBU w OvOW p=Owt p}rLD �xR=U 4� xR=U

O=OaD 'lHwt p}O@D R= xO=iDU= =@ "Ot; CUO x@ =yu; ?r=e Owt Ot=U@ w OvOW p}rLD
xm |DQwY QO 'O@=}|t Vy=m Q@=Q@ 32 |xR=Ov= x@ |rY= |xrRrR CW=ov?=DW \=kv

"OQ=O OwHw xR=U ?r=e Ot=U@ u}tND QO |R}J=v |=]N

heidari@sku.ac.ir
noorollahmajidi1373@gmail.com "?r=e Ot=U@ '|mHwt p}O@D 'u=wD h}] 'x} Qwi h}] 'xrRrR %|O}rm u=oS=w

xtOkt "1
u=tR |xv}tR QO |D=aq]= uwO@ =Q Gwt QO OwHwt |=yOt=U@ |xvt=O 'x} Qwi h}]

[7]"OyO|t u=Wv QwmPt |=yOt=U@ ẁkw
w s}kDUt Cq}O@D s=Hv= |=Q@ u; R= xm CU= |tD} Qwor= 'x} Qwi `} QU p}O@D
x} Qwi `} QU p}O@D "OwW|t xO=iDU= Ot;Q=m Q=}U@ w `} QU |DQwYx@ x} Qwi Twmat
u}= "CU= Cw=iDt |=yOt=U@ =@ |}=yxir-wt x@ Q}O=kt R= xDWQ l} |x} RHD `k=w QO
|x@U=Lt |=Q@ x=Ql} 'x} Qwi `} QU p}O@D "CU= O}it =yxDWQ R= |Q=}U@ QO C=}rta
o(n2) 'x]kv n |=Q@ xDUUo |x} Qwi p}O@D |x@U=Lt "CU= QD`} QU Qw]x@ G}=Dv
QO =Q G}=Dv u=ty Ov=wD|t `} QU |x} Qwi p}O@D xm |r=L QO "OQ=O |[=} Q C=}rta

[10�8]"Ovm x@U=Lt 'C=}rta o(n logn)

XwYN QO |}=yQ=m u; R= xO=iDU= =@ xm CU= |O}OH VwQ 'lHwt |Qw�D
Q=DWwv QO "CU= xOW s=Hv= xrRrR Q@=Q@ QO =yxR=U |R=Uxv}y@ w |m}t=v}O p}rLD
R= xO=iDU= =@ xrLQt 5 =D xR=U |m}t=v}O MU=B [11]'�2007� VQ=mty w |QO}L
u=tR 'xrLQt Qy V}=Ri= =@ xm O=O u=Wv G}=Dv "OW xOR u}tND |mHwt |x} RHD
Vv=Q=mty w |QO}L '|Qo}O VywSB QO "OwW|t Q@=Q@ 2 u; |=]N w hYv p}rLD
|x} RHD w |mHwt p}O@D R= xO=iDU= =@ u}tR OvtwQ}vV@vH |=yQDt=Q=B [12]'�2018�
'|mHwt p}O@D R= xO=iDU= =@ xm OvDiQo xH}Dv w OvOQm x@U=Lt =Q xrRrR CW=ov?=DW
=@ u}vJty "OR u}tND R}J=v |=]N =@ =Q u}tR OvtwQ}v V@vH |=yQDt=Q=B u=wD|t
x@ xR=U '|m}t=v}O p}rLD R= xO=iDU= TBU w xrRrR CW=ov?=DW |x} RHD R= xO=iDU=

QF= w xrRrR |Ot=U@ |=wDLt |UQQ@ 'xrRrR w xR=U |UOvyt syt |=yCr=UQ R= |m}
l} Ot=U@ |=wDLt CN=vW |=Q@ |DvU |=yVwQ R= |m} "CU= xR=U MU=B QO u;
|Ot=U@ C=ar=]t ,=@r=e xrRrR w xR=U |UOvyt QO "CU= x} Qwih}] R= xO=iDU= 'Gwt
QO Q=PoQ}F-=D |} wQ}v u=wvax@ xrRrR "OQ}o|t s=Hv= xrRrR CW=ov?=DW Gwt |wQ Q@
'xrRrR CN=vW QO Q=PoQ}F-=D |=yQDt=Q=B R= |m} xm 'OwW|t xDN=vW =yxR=U |L=Q]
'u=tR %|xRwL 3 QO |}xRQr G=wt= VR=OQB [1]"CU= u; |Ot=U@ |=wDLt |UQQ@
u=tR |xRwL |=yVwQ R= ,qwtat uwvm =D "CU= |UQQ@ p@=k Ot=U@ � u=tR w Ot=U@
xm |}=yOw@tm x@ xHwD =@ "OW|t xO=iDU= xrRrR G=wt= VR=OQB |=Q@ Ot=U@ |xRwL w
QO 'OvQ=O |]NQ}e w =v=tQ}e G=wt= VR=OQB |=Q@ Ot=U@ w u=tR |xRwL |=yVwQ
G=QNDU= w xrRrR G=wt= VR=OQB |=Q@ Ot=U@ � u=tR |xRwL VwQ R= 'Q[=L Q=DWwv
u=wD|t x} Qwi |QU R= xO=iDU= =@ [2]"CU= xOW xO=iDU= =yu;|m}t=v}O |=yxYNWt
=} w |Uwv}Um '|Uwv}U� xO=U |v=Uwv `@=wD R= |atH CQwYx@ =Q |@ w=vDt `@=D Qy
|=yxir-wt 'x} Qwi |QU CQwYx@ ?w=vDt `@=D Qy \U@ =@ "CWwv � \rDNt |}=tv`@=D
|i}] R}r=v; '|Ot=U@ |wDLt |xar=]t Qw_vt x@ [6�3]"O};|t CUO x@ u; |Ot=U@
"O};|t Q=tWx@ xrRrR |UOvyt QO Ot;Q=m |=yQ=R@= R= |m} 'x} Qwi p}O@D R= xO=iDU= =@

pw�Ut xOvU} wv �
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QQ@x@ C=@U=Lt Vy=m =@ xm CU= xOW xO=O u=Wv Q[=L VywSB QO "O@=}|t p}rkD
QDtm xR=U ?r=e Owt x@ \w@ Qt Ot=U@ u}}aD QO =]N u=R}t '�93 R= V}@ |xR=Ov=

"CU= �3 R=

u=wD w x} Qwi h}] "2
2|a@=wD 1'|i}] CQOk |r=oJ `@=D =} u=wD h}] w (FAS) x} Qwi |xvt=O h}]
?UL Q@ 3 (FFT) x} Qwi `} QUp}O@D R= xO=iDU= =@ xDUUo |=yp=vo}U QO xm OvDUy
T=U= Q@ xrRrR Gwt xvwoJ xm OyO|t u=Wv x} Qwi h}] "OvwW|t x@U=Lt u=tR
CW=ov?=DW |Ot=U@ |=wDLt xOvyOu=Wv w xOW `} RwD ?w=vD |xQwO =} Ot=U@
w xrRrR 4|m}D=DU= X=wN OQw;Q@ QO Ov=wD|t u=wD h}] 'p@=kt QO "CU= xrRrR
Q@ "OwW xO=iDU= |iO=YD V=aDQ= |=yVwQ R= xO=iDU= =@ |r=tDL= MU=B |x@U=Lt
R= xO=iDU= =@ 1 |x]@=Q CQwYx@ =Q S(t) x=wNrO `@=D u=wD|t x} Qwi p}O@D T=U=

[22]%O=O u=Wv Twv}Um w Twv}U `@=wD R= |}xawtHt
S (t) =

a0 + a1cos1�! + : : :+ ancosn�! + b1sin1�! + : : :+ bnsinn�!

(1)

%OQm |U} wvR=@ 2 |x]@=Q CQwYx@ u=wD|t =Q 1 |x]@=Q

S (t) = a0 +
1X
0

(ancosn�!t+ bnsinn�!t) (2)

%Ov};|t CUO x@ 5 |r= 3 \@=wQ R= an w a0 'u; QO xm
a0 = 1

T

t1+Ts
t1

S (t) dt (3)

an = 2
T

t1+Ts
t1

S (t) :cosn�!:dt (4)

(5)

6 |x]@=Q ?w=vD |xQwO =@ xm CU= Ot=U@ �! w `@=D ?w=vD u=tR T '=yu; QO xm
%OQ=O =Q

�! = 2�
T

(6)

%OwW|t h} QaD 7 |x]@=Q CQwYx@ n�! u}vJty
�!2 = 2�! ; �!3 = 3�! ; ::::; �!n = n�! (7)

j} Q] R= xm 'CU= x} Qwi p}O@D QO bn w an swO u=wD ẁtHt QPH 'x} Qwi h}]
%OwW|t x@U=Lt 8 |x]@=Q

FAS (�!n) =
p
a2
n + b2n (8)

%OwW|t x@U=Lt 9 |x]@=Q j} Q] R= w CU= x} w=R u=wvax@ R}v (FP ) x} Qwi R=i
FP (�!n) = tan�1

�
an
bn

�
(9)

%OwW|t x@U=Lt 10 |x]@=Q R= xO=iDU= =@ u=wD h}] u}vJty

PSD(�!n) = (FAS(�!n))2

�:t:(RMSa)2 ; RMS =

s
1
t

Z t

:
S(t)2dt (10)

Vy=m |=Q@ VwQ |}=v=wD Qou=}@ |@ wNx@ G}=Dv "OW xv}y@ xrRrR Q@=Q@ QO l}DvS VwQ
[13]"Ow@ |R=Uxv}y@ u=tR

xO=iDU= sDU}U p=Owt |=yQDt=Q=B G=QNDU= |=Q@ |D=}rta p=Owt |=yp}rLD
p}qO x@ "OvQ}o|t s=Hv= |OwQw l} QLD x@ xR=U MU=B R}r=v; T=U= Q@ w OwW|t
\}=QW CLD |=yxrRrR ẁkw u=mt= '|y=ox}mD \}=QW uOw@ xO}J}B xrtH R= hrDNt
"OQ=Ov OwHw xR=U l} QLD |=Q@ |OwQw j}kO |Q}oxR=Ov= u=mt= '""" w |]}Lt
"CU}v XNWt CyH w xR=Ov= Ovv=t l} QLD C=YNWt 'QwmPt VwQ QO u}vJty
|}=U=vW x@ MU=B |=yp=vo}U VR=OQB =@ \ki '|D=}rta p=Owt p}rLD |=yVwQ =Pr
C=YNWt |}=U=vW pwtat |=yVwQ QO [15w14]"OvR=OQB|t xR=U p=Owt C=YNWt
xR=U CQwY u; QO xm CiQo|t Q=Qk xOW pQDvm V=aDQ= CLD xR=U 'xR=U p=Owt
"OW|t |Q=OQ@xQy@ p@=kQ}e V}=tR; u=tR pw] QO ,qta w GQ=N |yOT} wQU R=
|@=QN O=H}= |r=tDL= |=yQ]N =@ u; |=yMU=B C@F |=Q@ xR=U uOv=RQr 'u}= Q@ xwqa
x@ C@Uv |D=}rta p=Owt p}rLD |=yVwQ |rY= |=}=Rt R= "Ow@ x=Qty xR=U QO
p=Owt |=yQDt=Q=B |Q}oxR=Ov= |=Q@ |]}Lt C=W=aDQ= R= xO=iDU= 'pwtat |=yVwQ
xrtH R= |OOaDt |=yVwQ '|D=}rta p=Owt p}rLD s=Hv= |=Q@ [17w16]"CU= sDU}U

[18]"OvQ=O OwHw (WT) lHwt p}O@D VwQ w Ot=U@ |xRwL |x} RHD VwQ
|ak=w O=a@= =@ |=yxR=U |=Q@ |oDU@tyOwN `@=D swyit R= '1957 p=U QO
|wQ}v xm x=oDUO l} j} Q] R= w OW V}=tR; u=tDN=U wO Q=mu}= |=Q@ "OW xO=iDU=
w OQ=w wQ}v xR=U x@ 'OQm|t O}rwD C@=F |rw pQDvm p@=k |i}] |r=oJ =@ s_vt=v
`@=D ?}=Q[ |x@U=Lt w C=aq]= uOQm |tkQ =@ "OW |Q}oxR=Ov= u; ptar=Tma
xOt; CUO x@ G}=Dv "Ot; CUO x@ =yxR=U |m}t=v}O C=}YwYN '|oDU@tyOwN

[19]"CU= QwmPt VwQ uOw@ ?U=vt O} -wt xm 'Ow@ l}ORv |Qw�D VwQ x@
|x} Qwi p}O@D R= xO=iDU= =@ OvDUv=wD u=Q=mty w |twU=w=m '1965 p=U QO
|Ot=U@ MU=B `@=D x@ xm =Q u; |i}] |r=oJ `@=D 'sDU}U l} |oDU@tyOwN `@=D
xm OvDiQo xH}Dv w OvQw; CUO x@ 'OQ=O |oDU@ |OwQw |i}] |r=oJ w sDU}U
ZQi C@=F u=wD|t =Q =yu; |i}] |r=oJ w CU= |iO=YD 'u}tR h}iN |=yxRQr
sDU}U |Ot=U@ MU=B `@=D x@ \ki sDU}U |HwQN |i}] |r=oJ `@=D u}=Q@=v@ "OQm
xv}W}@ u=R}t x@ u; |a}@] |=yOt=U@ QO sDU}U |Ot=U@ MU=B `@=D w OQ=O |oDU@

[20]"Ow@
|=yOt=U@ 'u=wD OwN|i}]|r=oJ `@=D |x@U=Lt R= xO=iDU= =@ '1971 p=U QO
C=}YwYN '`]=kDt |i}] |r=oJ `@=D |x@U=Lt =@ w |}=Q}t ?}=Q[ w |a}@]

[21]"OW xOQw; CUO x@ =yu; |Owt |=ypmW w u}}aD jrat pB wO |m}t=v}O
xO=iDU= =@ =yxR=U Ot=U@ |xRwL QO p}rLD x@ Q=@ u}rw= |=Q@ 'Q[=L Q=DWwv QO
uO=O u=Wv 'Q[=L VywSB R= hOy "CU= xOW xDN=OQB xDUUo |mHwt p}O@D R=
|Qw] x@ "CU= xR=U ?r=e Owt Ot=U@ u}tND QO xDUUo lHwt p}O@D uOw@ Ot;Q=m
w x} Qwi h}] R= Qw_vt u}= |=Q@ "O@=}|t Vy=m Q@=Q@ 16 |xR=Ov= x@ C=@U=Lt xm
\UwD xrLQt 5 =D xrRrR CW=ov?=DW '=DU=Q u}= QO "OwW|t xO=iDU= xrRrR u=wD
xR=U 4 TBU "CU= xOW x@U=Lt u; u=wD w x} Qwi h}] w QDr}i |mHwt p}O@D
x@U=Lt hrDNt |=yOwt QO xR=U |a}@] |=yOt=U@ w OvDiQo Q=Qk p=Owt p}rLD
w xrRrR |rY= Gwt R= xOt; CUO x@ u=wD h}] R= xO=iDU= =@ Oa@ |xrLQt QO "OvOW
|xRwL QO p}rLD s=Hv= =@ "OvOW p}rLD Ot=U@ |xRwL QO =yxR=U '|mHwt |=yQDr}i
|xOvyOu=Wv xm 'OwW|t xv}W}@ XwYN x@ Ot=U@ l} QO xR=U MU=B 'Ot=U@
QDr}i =@ xm CU= xOW xO=O u=Wv Q[=L VywSB QO "CU= xR=U ?r=e Owt Ot=U@
hYv x@ xrLQt Qy QO =yOQwmQ O=OaD 'lHwt p}O@D R= xO=iDU= =@ xrRrR |rY= Gwt
hYv x@ xrLQt Qy QO R}v C=@U=Lt sHL Cio u=wD|t xH}Dv QO "O@=}|t Vy=m

106



2/
2|

xQ=t
W'

36
�2

|xQ
wO'

�13
99

u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt xO=U 'CU= e1 < e2 xm 'e2 T=}kt QO N2 |Q}oxvwtv MQv =@ u=wD|t =Q xLiY u}=

N2 < N1 w �CU= Ot=U@ |xOvyOu=Wv f � f1 > f2 Cr=L =@ Q_=vDt xm &OQm
[24]%O};|t CUO x@ 13 w 12 \@=wQ R= N2 w N1 u}@ |ak=w C@Uv "CU=

N2 = e1
e2
N1 (12)

N2 = f1
f2
N1 (13)

|=yOt=U@ u=wD|t QPou}}=B |=yQDr}i R= xO=iDU= =@ 'N \=kv O=OaD =@S Gwt |=Q@
QPo q=@ QDr}i R= xO=iDU= =@ "OQw; CUOx@ =Q |rY= Gwt R= |@} QkD w OQm hPL =Q q=@
Q}F-=D =@ "OQw; CUO x@ =Q Gwt C=}�RH w OQm hPL =Q u}�=B |=yOt=U@ u=wD|t R}v
u}}=B w q=@ |=yOt=U@ =@ CtUk wO x@ =Q u; u=wD|t 'Gwt QO QDr}i wO u}= u=tRsy
"OvwW|t xO=O u=Wv Dj w Aj =@ xrLQt Qy QO Gwt C=}�RH w C=@} QkD "OQm x} RHD
Gwt wO |rY= Gwt R= =yQDr}i R= xO=iDU= =@ xrLQt Qy QO xm CU= u}= xr�Ut =t=
\=kv O=OaD V}=Ri= Ea=@ xm 'Ov};|t CUO x@ |rY= Gwt =@ Q@=Q@ |]=kv O=OaD =@
xO=iDU= |=OQ@xvwtv Vy=m R= 'Q}N= pmWt Q@ x@re |=Q@ "OvwW|t Q@=Q@ 2 x@ Gwt
|Qo}O w ^iL |m} '|r=wDt |x]kv wO Qy R= |Q=OQ@xvwtv Vy=m QO [25]"OwW|t
|rY= Gwt \=kv O=OaD hYv ,=@} QkD Gwt Qy \=kv O=OaD u}=Q@=v@ "OwW|t hPL
xHwD =@ "O=O Vy=m =Q Gwt \=kv O=OaD u=wD|t sy R=@ xrLQt u}= R= TB "OwW|t
x@ Gwt R= CtUk u}= pmW w CU= u; C=@} QkD QO Gwt |SQv= u} QDW}@ xmu}= x@
w s=Hv= Gwt R= CtUk u}= |=Q@ |Q=PoQDr}i pta u}=Q@=v@ 'CU= QDx}@W |rY= Gwt
=yu; R= s=Om Qy \=kv O=OaD xm [11]'OwW|t p}O@D D2 w A2 Gwt wO x@ A1 Gwt
u=wD|t =Q Q=mu}= |Qw�D Q_v x]kv R= xJQo = "CU= A1 \=kv O=OaD hYv ,=@} QkD R}v
Cy=@W xm '|Hwt |m}t=v}O |=yp}rLD QO um}rw 'O=O s=Hv= x@DQt logN2 O=OaD x@
"CU= R=}vOQwt 'OW=@ sm |i=m OL x@ R}v u; \=kv O=OaD w OQ=O x}rw= Gwt x@ |QDW}@
u}= QO [25]"Ovm|t pta QDr}i lv=@ l} Ovv=ty |mHwt `} QU p}O@D Ck}kL QO
xO=iDU= [24]6'Cq=t VwQ R= Q[=LVywSB QO "OQ=O OwHw |OOaDt |=yVwQ xv}tR
CUO x@ 15 w 14 \@=wQ R= Dj |�RH w Aj |@} QkD G=wt= u; QO xm 'CU= xOW

[26]%Ov};|t

Aj = apj;k =
X
n

s(n)h�j (n� 2jk) (14)

Dj = dej;k =
X
n

s(n)g�j (n� 2jk) (15)

R= g w h Q}O=kt "OvwW|t xO}t=v QPo q=@ QDr}i gj w QPou}}=B QDr}i hj '=yu; QO xm
%OvwW|t x@U=Lt 19 |r= 16 \@=wQ R= xO=iDU= =@ Oa@ |xrLQt x@ xrLQt l}

g1(n) = g(n) (16)

h1(n) = h(n) (17)

gj+1(n) =
X
k

gj(k)g(n� 2k) (18)

hj+1(n) =
X
k

hj(k)g(n� 2k) (19)

`} QU p}O@D w CU=yQDr}i |Qw�D x}@W Q}N= VwQ xm OvyO|t u=Wv Q}N= \@=wQ
lv=@ ?}mQD =@ Q_=vDt R}v u; Twmat "CU= |QDr}i lv=@ |x} RHD =@ Q_=vDt |mHwt
~g w ~h =@ 'OvwW|t xO=iDU= |mHwt Twmat p}O@D QO xm |}=yQDr}i "CU= |QDr}i

|mHwt p}O@D "3
QO 'QO=t `@=wD R= [13]"OvQ=O OwHw |Dw=iDt T=}kt w QO=t `@=wD |mHwt p}O@D QO
|=Q@ |mHwt `} QU p}O@D QO T=}kt `@=wD R= w |mHwt |xDUUo w xDUw}B p}O@D
 =@ |mHwt T=}kt w QO=t `@=wD "OwW|t xO=iDU= hrDNt |=yOt=U@ |R=U=OH
w OvQ=O |[=} Q K} QY |x]@=Q 'QO=t `@=wD R= |[a@ "OvwW|t xO=O u=Wv w � w
1 pmW QO xm 'Q=y QO=t lHwt `@=D R= 'Q[=L VywSB QO "OvQ=Ov =yu; R= |[a@

"CU= xOW xO=iDU= 'OwW|t xOy=Wt
%CU= hr= � 11 |x]@=Q j@=]t Q=y lHwt QO=t `@=D

 (t) =

8>><>>:
1 0 � t < 0 5
�1 0 5 � t < 1
0 otherwise

�hr= � 11�

%CU= ? � 11 |x]@=Q CQwYx@ u; T=}kt `@=D w

'(t) =

( 1 0 � t � 1
0 otherwise

�? � 11�

QO T=}kt QDt=Q=B "OQ=O OwHw p=kDv= w T=}kt QDt=Q=B wO '|mHwt p}O@D QO
C=}�RH uO=Ou=Wv =@ Q_=vDt 'lJwm T=}kt "CU=yxWkv QO T=}kt x@=Wt lHwt
`@=D l} u=wvax@ T=}kt "CU= Gwt C=@} QkD uO=Ov u=Wv =@ Q_=vDt 'nQR@ T=}kt w
uOQm R=@ =@ Q_=vDt 'nQR@ |=yT=}kt "Ovm|t\U@vt =} w xOQWi =Q Gwtl} '|[=} Q
T=}kt 'lHwt QO "OvwW|t Gwt uOW xOQWi Ea=@ 'lJwm |=yT=}kt w Gwt
|rm C=aq]= =@ Q_=vDt �nQR@ T=}kt� u}}=B Ot=U@ "OQ=O Tma |x]@=Q Ot=U@ =@
|O=} R COt |=Q@ q=@ |=yOt=U@ "CU= Gwt C=}�RH =@ Q_=vDt 'nQR@ Ot=U@ w Gwt
"OvQ=O OwHw Gwt COt s=tD QO u}}=B |=yOt=U@ xm |r=L QO 'OWm|tv pw] Gwt R=
Q}}eD xDUw}B CQwYx@ T=}kt w p=kDv= |=yQDt=Q=B 'xDUw}B |mHwt p}O@D QO
�xDUw}B� lJwm Q=}U@ 'xrLQt Qy QO xv=}=Q QO C=Q}}eD u=R}t '|DQ=@ax@ "Ovvm|t
QO xm |DQwY QO [8]"OwW|t |}xv=}=Q C=@U=Lt V}=Ri= Ea=@ ẁ[wt u}= "CU=
R= |Qo}O ẁv 'OvwW xDiQo Q_v QO xDUUo CQwYx@ T=}kt w p=kDv= '|mHwt p}O@D
QO [23]"OwW|t pY=L 5 (DWT) |mHwt |xDUUo p}O@D s=vx@ |mHwt p}O@D
u=wD|t =Q u=tR |vLvt \=kv R= |Q=OQ@xvwtv MQv '�u}}=B |=yOt=U@� q=@ |=yT=}kt
|Q=OQ@xvwtv "OQm sm =Q C=@U=Lt sHL w O=O Vy=m C}Uwm}=v |xOa=k j@=]t
|R=UR=@ p@=k xm 'CU= xDUw}B Gwt R= R=Ht |Q=OQ@xvwtv MQv |xv}tm 'C}Uwm}=v
'OW=@N1 Q@=Q@ a1 T=}kt QO 'T=}kt � u=tR |xLiY R= |Q=OQ@xvwtv MQv Qo = "CU=

"Q=y lHwt `@=wD "1 pmW
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QQ@|rw] |xir-wt 'RDQy 30 =D QiY |Ot=U@ |xOwOLt =@ [27]'QPoOv=@ VwQ R= xO=iDU=
CW=ov?=DW |vLvt '2 pmW QO "OW QDr}i ?=yP pB QU |xrRrR CW=ov?=DW
|xv}W}@ ?=DW Q=Okt "CU= xOW xO=O u=Wv x=Wv=tQm |xrRrR L |xir-wt |xOWQDr}i

"CU= xOw@ x}v=F QwPHt Q@ QDt|Dv=U 681 45 'xOWQDr}i |xrRrR

xOW T=}kt Gwt u=wD h}] "6
Gwt x@ C@Uv C=@} QkD Gwt xm CiQo xH}Dv u=wD|t xOW s=Hv= C=ar=]t x@ xHwD =@
h}] uOW l}ORv |=Q@ u}vJty [13]"CU= QDx}@W |rY= |xrRrR Gwt x@ C=}�RH
x@ C@Uv C=@} QkD Gwt O}=@ |rY= |xrRrR Gwt u=wD h}] x@ C=@} QkD Gwt u=wD
Gwt |vLvt Q}O=kt 'Qw_vt u}= |=Q@ "OwW x}=Bsy |rY= |xrRrR |xv}W}@ ?=DW
|xv}W}@ ?=DW Q=Okt x@ |rY= |xrRrR |xv}W}@ ?=DW QO uOQm ?Q[ =@ |@} QkD
u=wD h}] '3 pmW QO "OwW|t x}=Bsy 'xOt; CUO x@ |@} QkD Gwt QO OwHwt
R= xrLQt Qy QO "CU= xOW xO=O u=Wv x=Wv=tQm |xrRrR |xOW T=}kt L |xir-wt
\=kv O=OaD hYv ,=@} QkD 'xrRrR CW=ov?=DW \=kv O=OaD '|mHwt QDr}i R= xO=iDU=
'?=yP pB QU |xrRrR QO |rw] |xir-wt |=Q@ 'p=Ft u=wvax@ "OwW|t p@k |xrLQt
'A2 'A1 %|=yGwt |va}� sHvB =D pw= pL=Qt QO 'CU= 19890 u; \=kv O=OaD xm
xOW 622 w 1244 '2487 '4973' 9945 ?}DQD x@ \=kv O=OaD �A5 w A4 'A3

"CU=
"CU= xOW xO=O u=Wv VywSB R= xrLQt u}= =D xOW |] sD} Qwor= '4 pmW QO

"?=yP pB QU |xrRrR L |xOWQDr}i |xir-wt "2 pmW

"A5 =D A1 |=yGwt w |rY= |xrRrR u=wD h}] "3 pmW

%Ov};|t CUO x@ 21 w 20 \@=wQ R= w OvwW|t xO=O u=Wv
~hj(n� 2jk) = 2�0 5j ~ (2�j(t� 2jk)) (20)

~gj(n� 2jk) = 2�0 5j ~�(2�j(t� 2jk)) (21)

Gwt '~g w ~h Q}O=kt uDW=O =@ "OvDUy T=}kt `@=D w QO=t `@=D � w  '=yu; QO xm
%OQm |R=UR=@ 22 |x]@=Q R= xO=iDU= =@ u=wD|t =Q |rY=

S(n) =
JX
j=1

X
k

apj:k~hj(n� 2jk) +
JX
j=1

X
k

dej:k~gj(n� 2jk)

(22)

Ot=U@ |xRwL QO p}rLD "4
"CU= xOW xO=O Ot=U@ |xRwL QO xR=U p}rLD OQwt QO |D=L}[wD 'Q[=L VN@ QO
'xR=U MU=B x@ \w@ Qt |}=Hx@=H CqO=at QO Ot=U@ |xRwL QO p}rLD VwQ QO
l} u=wvax@ P |wQ}v Qo = "OQ}o|t s=Hv= p}rLD w OwW|t =Hx@=H u=tR =@ Ot=U@
x@ 23 |x]@=Q R= xO=iDU= =@ 'OwW xDiQo Q_v QO xR=U |=Q@ lQLt w xDUUo |wQ}v

%O@=}|t p=kDv= Ot=U@ |xRwL

Pj = 1
N

N�1X
n=0

pne�i(2�nj=N) (23)

x@ wQ}v u}= CLD =Q sDU}U MU=B O}=@ Ot=U@ |xRwL QO wQ}v p=kDv= R= TB
R= xO=iDU= =@ '|O=R; |xHQO l} sDU}U MU=B uOQw; CUO x@ |=Q@ "OQw; CUO

%CU= xOW x@U=Lt Uj '24 |x]@=Q
Uj = HjPj 0 � j � N � 1 (24)

Hj '25 |x]@=Q R= xO=iDU= =@ TBU "CU= xDUw}B=v `@=D \=kv O=OaD N 'u; QO xm
%OwW|t x@U=Lt

Hj = H (!j) = 1
k

1
[1� (!j=!n)2 ]+i[ 2� (!j=!n)]

(25)

%O};|t CUO x@ 26 |x]@=Q R= R}v !j w sDU}U |a}@] Ot=U@ !n 'u; QO xm
!j = j!0 (26)

R= Ot=U@ |xRwL QO xR=U |}=Hx@=H MU=B uOQw; CUO x@ |=Q@ C}=yv QO
%OwW|t xO=iDU= 27 |x]@=Q

un =
N�1X
j=0

Ujei(2�nj=N) (27)

xOW QDr}i w |rY= |xrRrR "5
u; |=yxiwv =D 'OwW|t QDr}i xrRrR CW=ov?=DW =OD@= 'xrRrR |UOvyt QO ,=twta
QO xm 'x=Wv=tQm |xrRrR (L) |rw] |xir-wt |=Q@ 'Q[=L VywSB QO "OwW hPL
OvJ TBU w xOW QDr}i xrRrR CW=ov?=DW 'CU= xOW C@F ?=yP pB QU x=oDU}=
=@ =OD@= 'Qw_vt u}= |=Q@ "Ov=xOW |UQQ@ Q[=L VywSB QO xOW x�=Q= VwQ =@ xR=U
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|=yQDr}i w |rY= |xrRrR CLD xk@] 3 |xR=U MU=B h}] |xU}=kt "6 pmW
"|mHwt

"xk@] 3 |Oa)@wO |xR=U pw= Ot=U@ VW "1 pwOH
p=Owt p}rLD R= xOt; CUO x@ Ot=U@ xR=U Owt xQ=tW

5 43 1
19 17 2
37 43 3
81 27 4
81 63 5
86 79 6

"xrLQt u}= =D xOW |] sD} Qwor= "4 pmW

QDr}i xrLQt 5 =D |mHwt QDr}i \UwD CW=ov?=DW =OD@= 'QwmPt sD} Qwor= x@ xHwD =@
"OwW|t pY=L C=}�RH Gwt l} w C=@} QkD Gwt l} 'xrLQt Qy QO "CU= xOW
xOW |UQQ@ C=}�RH w C=@} QkD Gwt |Ot=U@ |=wDLt 'x} Qwi h}] R= xO=iDU= =@
|rY= |xrRrR Gwt x@ C=@} QkD Gwt |Ot=U@ |=wDLt xm OyO|t u=Wv G}=Dv "CU=
C@Uv C=@} QkD Gwt O}=@ Oa@ pL=Qt QO C=@U=Lt |}=Qosy |=Q@ "CU= QDl}ORv
Gwt u=wD w x} Qwi h}] 'xt=O= QO "OwW x}=Bsy |rY= |xrRrR |xv}W}@ ?=DW x@
C=@} QkD Gwt |x} Qwi w u=wD h}] |UQQ@ =@ "OvwW|t sUQ xOW x}=Bsy C=@} QkD
QO 'p}rO u}ty x@ &OQ=O |QDy@ CkO 'u=wD h}] xm OwW|t xH}Dv xOW T=}kt

"CU= xOW xO=iDU= u=wD h}] R= xR=U Ot=U@ |xRwL QO p}rLD |=Q@ xt=O=

|Oa)@wO |xR=U OvJ |=Q@ VwQ |UQQ@ "7
p=Owt VwQ R= xO=iDU= =@ xR=U ?r=e ?w=vD |=yxQwO |UQQ@ x@ '|vwvm VN@ QO
�5 pmW j@=]t� xk@] 10 w 5 '3 |Oa)@ wO |xR=U 3 j} Q] R= lHwt |Qw�D w
"CU= xOw@ QDt 6 xv=yO Qy pw] w QDt 3 20 C=k@] `=iDQ= %CU= xOW xDN=OQB

%?}DQDx@ Oqwi uOW |Q=H VvD w |v=UWm pwOt 'XwYNt uRw u}vJty
"CU= xOw@3500 (Kg=cm2) '2=04� 1010 (Kg=m2) '7850 (Kg=m3)
p}rLD xOW T=}kt C=@} QkD Gwt w |rY= |xrRrR u=wD h}] CLD Q_v OQwt ?=k
XNWt `HQt |x]kv s=v =@ xm|}xQo 'h}]|vLvt p}rLD Qy |=yDv= QO "CU= xOW

"CU= xOW sUQ 'xOW

xk@] 3 |Oa)@wO u=tDN=U "1"7
|UQQ@ 'OwW|t xOy=Wt 6 pmW QO xm 'xk@] 3 |Oa)@ wO u=tDN=U '|vwvm VN@ QO
6 =OD@= "CU= IPE 220 w IPE 300 ?}DQDx@ =yuwDU w =yQ}D `]=kt "CU= xOW
|xRwL QO p}rLD R= xO=iDU= =@ TBU w �1 pwOH� xOt; CUO x@ xR=U pw= Ot=U@
xv}W}@ |}=Hx@=H =@ pO=at Ot=U@ "CU= xOW XNWt 7`HQt |x]kv MU=B 'Ot=U@
p}rLD R= xOt; CUO x@ |=yOt=U@ =@ w xOW xDiQo Q_v QO ?r=e Ot=U@ u=wvax@

"CU= xOW xU}=kt p=Owt
QO "OwW|t xOy=Wt xk@] 3 |xR=U |=Q@ `HQt |x]kv MU=B '6 pmW QO
xmr@ 'CU}v Q_vOQwt hrDNt |=yOt=U@ QO xR=U |}=Hx@=H u=R}t 'Q[=L VywSB
'OwW|t xOy=Wt 5 pmW QO xm Qw]u=ty "OQ=O C}ty= xR=U ?r=e Owt Ot=U@
|}=Hx@=H ẁkw Ot=U@ "CU= xOW |v}@V}B ?U=vt |DkO =@ xR=U ?r=e Owt Ot=U@
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|=yQDr}i w |rY= |xrRrR CLD xk@] 5 |xR=U MU=B h}] |xU}=kt "7 pmW
"|mHwt

"|Oa)@wO p=Ft R= xOt; CUO x@ G}=Dv "4 pwOH
(Hz) Ot=U@ 10�5(cm)� |}=Hx@=H xOW xO=iDU= OwmQ O=OaD xrRrR

3 019 9 830 19890 |rY=
3 019 9 865 9945 A1
3 019 10 09 4973 A2
3 018 10 85 2487 A3
3 023 19 71 1244 A4
3 028 107 50 622 A5

xm CU=vat u=O@ u}= &CU= RDQy 3 02 ,=@} QkD '|mHwt QDr}i |xrLQt 5 Qy QO
CaQU V}=Ri= x@ xHwD =@ "CU= xOQmv Q}}eD xR=U |Ot=U@ MU=B |Ot=U@ |=wDLt
R}J=v |=]N R= u=wD|t 622 x@ 19890 R= \=kv Vy=m p}rO x@ C=@U=Lt QO
|=Q@ |rY= Gwt u=wD h}] |=Hx@ A5 u=wD h}] R= w OQm |WwBsWJ �0 30
?r=e Owt Ot=U@ 'Qo}O CQ=@ax@ =} xv}W}@ |}=Hx@=H ẁkw Ot=U@ uOQw; CUO x@
xm |Ot=U@ w p=Owt p}rLD R= pY=L G}=Dv |xU}=kt w |UQQ@ =@ "OQm xO=iDU= xR=U
pw= Owt Ot=U@ xm CiQo xH}Dv u=wD|t 'CU= xOW x�=Q= 4 w 3 |=ypwOH QO ?}DQDx@
'OwW|t xOy=Wt 4 pwOH QO xm Qw]u=ty "CU= u; ?r=e Ot=U@ 'QwmPt |xR=U
ẁkw Ot=U@ |rw 'CU= O=} R Q=}U@ A5 Gwt =@ p}rLD QO xv}W}@ |}=Hx@=H |=]N

xOW |v}@V}B R}J=v |}=]N =@ 'CU= Q[=L VywSB Q_v Ot xm xv}W}@ |}=Hx@=H
"CU=

xk@] 10 |Oa)@wO u=tDN=U "3"7
u; |=yuwDU w =yQ}D `]=kt xm 'xk@] 10 |Oa)@ wO u=tDN=U l} '|vwvm VN@ QO
5 pwOH QO u; pw= Ot=U@ VW w |UQQ@ 'CU= IPE 300 w IPE 600 ?}DQDx@
`HQt |x]kv MU=B w xOW s=Hv= xR=U |=Q@ Ot=U@ |xRwL QO p}rLD "CU= xOW x�=Q=
Q_v QO ?r=e Ot=U@ u=wvax@ xv}W}@ |}=Hx@=H =@ pO=at Ot=U@ "CU= xOt; CUO x@

"CU= xOW xU}=kt p=Owt p}rLD R= xOt; CUO x@ |=yOt=U@ =@ w xOW xDiQo
xm 'OwW|t xOy=Wt xk@] 5 |xR=U |=Q@ `HQt |x]kv MU=B '8 pmW QO
|@ wNx@ 'CU= xR=U ?r=e Owt Ot=U@ xm 'xv}W}@ |}=Hx@=H ẁkw Ot=U@ u; j@=]t

"CU= xOW |v}@V}B lHwt |xrLQt 5 Qy QO O=} R CkO =@ w
Qy QO xv}W}@ |}=Hx@=H ẁkw Ot=U@ '6 pwOH R= xOt; CUO x@ G}=Dvx@ xHwD =@
|Ot=U@ |=wDLt xm CU=vat u=O@ u}= "CU= RDQy 1 8 ,=@} QkD 'lHwt |xrLQt 5

"p=Owt p}rLD R= xOt; CUO x@ G}=Dv "2 pwOH
(Hz) Ot=U@ 10�5(cm)� |}=Hx@=H xOW xO=iDU= OwmQ O=OaD xrRrR

5 368 2 001 19890 |rY=
5 367 2 001 9945 A1
5 367 2 011 4973 A2
5 372 2 032 2487 A3
5 357 1 529 1244 A4
5 415 12 93 622 A5

"p=Owt p}rLD R= xOt; CUO x@ hrDNt |=yOwt Ot=U@ "3 pwOH
p=Owt p}rLD R= xOt; CUO x@ Ot=U@ xR=U Owt xQ=tW

2 99 1
10 08 2
19 77 3
31 64 4
42 38 5
50 90 6

|xrLQt 5 Qy QO O=} R CkO =@ w |@ wNx@ 'CU= xR=U ?r=e Owt Ot=U@ xm 'xv}W}@
"CU= xOW |v}@V}B QDr}i

|}=Hx@=H ẁkw Ot=U@ 'Ov=xOW x�=Q= 2 pwOH QO xm xOt;CUO x@ G}=Dvx@ xHwD =@
xm CU=vat u=O@ u}= &CU= RDQy 5 4 ,=@} QkD '|mHwt QDr}i |xrLQt 5 Qy QO xv}W}@
CaQU V}=Ri= x@ xHwD =@ "CU= xOQmv Q}}eD xR=U |Ot=U@ MU=B |Ot=U@ |=wDLt
R}J=v |=]N R= u=wD|t '622 x@ 19890 R= \=kv Vy=m p}rO x@ C=@U=Lt QO
x@ |=Q@ |rY= Gwt u=wD h}] |=Hx@ A5 u=wD h}] R= w OQm |WwBsWJ �0 9
?r=e Owt Ot=U@ 'Qo}O CQ=@a x@ =} xv}W}@ |}=Hx@=H ẁkw Ot=U@ uOQw; CUO
xm |Ot=U@ w p=Owt p}rLD R= pY=L G}=Dv |xU}=kt w |UQQ@ =@ "OQm xO=iDU= xR=U
pw= Owt Ot=U@ xm CiQo xH}Dv u=wD|t 'Ov=xOW x�=Q= 2 w 1 |=ypwOH QO ?}DQD x@
'OwW|t xOy=Wt 2 pwOH QO xm Qw]u=ty "CU= u; ?r=e Ot=U@ 'QwmPt |xR=U
ẁkw Ot=U@ |rw 'CU= O=} R Q=}U@ A5 Gwt =@ p}rLD QO xv}W}@ |}=Hx@=H |=]N

xOW |v}@V}B R}J=v |}=]N =@ 'CU= Q[=L VywSB Q_v Ot xm 'xv}W}@ |}=Hx@=H
"CU=

xk@] 5 |Oa)@wO u=tDN=U "2"7
u; |=yuwDU w =yQ}D `]=kt xm 'xk@] 5 |Oa)@ wO u=tDN=U l} x@ 'Q[=L VN@ QO
3 pwOH QO u; pw= Ot=U@ VW w xDN=OQB 'CU= IPE 220 w IPE 300 ?}DQDx@
`HQt |x]kv MU=B w s=Hv= xR=U |=Q@ Ot=U@ |xRwL QO p}rLD "CU= xOW x�=Q=
?r=e Ot=U@ u=wvax@ xv}W}@ |}=Hx@=H =@ pO=at Ot=U@ "CU= xOW xOQw; CUOx@
CQwY xU}=kt p=Owt p}rLD R= xOt; CUO x@ |=yOt=U@ =@ w xOW xDiQo Q_v QO

"CU= xDiQo
'p@k x@=Wt "OwW|t xOy=Wt xk@] 5 |xR=U |=Q@ `HQt xQo MU=B '7 pmW QO
'Q}N= pmW j@=]t "CU= xOW |v}@V}B ?U=vt |DkO =@ xR=U ?r=e Owt Ot=U@
CkO =@ w |@ wNx@ 'CU= xR=U ?r=e Owt Ot=U@ xm 'xv}W}@ |}=Hx@=H ẁkw Ot=U@

"CU= xOW |v}@V}B lHwt |xrLQt 5 Qy QO O=} R
xv}W}@ |}=Hx@=H ẁkw Ot=U@ '4 pwOH R= xOt; CUO x@ G}=Dvx@ xHwD =@
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p=Owt p}rLD R= xOt; CUO x@ Ot=U@ xR=U Owt xQ=tW
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1 742 4
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=yQ}D `]=kt w 'IPE 550 =yuwDU `]=kt 'QDt 6 =yxv=yO |xty pw] 'QDt 3 00
w |v=UWm pwOt 'XwYNt uRw 'Q[=L p=Ft QO u}vJty "CU= xOw@ IPE 270
w 2=1� 1010 (Kg=m2) '7850 (Kg=m3) ?}DQDx@ Oqwi uOW |Q=H VvD
|xRwQ 28Ctw=kt w|v=UWm pwOt 'XwYNt uRw "CU= xOw@ 3500 (Kg=m2)
'28 (MPa) w 2=53� 109 (Kg=m2) '2400 (Kg=m3) %?}DQDx@ R}v uD@
7 pwOH QO xR=U pw= Ot=U@VW x@ \w@ Qt p=Owt p}rLD R= pY=L G}=Dv "CU= xOw@
C=@} QkD Gwt w |rY= |xrRrR u=wD h}] CLD Q_v OQwt ?=k "CU= xOW x�=Q=
xOW sUQ `HQt |x]kv h}] |vLvt 'p}rLD Qy |=yDv= QO w p}rLD xOW T=}kt

"CU=
xOy=Wt |Oa)@xU |xk@] 5 |xR=U |=Q@ `HQt |x]kv MU=B '10 pmW QO
Ot=U@ xm 'xv}W}@ |}=Hx@=H ẁkw Ot=U@ |Oa)@ wO |=yxR=U u; j@=]t xm 'OwW|t
|v}@V}B lHwt |xrLQt 5 Qy QO O=} R CkO =@ w |@ wNx@ 'CU= xR=U ?r=e Owt
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|UQQ@ =@ "OQm xO=iDU= xR=U ?r=e Owt Ot=U@ 'Qo}O CQ=@ax@ =} xv}W}@ |}=Hx@=H
w 7 |=ypwOH QO ?}DQDx@ xm '|Ot=U@ w p=Owt p}rLD R= pY=L G}=Dv |xU}=kt w

"p=Owt p}rLD R= xOt; CUO x@ hrDNt |=yOwt Ot=U@ "5 pwOH
p=Owt p}rLD R= xOt; CUO x@ Ot=U@ xR=U Owt xQ=tW

1 81 1
6 16 2
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31 28 6

|=yQDr}i w |rY= |xrRrR CLD xk@] 10 |xR=U MU=B h}] |xU}=kt "8 pmW
"|mHwt
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1 828 2 635 1244 A4
1 840 1 817 622 A5
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"CU= xOW |v}@V}B R}J=v |}=]N =@ 'CU= Q[=L VywSB

xk@] 5 |Oa)@xU p=Ft "4"7
xOW x}=Bsy |@} QkD Gwt R= xR=U Ot=U@ |xRwL QO p}rLD |=Q@ 'Q[=L p=Ft QO
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|mHwt p}O@D R= xO=iDU= =@ |rY= |xrRrR '=DU=Q u}= QO "CU= xOW xO=iDU= Ot=U@
xHwD =@ "OW pY=L C=}�RH w C=@} QkD Gwt wO QDr}i R= xrLQt Qy QO "OW QDr}i Q=y
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1 769 6 842 A1
1 769 7 038 A2
1 768 7 730 A3
1 774 8 730 A4
1 700 17 14 A5

=yCWwv=B
1. power spectral density
2. function
3. fast fourier transform
4. statistical properties
5. discrete wavelet trnsform
6. Mallat
7. ref. node
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