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QO xQo 2 uDiQo Q_v QO =@ Q=wv |=yDv= wO QO |RQt \}=QW p=ta= u}vJty "OwW|t
"OQ=O Q=Qk xQo r�2 '|}xQo \N Qy |wQ Q@ pm QO TB "OwW|t QU}t xvt=O R= GQ=N
u� xLiYuwQO |}=Hx@=H |O=R; |xHQO 2 CQwY x@ |O=R; |xHQO 4 'xQo Qy QO
|O=R; |xHQO l} C}=yv QO w �w� |[Qa |}=Hx@=H |O=R; |xHQO l} '�v w
|=Q@ 'xOW QmP VwQ QO "OwW|t xDiQo Q_v QO �#x� Q=wv |rw] QwLt pwL |v=QwO
|wQ Q@ �m(y) swU |x@DQt u}qBU= `@=wD |xvt=O QO ZwQit `@=D l} |@=}uwQO
'3 pmW QO %OwW|t xO=O \U@ 13 \@=wQ =@ j@=]t y = ym C} RmQt x@ xQo Qy
xOWxO=O u=Wv 'Ov=xDi=} \U@ Q}_v |=yxQo |r=wL QO xm 'u}qBU= `@=D OvJ V}=tv

%CU=
u=wD|t |yvsy Q@ pY= R= xO=iDU= =@ w xQo Qy |wQ Q@ u}qBU= `@=wD \U@ =@
\U@ `@=wD ẁtHt Qo = "OQm |@=}uwQO ZwQit |xvt=O QO =Q |Q}PBjDWt `@=D Qy

- VvD \@=wQ G=QNDU= R= TB "OwW|t pY=L x}q h=}r= |=DU=Q =@ j@]vt |rLt
C=LiY QO |rN=O |=ywQ}v '|D} RwBt=m ^i=Lt |=yjQw R= x}q Qy |=Q@ VvQm

%OwW|t x�=Q= 7 |x]@=Q =@ j@=]t =yjQw l}Uqm |Qw�D x@ xHwD =@ ^i=Lt266666666664

Nx
Ny
Nxy
Mx

My

Mxy

377777777775
= ub(zb=�hb=2) = uc(zc=hc=2)

266666666664

2664 A11 A12 A16
A21 A22 A26
A16 A26 A66

3775
2664 B11 B12 B16
B21 B22 B26
B16 B26 B66

37752664 B11 B12 B16
B21 B22 B26
B16 B26 B66

3775
2664 D11 D12 D16
D21 D22 D26
D16 D26 D66

3775

377777777775

266666666664

"0
x

"0
y

0
xy

�0
x

�0
y

�0
xy

377777777775
(7)

|=yT} QD=t ?}DQD x@ xm '7 |x]@=Q QO [D] w [B] '[A] |=yT} QD=t Q} R |=yx}=QO
8 \@=wQ T=U= Q@ 'OvDUy |WtN |DNU w |oDU@ty |DNU '|WWm |DNU

%OvDUy x@U=Lt p@=k

Aij =
NX
k=1

( �Qij)k(zk � zk�1)

Bij = 1
2

NX
k=1

( �Qij)k(z2
k � z2

k�1)

Dij = 1
3

NX
k=1

( �Qij)k(z3
k � z3

k�1) (8)

|xLiY u=}t |xrY=i Qou=}@ zk w '^i=Lt jQw |=yx}q O=OaD hQat N '=yv; QO xm
|=y|}=Hx@=H xJu=vJ 'xt=O= QO "CU= ^i=Lt jQw |v=}t |xLiY =D k |x}q
|=Q@ x@=Wt Qw] x@ w w0

t w u0
t 'v0

t =@ |v=kwi ^i=Lt |x}q |WtN w xLiY uwQO
|}=Hx@=H u=O}t u=wD|t 'OvwW xO=O u=Wv w0

b w v0
b 'u0

b =@ u} Q} R ^i=Lt |x}q
=@ j@=]t u}}=B w q=@ |=yx}q w p=}U u=}t |oDUw}B x@ xHwD =@ =Q jQw |xDUy QO

%OQm u=}@ 9 \@=wQ
ut(zt=ht=2) = uc(zc=�hc=2)

vt(zt=ht=2) = vc(zc=�hc=2)

vb(zb=�hb=2) = vc(zc=hc=2)

wt(zt=ht=2) = wc(zc=�hc=2)

wb(zt=�hb=2) = wc(zc=hc=2) (9)

%CW=O s}y=wN =Q 10 \@=wQ ?}DQD u}= x@
uc
�
x0; y0; z0; t

�
= u0

t + u0
b

2 + 1
4
�
�ht @w

0
t

@x
+ hb

@w0
b

@x

�
+zc

��u0
t + u0

b

hc
+ ht

2hc
@w0

t

@x
+ hb

2hc
@w0

b

@x

�
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2|

xQ=t
W'

36
�2

|xQ
wO'

�13
99

R}}=B
�h

}QW
u=Qt

a|
UOv

yt

�m(y) = 1
6h3

8>>>>>>>><>>>>>>>>:

(y � ym�2)3 ym�2 � y � ym�1
h3 + 3h2(y � ym�1) + 3h(y � ym�1)2 � 3(y � ym�1)3 ym�1 � y � ym
h3 + 3h2(ym+1 � y) + 3h(ym+1 � y)2 � 3(ym+1 � y)3 ym � y � ym+1

(ym+2 � y)3 ym+1 � y � ym+2
0 otherwise

�13�

l} |=Q@ "OUQ|t V=aDQ= u}L QO xR=U |=y|SQv= |x@U=Lt x@ C@ wv ZwQit
Q=m |x@U=Lt =@ sUH QO xOW xQ}NP |WvQm |SQv= 'x}qOvJ |D} RwBt=m jQw
QO |rN=O |=ywQ}v xm =Hu; R= "CU= umtt |rN=O |=ywQ}v \UwD xOW s=Hv=
'CU= xOW x�=Q= �7 CqO=at� |U} QD=t CqO=at CQwY x@ ^i=Lt |=yx}q
Oy=wN 17 |x]@=Q =@ j@=]t ^i=Lt |=yx}q QO xOW xQ}NP u=UWm |SQv= =Pr

%Ow@

U t;be = 1
2

bZ
0

aZ
0

h
"0
x "0

y 0
xy �0

x �0
y �0

xy

i�266666666664

A11 A12 A16 B11 B12 B16
A21 A22 A26 B21 B22 B26
A16 A26 A66 B16 B26 B66
B11 B12 B16 D11 D12 D16
B21 B22 B26 D21 D22 D26
B16 B26 B66 D16 D26 D66

377777777775

266666666664

"0
x

"0
y

0
xy

�0
x

�0
y

�0
xy

377777777775
dxdy (17)

u} Q} R w |v=kwi |=yx} wQ hQat ?}DQD x@ b w t w 'u=UWm |SQv= Ue 'u; QO xm
j@=]t Uc |v=}t p=}U |x}q QO xOW xQ}NP |WvQm |SQv= u}vJty "OvDUy xR=U

%CU= 18 |x]@=Q =@

Uc = 1
2

hc2Z
�hc2

bZ
0

aZ
0
G�hc(� cxzcxz + � cyz

c
yz)dxdydz (18)

=@ xm MR p=}U |xDUy =@ |J} wOv=U jQw QO xOW xQ}NP |WvQm |SQv= u}=Q@=v@
%O};|t CUO x@ 19 |x]@=Q j@] 'OwW|t xO=O u=Wv U

U = U t;be + Uc (19)

|W@vH |SQv= VN@ xU pt=W 'MR p=}U |w=L |J} wOv=U jQw |W@vH |SQv=
|[Qa pmWQ}}eD R= pY=L |W@vH |SQv= '�T1� jQw |QwLt pmWQ}}eD R= pY=L
|U}]=vet p=}U|v=QwO|=ypmWQ}}eD R=pY=L|W@vH|SQv=C}=yv QO w �T2�jQw
|SQv= R= xm CU= sRq QmPD u}= "OwW|t x�=Q= 20 \@=wQ =@ j@=]t xm 'CU= �T3�
"CU= xOW Q_vhQY |QwLt |=ypmWQ}}eD |x]U=w x@ xDUy QO OwHwt |W@vH
p=YD= uOw@ |QU w |QwLt |=y|DNU uOw@ q=@ p}rO x@ R}v xr�Ut u}= Cra
u} Q} R w |v=kwi |=yx}q OQwt QO ?r]t u}= "CU= Qo}Om} =@ QwmPt |=y|DNU

%CU= jO=Y R}v xDUy

"Q}_v |=yxQo |r=wL QO u}qBU= `@=wD \U@ "3 pmW
|QU CQwY x@ S �y� ẁtHt `@=D x=ou; 'OwW xO=O V}=tv S�y� =@ xOWxO=O

%OwW|t xO=O u=Wv 14 |x]@=Q

S(y) =
r+1X
m=�1

�m�m(y) (14)

\}=QW T=U= Q@ xm 'OvDUy u}qBU= `@=wD |]N ?}mQD ?}=Q[ �m 'u; QO xm
|xO}= R= OwOLt Q=wv VwQ QO xm =Hu; R= 'xt=O= QO "OvwW|t XNWt xr�Ut |RQt
KQW xm u}qBU= `@=wD 'OwW|t xO=iDU= p}Uv=Qi}O CqO=at pL QO =yQ}eDt |R=U=OH
|D}tQy `@=wD 'Q=wv Qy |rw] CyH QO ?=}uwQO `@=wD u=wva x@ 'CWPo Q_v R= =yv;
|O=R; |xHQO l} w �w� |[Qa |}=Hx@=H |O=R; |xHQO l} uDiQo Q_v QO =@
|=Q@ |Sv=Qo q `@=wD QN; QO w |WtN u=mtQ}}eD |=Q@ '�#x�|rw] QwLt pwL |v=QwO
|[Qa CyH QO ?=}uwQO `@=wD u=wva x@ �v w u� xLiY uwQO |O=R; |=yxHQO
jQw |WtN w xLiY uwQO |=yu=mtQ}}eD |x]@=Q u}=Q@=v@ &OvwW|t xO=iDU= Q=wv

%OvwW|t xDWwv 15 \@=wQ CQwY x@ |rm Cr=L QO
u = [L][�]f�ug
v = [L][�]f�vg
w = [L][�]f�wg (15)

CQwY x@ w |Q]U |U} QD=t [�] u}vJty "OvDUy |Sv=Qo q `@=wD [L] '=yv; QO xm
%CU= 16 |x]@=Q

[�] =
h

��1 �0 �1 ::: �r+1
i

(16)

|=yxHQO pt=W w f�wg w f�vg 'f�ug |=yQ=OQ@ xm CU= sRq QmPD u}=
Q[=L Q=DWwv CUw}B QO 15 \@=wQ \U@ "OvDUy |WtN w xLiY uwQO |O=R;
|}=Hx@=H u=O}t |@=}uwQO R= TB "CU= xOW x�=Q= �1 � A� |x]@=Q =@ j@=]t
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"""=@
|J

}wOv
=U|

=yj
QwO

=R;V
=aDQ=

p}rL
D

%CU= 24 \@=wQ CQwY x@ [31]`HQt
G0 = �0=05035B2 + 428=355B + 858=8
G00 = �0=57B2 + 452=105B + 848=35 (24)

w Q=wv O=OaD Q}F-=D "CU= Two |=m} =@ w |U}]=vet u=O}t COW Qou=}@ B 'u; QO xm
Q=yJ w pYit hQ] Q=yJ |RQt \}=QW |=R= x@ 'u}qBU= OwOLt Q=wv VwQ QO xQo
COW CU= QmP u=}=W "CU= xOW x�=Q= 2 w 1 |=ypwOH QO ?}DQD x@ Q=OQ}o hQ]

"CU= xOW xDiQo Q_v QO Two QiY =@ Q@=Q@ pwOH wO Qy QO |r=ta= u=O}t
V}=Ri= =@ pYit hQ] Q=yJ\}=QW QO 'CU=XNWt 1 pwOH R= xm Qw]u=ty
QO w Ovvm|t |] =Q |rwRv |Q}U 'V=aDQ= pw= Ot=U@ Q=yJ 'xQo R}v w Q=wv O=OaD
'x@=Wt Qw] x@ "OW Oy=wN C@=F QwmPt C=Q}}eD OvwQ 'xQo 12 w Q=wv 9 |=R= x@ 'C}=yv
|=yOt=U@ C=Q}}eD OvwQ 'xQo 16 w Q=wv 18 |=R= x@ R}v Q=OQ}o hQ] Q=yJ \}=QW QO

"OwW|t C@=F p=Owt
?}DQD x@ V=aDQ= pw= Owt Ot=U@ |}=Qosy OvwQ '5 w 4 |=ypmW QO u}vJty
QO xm CU= sRq QmPD u}= "CU= xOW x�=Q= SCSS w SCSC |RQt \}=QW |=Q@
V=aDQ= pw= Ot=U@ 4 C=Q}}eD OvwQ Q=wv 10 w xQo 14 |=R= x@ SCSC |RQt \}=QW
OvwQ 'SCSS |RQt \}=QW |=Q@ xm CU= |r=L QO xr�Ut u}= "OW Oy=wN C@=F

"CU= xQo 14 w Q=wv 9 |=R= x@ pw= Owt 4 |=yOt=U@ C=Q}}eD uOW C@=F

"SCSC |RQt\}=QW QO xQo 14 w Q=wv 10 |=R= x@ pw= Owt Ot=U@ C=Q}}eD "4 pmW

"SCSS |RQt \}=QW QO xQo 14 w Q=wv 9 |=R= x@ pw= Owt Ot=U@ C=Q}}eD "5 pmW

T1 = 1
2

bZ
0

aZ
0

�
�tht((

@ut
@t

)
2

+ (@vt
@t

)
2
)+

�bhb((
@ub
@t

)
2

+ (@vb
@t

)
2
)
�
dxdy

T2 = 1
2 (
Z baZ

00
�tht

�
@wt

@t

�2
+ �bhb

�
@wb

@t

�2
dxdy

+
hc2R
�hc2

aR
0

bR
0
�chc

�
@wc
@t

�2
dxdydz)

T3 = 1
2

hc2Z
�hc2

Z baZ
00
�cIc

h
( _cxz)

2 +
�

_cyz
�2i dxdydz (20)

p=}U w |v=DLD '|v=kwi ^i=Lt |x}q |r=oJ ?}DQD x@ �c w �b '�t '=yv; QO xm
|W@vH |SQv= ?}DQD u}= x@ "CU= p=}U |v=QwO |UQv}= u=tt Ic u}vJty "OvDUy

%Ow@ Oy=wN 21 |x]@=Q CQwY x@ xR=U QO OwHwt
T = T1 + T2 + T3 (21)

u=wD|t uwDr}ty pY= R= xO=iDU= =@ '|W@vH w |WvQm |=y|SQv= G=QNDU= R= TB
uDWwv R= TB =Q |U}]=vet p=}U |w=L |J} wOv=U jQw sQH w |DNU |=yT} QD=t

%OQw; CUO x@ 22 |x]@=Q

�� =
Z
�(U + T )dt = 0 (22)

|@=}uwQO xm CU= sRq QmPD u}= "CU= xR=U pm p}Uv=DB |SQv= hQat � 'u; QO xm
A� |r= �2 � A � \@=wQ =@ j@=]t CUw}B QO 'xR=U |W@vH w |WvQm |=y|SQv=
|x]@=Q CQwY x@ |}=yv |x]@=Q '19 |x]@=Q R= xO=iDU= =@ "CU= xOW x�=Q= �6 �

%OwW|t u=}@ |J} wOv=U jQw O=R; V=aDQ= |=Q@ 23

([K]� !2 [M ])[�] = [0] (23)

sRq QmPD u}= "OvDUy jQw sQH T} QD=t [M] w |DNU T} QD=t [K] 'u; QO xm
"CU= |J} wOv=U jQw |a}@] Ot=U@ w |O=R; |=yxHQO pm Q=OQ@ [�] xm CU=
w �7 � A� \@=wQ =@ j@=]t xR=U |DNU w sQH |=yT} QD=t w 23 |x]@=Q \U@

"CU= xOW x�=Q= Q[=L Q=DWwv CUw}B QO �8� A�

VwQ |}=Qosy |UQQ@ "5
jQw l} 'u}qBU= OwOLt Q=wv VwQ R= pY=L G}=Dv |}=Qosy |UQQ@ Qw_vt x@
=00=900=00�|v}Jx}q =@ QDt 0=3�0=3�0=003 O=a@= x@|a@ Qt|J} wOv=U
xDUy w ^i=Lt |=yx}q Ct=N[ "CU= xOW xDiQo Q_v QO �00=900=00= xDUy
=@ Q@=Q@ |D} RwBt=m |=yx}q |v=UWm pwOt "CU= xOw@ QDt|r}t 1 =@ Q@=Q@ s=Om Qy
=@ Q@=Q@ (v12) uwU=wB ?} Q[ 'E2 = 9=52(GPa) w E1 = 27=8(GPa)

|r=oJ u}vJty "CU= xOw@ G12 = 2=634(GPa) =@ Q@=Q@ |WQ@ pwOt w 0 3
�t = �b = 2078kg:m�3 =@ Q@=Q@ ?}DQD x@ xDUy w u} Q} R '|v=kwi |=yx}q
=@ j@=]t |U}]=vet p=}U |WQ@ |=ypwOt "Ov=xOw@ �c = 2812kg:m�3 w
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yt OwOLt Q=wv VwQ QO xQo w Q=wv O=OaD Q}}eD =@ |rYit hQ] Q=yJ |RQt \}=QW =@ |J}wOv=U jQw pw= Owt Q=yJ |=Q@ �RDQy ?UL Q@� Ot=U@ C=Q}}eD |xwLv "1 pwOH
"Two QiY u=O}t COW |=R= x@ u}qBU=

xQo O=OaD Q=wv O=OaD Ot=U@12 10 8 6 4
� 21 3216 21 3216 21 3220 21 3256 1

!1

� 20 1832 20 1833 20 1836 20 1875 2
� 20 1504 20 1505 20 1508 20 1547 3
� 20 1447 20 1448 20 1451 20 1490 4
� 20 1431 20 1433 20 1436 20 1474 5
� 20 1426 20 1427 20 1430 20 1469 6
� 20 1426 20 1426 20 1428 20 1466 7

20 1423 20 1423 20 1423 20 1427 20 1465 8
20 1422 � � � � 9

� 44 4618 44 4718 44 5263 45 4069 1

!2

� 43 8747 43 8848 43 9400 44 8314 2
� 43 8583 43 8685 43 9237 44 8154 3
� 43 8556 43 8657 43 9210 44 8127 4
� 43 8549 43 8650 43 9203 44 8119 5
� 43 8546 43 8647 43 9200 44 8117 6
� 43 8545 43 8647 43 9198 44 8116 7

43 8541 43 8545 43 8646 43 9198 44 8116 8
43 8541 � � � � 9

� 76 6486 76 6486 76 6487 76 6499 1

!3

� 67 7815 67 7816 67 7817 67 7830 2
� 62 5277 62 5277 62 5278 62 5292 3
� 62 1070 62 1070 62 1072 62 1086 4
� 61 9853 61 9853 61 9854 61 9868 5
� 61 9403 61 9403 61 9404 61 9419 6
� 61 9208 61 9208 61 9202 61 9224 7

61 9112 61 9112 61 9112 61 9114 61 9128 8
61 9111 � � � � 9

� 87 1307 87 3003 88 3958 93 0844 1

!4

� 84 8988 84 9043 84 9347 85 4995 2
� 80 6635 80 6692 80 7013 81 2939 3
� 80 3265 80 3322 80 3644 80 9593 4
� 80 2300 80 2358 80 2680 80 8635 5
� 80 1947 80 2005 80 2327 80 8285 6
� 80 1794 80 1852 80 2174 80 8133 7

80 1718 80 1720 80 1777 80 2099 80 8059 8
80 1718 � � � � 9
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"""=@
|J

}wOv
=U|

=yj
QwO

=R;V
=aDQ=

p}rL
D

OwOLt Q=wv VwQ QO xQo w Q=wv O=OaD Q}}eD =@ Q=OQ}o hQ] Q=yJ |RQt \}=QW |=Q=O |J} wOv=U jQw pw= Owt Q=yJ |=Q@ �RDQy ?UL Q@� Ot=U@ C=Q}}eD |xwLv "2 pwOH
"Two QiY u=O}t COW |=R= x@ u}qBU=

xQo O=OaD Q=wv O=OaD Ot=U@
16 12 8 4
� � � 40 4632 6

!1

� � � 40 4582 8
� � � 40 4568 10
� � � 40 4563 12
� � � 40 4561 14

40 3895 40 3895 40 3918 40 4560 16
40 3894 40 3894 40 3917 40 4559 18

� � � 70 3090 6

!2

� � � 70 3034 8
� � � 70 3018 10
� � � 70 3012 12
� � � 70 3010 14

68 8515 68 8517 68 9032 70 3009 16
68 8514 68 8516 68 9031 70 3008 18

� � � 95 3758 6

!3

� � � 95 2624 8
� � � 95 2309 10
� � � 95 2196 12
� � � 95 2147 14

95 0996 95 0996 95 1047 95 2123 16
95 0989 95 0989 95 1042 95 2117 18

� � � 117 9973 6

!4

� � � 117 8952 8
� � � 117 8672 10
� � � 117 8571 12
� � � 117 8527 14

116 3503 116 3508 116 3927 117 8506 16
116 3497 116 3502 116 3922 117 8500 18

%CU= 25 |x]@=Q j@=]t [21]`HQt T=U= Q@ |U}]=vet u=UWmwmU} w
G0 = �3=3691B2 + 4=9975� 103B + 0=873� 106

G00 = �0=9B2 + 0=8124� 103B + 0=1855� 106 (25)

x@ G}=Dv =@ j@=]t "CU= �c = 3500kg:m�3 =@ Q@=Q@ u; |r=oJ u}vJty
OQwt |=yQ=wv O=OaD w xQo 12 =@ Q@=Q@ sRq |=yxQo O=OaD '1 pwOH R= xOt; CUO

|HvUCLY "6
=@ j@=]t MR p=}U |w=L |J} wOv=U jQw l} 'G}=Dv |HvUCLY CyH
Q_v QO pYit hQ] Q=yJ |RQt \}=QW =@ '[21]`HQt QO xOW x�=Q= C=YNWt
|=yCt=N[ =@ w 0=3 � 0=2(m2) O=a@= =@ Q_v OQwt jQw "OwW|t xDiQo
p=}UC=YNWt "CU= ht=hb = 0=3 w hc=hb = 0=5 'hb = 1=25(mm)
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UOv

yt "[21]`HQt w Q[=L VywSB T=U= Q@ |J}wOv=U jQw �RDQy� pw= Ot=U@ 4 |xU}=kt "3 pwOH
|U}]=vet u=O}t COW

Owt400G 200G

��� hqDN= [21]`HQt Q[=L VywSB ��� hqDN= [21]`HQt Q[=L VywSB
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