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"CU= Q=OQwNQ@ |rw@k p@=k CkO
|}xDUw}B |}xrtHOvJ |Sv=Qo q `@=wD ,qwtat 'pmW `@=wD OwOLt |=RH= R}r=v; QO
'=yxQo QO |YNWt \}=QW |=[Q= Qw_vt x@ w xDW=O pkDUt |=yQ}eDt xm OvDUy
"Ovvm|th}YwD OwOLt |=RH=Vt uwQO =Q xvt=O |=yQ}eDt C=Q}}eD w Ov=xOW u}}aD

Ni =
h
(1 + rri) (1 + ssi)�

�
1� r2� (1 + ssi)

��1� s2� (1 + rri)] ri2si2
.

4+�
1 + r2� (1 + ssi)

�
1 + ri2

�
si2
.

2
+
�
1� s2� (1 + rri)

�
1� si2

�
si2
.

2 (4)

CQwY x@ =y|}=Hx@=H w =yVvQm u}@ \@=wQ '|}xLiY xD}U}DUq= |x} Q_v Q@=v@
VvQm |=yxir-wt xm [B] T} QD=t 'T=U= u}= Q@ "OwW|t u=}@ p}Uv=Qi}O CqO=at
uwDU m w Q]U xU =@ CU= |U} QD=t 'OR=U|t \@DQt Qo}Om} x@ =Q =y|}=Hx@=H w
|yQo 8 u=tr= |=Q@ "CU= xDiQ Q=m x@ u=tr= Qy |O=R; C=HQO O=OaD m u; QO xm

%O};|t CUO x@ 5 |x]@=Q R= [B] T} QD=t 'xr=kt u}= QO

B =

26664
@N1/@x 0 � � � @N8/@x 0
0 @N1/@y � � � 0 @N8/@y

@N1/@x
@N1/@y � � � @N8/@y

@N8/@x

37775 (5)

[B] |yQo |}=Hx@=H � VvQm T} QD=t ?ULQ@ u=tr= Qy |DNU T} QD=t C}=yv QO
%CU= u=}@ p@=k 6 |x]@=Q j@=]t

[K]n�n =
1Z
�1

1Z
�1

[B]T [D] [B] t det j dr ds (6)
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=yV

wQQ
O|

DNU
T}

QD=t
\}=Q

W|
}xU

}=kt
|U

QQ@|=yxQo "OQm ?=NDv= OvwW |R=U|ve O}=@ xm =Q |}=yu=tr= xH}Dv QO w =O}B OWQ R=
'?U=vt `@=D |xr}Uw x@ 'OQ}PB CQwY u; xQ=@ QO O}=@ |R=U|ve xm |v=tr= QO OwHwt
wO =@ u=tRty Ov=wD|tv xQo l} xm CU= QmP x@ sRq xJQo = "OvwW|t |R=U|ve
Q@ lQD lwv |R=U|ve `@=D R= xO=iDU= w OwW |R=U|ve 'lQD lwv w O}=U} wy `@=D
xm CU= C}ty= R�=L ẁ[wt u}= |Qw;O=} "OQ=O C} wrw= O}=U} wy |R=U|ve `@=D
|O=R; xHQO CWy w OQ=O |R=U|ve ẁv Q=yJ pta QO lQD lwv |R=U|ve `@=D
|=DU=Q QO xHQO Q=yJ w x QwLt |=DU=Q QO xHQO Q=yJ� O}=Ri=|t xQo x@ O}OH
uOwRi= =@ `@=D u}= xm Cio O}=@ O}=U} wy |R=U|ve `@=D OQwt QO u}vJty "�y QwLt
'OQ=O xOya x@ =Q lQD hQ] wO u}@ \=@DQ= `]k |xi}_w xQo Qy QO |O=R; xHQO wO
QO |DNU |=Q@ |DmQ=Wt I}y xH}Dv QO 'Ov=Kr=Yt |=Q=O hQ] wO Qy xm |r=L QO
u}}aD u=tr= x@ xOW xi=[= |O=R; xHQO O=OaD xm |t=ovy "OQ=Ov OwHw Qo}O hQ]

[5]"OwW|t s=Hv= u=tr= |DNU |ak=w C=@U=Lt 'OwW|t

|DNU T} QD=t "1"3
R= |m} &OQ=O OwHw |DNU T} QD=t ẁv Q=yJ xDi=} xaUwD OwOLt |=RH= VwQ QO
Qo}O ?}mQD wO "CU= �Kstd� OwOLt |=RH= VwQ pwtat |DNU T} QD=t =yv;
xO=iDU= B xOW |R=U|ve T} QD=t w OQ=Ov=DU= T} QD=t wO R= xm OvDUy |}=y?}mQD
"�Kxtra� CU= xOW |R=U|ve |DNU T} QD=t =yvD |Qo}O w �Kblend� Ovvm|t
Ov=xOW p}mWD B xOW |R=U|ve w p=tQv |=yT} QD=t ?}mQD R= xm |}=yT} QD=t
pO=aD CqO=at x=oDUO "OwW|t O=} =yv; R= 12|@}mQD |DNU u=wva x@ pwtat Qw] x@

"CU= 11 CqO=at pmW x@
Btot = [BstdBHBf1Bf2Bf3Bf4 ]"

Kstd Kblend

KT
blend Kxtra

#"
ustd
uxtra

#
= F (11)

xm |Qw] x@
Kstd =

Z
BTDBdV

Kblend =
Z
BTDBenrdV

Kxtra =
Z
BT enrDBenrdV

B T} QD=t '�Bstd� OQ=Ov=DU= B T} QD=t ?}mQD R= VwQ u}= QO Btot T} QD=t
�Bf1�4� lQD lwv |R=U|ve QO B T} QD=t w �BH � O}=U} wy |R=U|ve QO
w OQ=Ov=DU= |=yu=tr= |=Q@ |}=Hx@=H ?}DQD x@ R}v uxtra w ustd "OwW|t p}mWD
'u=tr= |DNU 'OvQ=Ov xOW |R=U|ve xQo xm |}=yu=tr= QO "CU= xOW |R=U|ve

[5]"CU= OQ=Ov=DU= OwOLt |=RH= C=@U=Lt QO xOW u}}aD |DNU u=ty
'xDi=} xaUwD w OQ=Ov=DU= OwOLt |=RH= |OOa |=yVwQ QO xm CU= QmP x@ sRq
pL |Q=O}=B ^iL Q@ xwqa =D CU= xOW xDiQo Q_v QO R} Q |i=m xR=Ov= x@ |Ov@xm@W

"OwW u}t-=D pL QO |i=m CkO '|OOa |xr�Ut

CUmW l}v=mt QO l} QDtw�SwR}= R}r=v; VwQ pwY= "4
xHwD OQwt CUmW l}v=mt QO Q}N= |=yxyO QO l} QDtw�SwR}= R}r=v; VwQ OQ@ Q=m
=yvD l} QDtw�SwR}= R}r=v; VwQ '|OOa |=yVwQ |t=tD u=}t R= [21]"CU= xDiQo Q=Qk

%OwW|t u=}@ 9 |x]@=Q j@=]t lQD lwv R= QF-=Dt |=yxQo

F (r; �) =

p
rcos( �2 )p
rsin( �2 )p

r sin ( �2 )sin(�)p
r cos ( �2 )cos(�)

(8)

F (r; �) =
n
F 1; F 2; F 3; F 4o (9)

C=YDNt |=yx=oDUO w �lQD�|oDUw}B=v |w=L\}Lt|rmV}=tv 3 pmW QO
"CU= xOW xO=O u=Wv |a]k w |rLt

|R=U|ve |xr�Ut QO "OvW=@|t lQD lwv x@ C@Uv |@]k C=YDNt � w r xm
u}= =@ u=tr= l} x@r lQD XwYN QO w u=tr= wO |v=}t lQD XwYN QO lQD lwv
=yvD w OvDU}v xDUw}B=v OwN *|OwN x@ xOW xO=iDU= `@=wD "OvwW|t |R=U|ve `@=wD
C=}YwYN 'OvW=@ xOW h} QaD R=QD |xawtHt `@=wD =@ |mtm |=yQ}eDt =@ xm |v=tR
OwOLt |=RH= VwQ 'CU= lQD |w=L xm |}xvt=O QO "OwW|t u=}=tv =yv; x=wNrO
x@ lQD lwv w O}=U} wy `@=wD =@ =Q OwOLt |=RH= OQ=Ov=DU= pmW `@=wD 'xDi=} xaUwD

"Ovm|t |R=U|ve 10 |x]@=Q CQwY

uh (x) =
nX
I=1

N1 (x)u1 +
njX
I=1

NI (x)H (x) a1| {z }
forI2
H

+
nTX
I=1

"
NI (x)

nFX
j=1

Fj (x (r; �) bj1)
#

| {z }
forI2
CT

(10)

\=kv O=OaD?}DQD x@ nF w nT 'nj 'n w|}=[i C=YDNt x = fx; ygT u; QO xm
|R=U|ve `@=wD w lQD lwv =@ xOW |R=U|ve \=kv 'xOW |R=U|ve \=kv '|yQo
|xk]vt 
H w lQD lwv `@=D =@ xOW |R=U|ve |xk]vt 
CT u}vJty "OvDUy
w OQ=Ov=DU= OwOLt |=RH= pmW `@=wD NI "CU= O}=U} wy `@=D =@ xOW |R=U|ve

"CU= xOW |R=U|ve |=yxQo R= |W=v |O=R; C=HQO bjI w aI
|O=R; C=HQO x@ 'O}OH uRw `@=wD j} Q] R= |O}OH |O=R; C=HQO VwQ u}= QO
=yuRw u}= xm CU= u}= |R=U|ve `@=D |xi}_w "OwW|t xi=[= OwOLt |=RH=
Q=DiQ xm =Hu; R= "OQw; CUO x@ =Q |oDUw}B=v Q=DiQ xm Ovm u}}aD |}xw}W x@ =Q
`@=D ?=NDv= CU= sRq 'CU= xDU@=w RQt pmW x@ |O=} R u=R}t x@ |oDUw}B=v Qy
=@ [20�18]"OQ}o CQwY R=QD |xawtHt `@=wD |xr}Uw x@ xOW uw}UqwtQi |R=U|ve
xrLQt Qy QO =Q lQD xvO@ w lwv C}akwt u=wD|t R=QD |xawtHt VwQ R= xO=iDU=

"lQD lwv QO |@]k C=YDNt "3 pmW
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3/
1|

xQ=t
W'

36
�2

|xQ
wO'

�13
99

R}}=B
�h

}QW
u=Qt

a|
UOv

yt

k |=Q=O |yQo Q=Okt l} Qo = xm u}= |va} |oDUw}B pQDvm R= Qw_vt "|oDUw}B
|=Q=O C}akwt u; QO x}=B `@=wD x=ou; (�i = �i+1 = ::: = �i+k�1) OW=@ Q=QmD
w pL |DUQO |xOvvm u}t[D pw= OQwt Q=yJ "OvDUy Cp�k ẁv R= |oDUw}B
u=mt= |oS} w u}tHvB "OvDUy T} QD=t pm |=[i QO u}}=B |oOvm =QB =@ |=yT} QD=t

[26 w 25]"OQw;|t sy=Qi =Q q=@ |Q}PBh=]av=

R@ Qv "2"4
'OwW|t xO=iDU= Om \UwD xO}J}B |=yxUOvy V}=tv |=Q@ xm |}xOta |SwrwvmD
OwW|t h} QaD |rQDvm \=kv xDUO l} |=v@t Q@ R@ Qv K]U "CU= R@ Qv |SwrwvmD
|O}rm swyit [27]"OvQ=O Q=Qk `@ Qt p}]DUt |xm@W l} |wQ '|SwrwB wD Q_v R= xm
|R=UxDUUo QO =yvD xv R@ Qv `@=wD R= =D OW u=}@ Vv=Q=mty w Rw}y \UwD R}r=v; u}=
"OwW xO=iDU= l} QDtw�SwR}= R}r=v; QO |R=UxDUUo |=Q@ |Q=R@= u=wva x@ xmr@ xUOvy
=y|[}@ w =yxQ}=O pFt |}xO=U p=mW= j}kO |R=UpOt |}=v=wD u}qBU=|@ `@=wD
u}qBU=|@ `@=wD |awv O}rwD 'Om OQ=Ov=DU= |SwrwvmD xRwQt= p}rO u}ty x@ 'OvQ=Ov =Q
pmW u}qBU=|@ |D@Uv `@=wD j} Q] R= xm xOQm O=yvW}B =Q �R@ Qv `@=wD� x@ swUwt
|Q=OQwNQ@ ut[ u}vJty "Ov=xOW p}mWD =yu}qBU=|@ R= |}xawtHt R= w Ov=xDiQo
'|wQm '|]wQNt p=mW= O=H}= QO |}=v=wD uDW=O =@ 'u}qBU=|@ |=y|oS} w |t=tD R=
u}qBU=|@ `@=wD R= V}@ j}kO CQwY x@: : :w =yO}�wr@ QB}=y w |=yO}�wr@=Q=B w |w[}@

[26]%OwW|t h} QaD u}vJ R@ Qv |x}=B `@=wD "OvDUy xO=iDU= w xHwD OQwt
Ri;p (�) = Ni;p (�)wi

W (�)
= Ni;p (�)wi

nP
i=1

Ni;p (�)wi
(14)

'fwigni=1 w CU= p |x@DQt |=yu}qBU=|@ R= |}xawtHt fNi;pgni=1 u; QO xm
"CU= R@ Qv uRw `@=wD |xawtHt wi > 0

|=yTwk pFt � =y|vLvt `=wv= |R=UpOt |xR=H= ?U=vt |=yuRw ?=NDv=
`@=D x@ R@ Qv `@=D OvW=@ Q@=Q@ =yuRw |xty xm |Dr=L QO "OyO|t =Q � |}xQ}=O
uOw@ ?U=vt %R= CU= CQ=@a R@ Qv |=y|}=v=wD u} QDsyt "O@=}|t Vy=m u}qBU=|@
'xv=wDU= Ovv=t wO xHQO Kw]U j}kO ,=@} QkD V}=tv u=mt= &O=R; Kw]U |R=UpOt |=Q@
O}rwD QO |OOa w Q=O}=B QF-wt sD} Qwor= u}OvJ OwHw u}vJty w xQ}e w |[}@ 'xQm

[25]"R@ Qv s=UH=
`@=wDh} QaD u}vJty w |QwUv=D ?Q[ u}v=wk uOQ@ Q=m x@ =@ R@ Qv s=HL= w Kw]U
|=y|oS} w w C=}YwYN s=tD s=HL= w Kw]U u}= "OwW|t u}}aD x}=B |xQ}eDtOvJ
K]U l} "OvQ=OQ@ QO =Q |Q}PBjDWt w |oDUw}B xrtH R= OwN |x}=B `@=wD x@ \w@ Qt

%OwW|t h} QaD 15 |x]@=Q CQwYx@ R@ Qv
S (�) =

X
i2I

piRi;p (�) (15)

x}=B `@=wD "CU= xQ}eDtOvJ |x}=B `@=wD Ri;p w |rQDvm \=kv xawtHt pi u; QO xm
%OwW|t u=}@ 16 |x]@=Q pmW x@ xQ}eDt OvJ R@ Qv

Bi;p (�) =
dpY
i=1

N l
il;pl (�) (16)

"CU= dp = 1; 2; 3; ::: CQwY x@ w OwW|t ?=NDv= xr�Ut O=a@= =@ Q_=vDt dp

j} Q] R= Ow@y@ u=mt= %Ovv=t |OvtOwU |D=@U=Lt |=y|oS} w R@ Qv u}vJty
13C=Q}}eD p}rkD 'p |x@DQt R= R@ Qv `@=D |=Q@ cp�1 |x@DQt R= |oDUw}B 'xQo p=ta=
|x}=B `@=wD QO Q}}eD C}r@=k |rm Qw] x@ "CU= 14?OLt |xvO@ |xYNWt R}v w

j}kO ,=@} QkD Qw] x@ wO xHQO Kw]U |xUOvy |R=UpOt x@ QO=k xm CU= |WwQ
|m} u}vJty [22]"OwW|t xO=iDU= R@ Qv ?} QkD x}=B `@=wD R= VwQ u}= QO 'CU=
|SwrwvmD Q@ |vD@t |=yVwQ x@ C@Uv l} QDtw�SwR}= R}r=v; VwQ |=}=Rt R= Qo}O
CUO x@ VwQ u}= QO xm 'CU= QDq=@ ?D=Qt R= |oDUw}B \}=QW x@ \w@ Qt 'u=tr=
Q=}U@ w sRq QDq=@ ?D=Qt R= |oDUw}B OwHw xOvv=@UJ |x}L=v |=ypOt QO "O};|t
|QDQ=wty Kw]U =@ =Q |oDUw}B=v =} lQD u=wD|t CQwY u}= QO =Q} R 'CU= C}ty= =@
l} QDtw�SwR}= R}r=v; VwQ w OL=w |Ov@xQm}B |=yVwQ j}irD xD@r= "OQm |R=UxDUUo
'CU= xDiQo Q=Qk xO=iDU= OQwt lQD VQDUo w CUmW l}v=mt Ov}=Qi |R=UpOt QO
|Ov@xQm}B VwQ wl} QDtw�SwR}= R}r=v; VwQ?}mQD =@ xm OQ=O OwHw u=mt= u}= u}=Q@=v@
Q_v OQwt |oDUw}B=v Cr=L u}= QO =t= "OwW |R=UxDUUo xOvv=@UJ |x}L=v 'OL=w
=Q Ov}=Qi u}= s=tD xm |r=LQO "OwW OQ=w xr�Ut pL QO O}=U} wy `@=wD R= xO=iDU= =@ O}=@
VwQ `k=w QO "O=O s=Hv= l} QDtw�SwR}= R}r=v; VwQ |D=P |=y|oS} w j} Q] R= u=wD|t
pL QO ,=t}kDUt =Q =y|oDUw}B=v Ov=wD|t xm CU= |D}r@=k |=Q=O l} QDtw�SwR}= R}r=v;
R}r=v; VwQ QO "CU= |v=tr= u}@ |oDUw}B pQDvm QO '|rY= |xO}= "Ovm OQ=w xr�Ut
CU= |[=} Q Ov}=Qi l} xm 'xQo p=ta= =@ |v=tr= u}@ |oDUw}B xHQO l} QDtw�SwR}=
R= |QDQ=wty |R=UpOt j} Q] u}= R= w pQDvm 'OQ}o|t CQwY |QDt=Q=B |=[i QO w

[24 w 23]"O};|t CUO x@ xr�Ut |=yQ}eDt
l} QO |D=@U=Lt |=yVwQ |x}rm u}@ |U=U= |k}irD `k=w QO 'VwQ u}=
u}q}BU=|@ |SwrwvmD Q}_v|irDNt|D=@U=Lt|UOvy |=y|SwrwvmD "CU= ẁ[wt
u=}t QO "OQ@ xQy@ =yv; R= l} QDtw�SwR}= R}r=v; VwQ QO u=wD|t xm OQ=O OwHw R@ Qv w
=y|oDUw}B=v =@ u}qBU=|@ |x}=B V}=Ri= u=mt= 'u}qBU=|@ |O=}v@ `@=wD |=y|oS} w
|=Q@ |@U=vt O}Ov=m l} QDtw�SwR}= R}r=v; VwQ =D OW ?Hwt 'xQo uOwRi= j} Q] R=
wO u}@ Cw=iDt pQDvm |x]kv wO Q=QmD u}vJty "OwW xDUUo |=ylQD |R=UpOt
"OW=@ |DNU T} QD=t uOw@ u}mD Qou=}=tv w Ovm O=H}= |oDUw}B=v l} Ov=wD|t xrYw
|R=UxDUUo uOQw; CUO x@ Qw_vt x@ R@ Qv `@=wD 'xOW h} QaD V}B R= RQt OQwt QO
x@r |=ylQD |=Q@ hrDNt |OOa |=y|R=Ux}@W "OQ}o|t Q=Qk xO=iDU= OQwt Ot;Q=m

[25]"CU= CUmW l}v=mt QO l} QDtw�SwR}= R}r=v; |oDU}=W Qou=}=tv |v=}t w

u}qBU=|@ `@=wD "1"4
|DWoR=@ pwtQi R= fNI;pgni=1 \@DQt u}qBU=|@ x}=B `@=wD � |yQo Q=OQ@ l} QO
12 |xrO=at CQwY x@ QiY |x@DQt x}=B `@=wD "OwW|t h} QaD Qw@|O � Towm

"CU= ? |xrO=at
� = f�1; �2; :::; �n+p+1g ; �hr=
i = 1; 2;:::; n + p + 1�i 2 � �?

Ni;0 (�) =

( 1 if�i � � � �i+1
0 otherwise

(12)

|x@DQt =@ |}xrtHOvJ l} |=Q@ `@=wD u}= "CU= |yQo Q}O=kt hQat � u; QO xm
%OwW|t h} QaD (p � 1)1 R= QDnQR@

Ni;p (�) = � � �i
�i+p � �iN(i;p) (�)

+ �i+p+1 � �
�i+p+1 � �i+1

Ni+1;p�1 (�) (13)

'OL=w |Ov@xQm}B %R= CU= CQ=@a u}qBU=|@ x}=B `@=wD |xDUHQ@ |=y|oS} w |NQ@
pQDvm w XNWt |WWwB |xk]vt |=Q=O 'uOw@ |]N pkDUt 'uOw@ |ivt Q}e
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QQ@

[4]"Ov=xOW `k=w xOQwN QwW=y |L=wv QO xm OvDUy |Uwo \=kv 'Q=PoQ}F-=D |=yCtUk %|rQDvm \=kv Q@ QF= |xOwOLt "4 pmW

OW=@ xDW=Ov |v=OvJ C}ty= '|R=UpOt u=tR COt x@ C@Uv OwOLt |=RH= VwQ
u=R}t x@ \=kv u}= R= QF-=Dt |L=wv w |Uw=o \=kv O=OaD xm l} QDtw�SwR}= R}r=v; QO =t=

"O@=}|t |}xS} w C}ty= CU= O=} R |yHwD p@=k
|wQ QDxO=U w QDlJwm C=}rta x@ u=wD|t =Q QG |U} QD=t ?Q[ C=@U=Lt
21 pwtQi j@] 'Q_v OQwt |Uw=o \=kv QF= |xOwOLt uwQO (i; j) QF-=Dt |rQDvm \=kv

%OQm s}UkD
Qij = BiTDBj (21)

u=tr= T=U= Q@ w xOW ?Q[ uRw QwDm =i QO OwW x@U=Lt Qij T} QD=tQ} R x=oQy
x@ \w@ Qt C=@U=Lt "OQ}o|t Q=Qk pm |DNU T} QD=t uwQO ?U=vt C}akwt QO
pm |DNU T} QD=t uw}UqwtQi R= |}xS} w CtUk K |v=UQRwQ x@ x=Qty x@ Qij
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|D}tQyQ}e uQ=kDt=v 44860 22857 2285 2285 1 20 4486 0 028 |v=}t lQD
|D}tQyQ}e uQ=kDt=v 91044 46143 46143 46143 1 12 91044 0 02 |v=}t lQD

"|v=}t lQD w |}x@r lQD |=yp=Ft |=Q@ l} QDtw} SwR}= R}r=v; VwQ =@ |DNU T} QD=t |x@U=Lt R= pY=L G}=Dv "3 pwOH
uOw@ |D}tQy uQ=kD O=OaD Ov=@ ZQa XN=W O=OaD xR=Ov=

pOt K} QWDT} QD=t T} QD=t |=yQ]U q=@ ZQa u}}=B ZQa |DNU C=HQO u=tr=
pkDUt |O=R; |yQo

|D}tQyQ}e uQ=kDt=v 2466 1324 157 1 56 2466 Q}eDt |}x@r lQD
|D}tQyQ}e uQ=kDt=v 2460 1318 157 1 85 2460 Q}eDt |v=}t lQD
|D}tQyQ}e uQ=kDt=v 8020 4158 277 1 69 8020 Q}eDt |v=}t lQD

pY=L Q=_Dv= OQwt |xH}Dv 'xm@W uOQm QDR} Q =@ |y=o 'lQD lwv h=Q]= |=yu=tr=
"OwW|tv

R}r=v; VwQ QO |DNU XN=W Q}O=kt Ci=} QO u=wD|t '3 pwOH x@ xHwD =@
OwOLt |=RH= VwQ wO hqNQ@ =t= "OvDUy |QD?wr]t Q}O=kt 'l} QDtw�SwR}=
u}}=B w q=@ ZQa uOw@v Q@=Q@ 'l} QDtw�SwR}= R}r=v; VwQ QO 'xDi=}xaUwD w OQ=Ov=DU=
VwQ u}= QO xOW x@U=Lt |DNU T} QD=t uOw@ QB |xOvyOu=Wv |DNU T} QD=t

"CU=
w OQ=Ov=DU= OwOLt |=RH= VwQ wO R= pY=L |=y|DNU T} QD=t xH}Dv QO
T} QD=t x@ C@Uv |QD?U=vt uOw@ |Q]k \}=QW R= 'xDi=} xaUwD OwOLt |=RH=
=D 1 pw=OH QO xm u=vJ =Q} R "OvQ=OQwNQ@ l} QDtw�SwR}= R}r=v; VwQ R= pY=L |DNU
|=vyB 'xDi=}xaUwD OwOLt |=RH= w OwOLt |=RH= |=yVwQ QO 's}vm|t xOy=Wt 3
'l} QDtw�SwR}= R}r=v; VwQ QO xm u; p=L CU= |Q@=Q@ Q}O=kt |=Q=O u}}=B w q=@ Ov=@
VwQ R= pY=L |DNU T} QD=t `k=w QO "CU= Cw=iDt u}}=B w Ov=@ |=vyB Q}O=kt
u}= "CU= Qo}O VwQ wO R= pY=L |DNU T} QD=t R= QDsm =QDt 'l} QDtw�SwR}= R}r=v;
pL ẁv QO |D=iqDN= RwQ@ ?@U '|U} QD=t C=@U=Lt Q_v R= OwN |OwN x@ ẁ[wt
xm Cio u=wD@ O}=W '=t= "OwW|t T} QD=t uOQm Twmat CyH C=@U=Lt sHL =}
p@=k hqDN= u}= 'Qo}O VwQ =@ xU}=kt QO T} QD=t O=a@= uOw@ QDlJwm Cra x@
R}r=v; VwQ R= pY=L |DNU T} QD=t xm OQm xQ=W= O}=@ u}vJty "CU= |WwBsWJ
QO sRq C=@U=Lt u=R}t V}=Ri= x@ QHvt xr�Ut u}= "CU= |Q]kQ}e l} QDtw�SwR}=

"OwW|t |U} QD=t |=yC=}rta

QO x@r w |v=}t |=ylQD |=Q@ |DNU T} QD=t |x@U=Lt R= pY=L G}=Dv
?}DQD x@ l} QDtw�SwR}= R}r=v; VwQ w xDi=} xaUwD 'OQ=Ov=DU= OwOLt |=RH= |=yVwQ
QB 'VwQ xU R= xOt; CUO x@ |=y|DNU T} QD=t "CU= xOt; 3 =D 1 |=ypwOH QO
xOy=Wt 2 w 1 |=ypwOH QO xm u=vJ "OvQ=O |O=} R QiY Q}O=kt w OvDU}v sm =QDt =}
|DNU XN=W xm |DNU T} QD=t |xS} w Q=Okt xv}tm x@ xv}W}@ C@Uv 'OwW|t
u}=Q@=v@ w CU= QDl}ORv 1 Q=Okt x@ xDi=} xaUwD OwOLt |=RH= VwQ QO 'OQ=O s=v
\}=QW R= OQ=Ov=DU= OwOLt |=RH= VwQ x@ C@Uv VwQ u}= QO |DNU T} QD=t

"CU= Q=OQwNQ@ |QD?wr]t
QO w CU= Q@=Q@ Qo}Om} =@ u}}=B w q=@ Ov=@ ZQa 'VwQ wO Qy QO u}vJty
uOw@ QB w sm =QD \}=QW w OvQ=OQwNQ@ |@ wN uOw@ |Q]k \}=QW R= VwQ wO Qy xH}Dv
u}vJty "CU= u=Um} VwQ wO QO �QiY Q}e |=yx}=QO OwHw� |DNU T} QD=t
'xm@W uOW QDR} Q =@ 'xDi=}xaUwD OwOLt |=RH= VwQ QO xm CU= QmP x@ sRq
QD?wr]t |DNU T} QD=t C}a[w w xOW QDl}ORv 1 OOa x@ |DNU XN=W
p@=k u=R}t x@ |DNU T} QD=t C}a[w 'OQ=Ov=DU= OwOLt |=RH= VwQ QO "OwW|t
T=UL =yu=tr= O=a@= w lQD lwv h=Q]= QO |Ov@Vt ,=YwYN 'xm@W x@ |yHwD
|DNU T} QD=t u; QO xm ?wr]t |Ov@Vt l} x@ |@=}DUO xm |Qw] x@ 'CU=
QO "CU= Q=wWO |OwOL =D 'OW=@ l}ORv 1 OOa x@ |DNU XN=W w xOWv u}mD
CiQ|t QDq=@ |DNU XN=W Q=Okt 'Vt uOQm QDR} Q =@ xm OW xOy=Wt |OQ=wt
'Vt uOQm QDR} Q =@ &CU= xr�Ut |xUOvy QO |oDUw}B=v OwHw R= |W=v Qt= u}= xm
w OwOLt |=RH= VwQ QO xm u; p=L "OwW|t xO=O u=Wv QDy@ |oDUw}B=v Qw[L
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yt xH=wt xr�Ut |rY= Q}eDt w xUOvy ?} QkD |=]N =@ Qo}O VwQ wO QO xm |r=L
l} QO C0 |oDUw}B =@ =yxrYw RQt QO |rQDvm \=kv Q=QmD R= xO=iDU= "s}DUy
OQi x@ QYLvt u=mt= l} 'Ot=Hv=|t lQD pmW x@ |oDUw}B=v O}rwD x@ xm C}akwt
R= xOt; CUO x@ |DNU T} QD=t "OwW|t ?wULt l} QDtw�SwR}= R}r=v; VwQ QO
R}r=v; VwQ x@ C@Uv xDi=} xaUwD OwOLt |=RH= w OQ=Ov=DU= OwOLt |=RH= VwQ wO
q=@ Ov=@ |=vyB w OvQ=OQwNQ@ |QD?U=vt w QDy@ uOw@ |Q]k \}=QW R= l} QDtw�SwR}=
|=vyB 'l} QDtw�SwR}= R}r=v; VwQ QO xm |r=L QO "CU= Q@=Q@ =yVwQ u}= QO u}}=B w

"CU}v u=Um} |DNU T} QD=t u}}=B w q=@ Ov=@
l} QDtw�SwR}= R}r=v; VwQ R= pY=L|DNUT} QD=t xmCU=vat u=O@ u}= `k=w QO
C=@U=Lt sHL uDiQ q=@ ?Hwt Qt= u}= xm CU= Qo}O VwQ wO R= QDQB w QDsm =QDt
xDi=}xaUwD OwOLt |=RH= VwQ QO |DNU XN=W u}vJty "OW Oy=wN |U} QD=t
R}r=v; VwQ 'u; R= TB "CU= QDl}ORv 1 Q=Okt x@ w xOw@ QDtm Qo}O VwQ wO R=
OQ=Ov=DU= OwOLt |=RH= VwQ x@ C@Uv |QDtm |DNU XN=W |=Q=O l} QDtw�SwR}=
xaUwD OwOLt |=RH= VwQ QO |DNUT} QD=t\}=QW xm OyO|t u=Wv Qt= u}= "CU=

"CU= QD?U=vt Qo}O VwQ wO R= xDi=}

|Q}oxH}Dv "7
|OOa VwQ xU R= xOt; CUO x@ |DNU T} QD=t |[=} Q |=y|oS} w w xUOvy
QO l} QDtw�SwR}= R}r=v; VwQ w xDi=} xaUwD OwOLt |=RH= 'OQ=Ov=DU= OwOLt |=RH=
|=RH= w l} QDtw�SwR}= R}r=v; VwQ wO Qy "OW xU}=kt |@ wr]t wLv x@ xar=]t u}=
"OvQ=OQwNQ@ xDUw}B=v |xvt=O O}rwD QO |yHwD p@=k |=y|}=v=wD R= xDi=} xaUwD OwOLt
?Hwt 'R@ Qv QDq=@ |x@DQt |x}=B `@=wD R= xO=iDU= u=mt= l} QDtw�SwR}= R}r=v; VwQ QO
xU}=kt QO VvD K]U |v=yo =v C=Q}}eD |R=Ux}@W |=Q@ VwQ u}= C}r@=k uDiQ q=@
OvtDQOk |Q=R@= x@ Ov=wD|t l} QDtw�SwR}= R}r=v; VwQ =Pr "CU= xOW Qo}O VwQ wO =@
VwQ wO x@ C@Uv VwQ u}= "OwW p}O@D CUmW l}v=mt p}=Ut pL |xv}tR QO
'u}= Q@ xwqa "OyO|t Q=Qk Q=}DN= QO =Q |QDQ=wty �yy s�=k VvD `} RwD 'Qo}O
'Qt= u}= xm OQ=Ov R=}v OwOLt |=RH= VwQ =@ x@=Wt |v=tr= u}@ |xm@W O}rwD x@
Q=}U@ u=tR QO Qo}O CQ=@a x@ "OwW|t ?wULt VwQ u}= QO nQR@ C} Rt l}
R}r=v; VwQ QO "Ovm|t O}rwD xrYw OvJ =} l} j} Q] R= =Q xr�Ut |xvt=O '|QDx=Dwm
QO "OwW|t O=H}= |}q=@ Q=}U@ CkO =@ pOt |xUOvy 'R@ Qv |x}=B Q@ l} QDtw�SwR}=

=yCWwv=B
1. Benzley
2. Atluri
3. Gi�ord
4. Melank
5. Babuska
6. partition of Unity
7. Belytschko
8. computer aided design (CAD)
9. non-uniform rational b-spline (NURBS)
10. Hensell, Shaw & Barsoum
11. singular element
12. blended sti�ness
13. variation diminishing
14. convex hull property
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