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|x@U=Lt Ov}=Qi QO xOW |ve |O=R; C=HQO sy w OQ=Ov=DU= |O=R; C=HQO sy '25

�hjxy = d3

 
hX
j=1

HjBjxaiy +
hX
j=1

HjBjyajx

!
(16)
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'u=WpO=at \@=wQ |=H x@ �hjxy w �hjy '�hjx |=yxir-wt |Q=Po}=H =@ "OvDUy

%OwW|t |U} wvR=@ u}vJ 13 w 12 CqO=at
frx = t

ZZ h
Brx

�
�x + �hjx

�
+Bry

�
�xy + �hjxy

�i
dxdy (17)

fry = t
ZZ h

Bry
�
�y + �hjy

�
+Brx

�
�xy + �hjxy

�i
dxdy (18)

l} R= lQD Qw@a =@ xm s}@=}|t QO 1 |xrO=at =@ 18 w 17 CqO=at |xU}=kt R=
u}vJ u; |=yxir-wt xm OQm u} Ro}=H ��eq�std QDt=Q=B =@ u=wD|t =Q �� QDt=Q=B 'u=tr=

%OvwW|t x@U=Lt
�eq�stdx = �x + �hjx (19)

�eq�stdy = �y + �hjy (20)

�eq�stdxy = �xy + �hjxy (21)

|=Q@ OQ=Ov=DU= |O=R; C=HQO VvD |=yxir-wt |xOvyOu=Wv 21 =D 19 CqO=at
'OW xQ=W= xm u=vJ "CU= xDi=}xaUwD OwOLt |=RH= VwQ QO lQD |=Q=O sUH l}
|=RH= VwQ QO VvD u=O}t |wQ |oDUw}B=v OwHw C=Q}F-=D xOW xi=[= O}OH |=ysQD
|=yxir-wt CqO=at |x@U=Lt Qw_vt x@ |rw "OyO|t u=Wv =Q xDi=}xaUwD OwOLt

farx = t
RR

Brx

8>>>>>><>>>>>>:
d1Hr

0@ nX
i=1

Bixuix +
hX
j=1

HjBjxaix

1A+

d2Hr

0@ nX
i=1

Biyuiy +
hX
j=1

HjBjyajy

1A
9>>>>>>=>>>>>>;

+

Bry

8>>>>><>>>>>:d3Hr

0BBBBB@ nP
i=1

Bixuiy +
hX
j=1

HjBjxaiy+

nX
i=1

Biyuix +
hX
j=1

HjBjyajx

1CCCCCA
9>>>>>=>>>>>; dxdy �22�

fary = t
RR

Bry

8>>>>>><>>>>>>:
d2Hr

0@ nX
i=1

Bixuix +
hX
j=1

HjBjxaix

1A+

d1Hr

0@ nX
i=1

Biyuiy +
hX
j=1

HjBjyajy

1A
9>>>>>>=>>>>>>;

+

Brx

8>>>>><>>>>>:d3Hr

0BBBBB@ nP
i=1

Bixuiy +
hX
j=1

HjBjxaiy+

nX
i=1

Biyuix +
hX
j=1

HjBjyajx

1CCCCCA
9>>>>>=>>>>>; dxdy �23�

88



3/
1|

xQ=t
W'

37
�2

|xQ
wO'

�14
00

R}}=B
�h

}QW
u=Qt

a|
UOv

yt

farx = t
RR

26666666666666666664

Brx

0BBBBB@
(
d1Hr

nX
i=1

Bixuix + d2Hr
nX
i=1

Biyuiy

)
+

8<:d1Hr
hX
j=1

HjBjxaix + d2Hr
hX
j=1

HjBjyajy

9=;
1CCCCCA+

Bry

0BBBBB@

(
d3Hr

nX
i=1

Bixuiy + d3Hr
nX
i=1

Biyuix

)
+8<:d3Hr

hX
j=1

HjBjxaiy + d3Hr

hX
j=1

HjBjyajx

9=;

1CCCCCA

37777777777777777775

dxdy

�24�

fary = t
RR

26666666666666666664

Bry

0BBBBB@
(
d2Hr

nX
i=1

Bixuix + d1Hr
nX
i=1

Biyuiy

)
+8<:d2Hr

hX
j=1

HjBjxaix + d1Hr
hX
j=1

HjBjyajy

9=;
1CCCCCA+

Brx

0BBBBB@
(
d3Hr

nX
i=1

Bixuiy + d3Hr
nX
i=1

Biyuix

)
+8<:d3Hr

hX
j=1

HjBjxaiy + d3Hr
hX
j=1

HjBjyajx

9=;
1CCCCCA

37777777777777777775
dxdy

�25�

QO �hrhjxy w �hrhjy '�hrhjx =@ u; '�hrxy '�hry '�hrx |=yQDt=Q=B |Q=Po}=H =@
%OwW|t |U} wvR=@ 33 w 32 CqO=at CQwY x@ CqO=at u}= '25 w 24 CqO=at
farx = t

ZZ h
Brx

�
�hrx + �hrhjx

�
+Bry

�
�hrxy + �hrhjxy

�i
dxdy

(32)

fary = t
ZZ h

Bry
�
�hry + �hrhjy

�
+Brx

�
�hrxy + �hrhjxy

�i
dxdy

(33)

QDt=Q=B =@ u=wD|t =Q �� VvD QDt=Q=B '1 |xrO=at =@ 33 w 32 CqO=at |xU}=kt R=
%R= Ov=CQ=@a u; |=yxir-wt xm OQm u} Ro}=H ��eq�add VvD

�eq�enrx = �hrx + �hrhjx (34)

�eq�enry = �hry + �hrhjy (35)

�eq�enrxy = �hrxy + �hrhjxy (36)

QO xOW |ve |O=R; C=HQO |=Q@ VvD \}=QW |xOvyOu=Wv 'VvD O}OH |=yxir-wt
QO Hj |xOW KqY= |}xrB `@=wD Q}O=kt "OvDUy xDi=}xaUwD OwOLt |=RH= VwQ
xDiQo Q_v QO|O=R;C=HQOu=mt x@|oDU@ �hrhjxy w�hrhjy '�hrhjx =@ u;|=yxir-wt
�hrhjy '�hrhjx =@ u;VvD |=yxir-wt Q}O=kt xH}Dv QO "OQ=O lQD xwHw x@C@Uv xOW
Ov=wD|t lQD CtU wO QO |Q@=Q@=v u}vJ "CU= Cw=iDt lQD CtU Qy QO �hrhjxy w
x@ 'p@k Cr=L Ovv=ty "OW=@ lQD xwHw |wQ |L]U |=ywQ}v C}akwt |xOvyOu=Wv
VwQ R= xO=iDU= =@ xOW |ve |O=R; C=HQO |=Q@ VvD |=yxir-wt |x@U=Lt Qw_vt

"OvQ=O CmQ=Wt xOW |ve |O=R; C=HQO |=Q@ u=tr= QO xOW xQ}NP |rN=O |=ywQ}v
Q_v QO w 25 w 24 CqO=at QO OwHwt |=ysQD u}@ OwHwt |=yCw=iD x@ xHwD =@
|ve |O=R; C=HQO |=Q@ VvD |=yxir-wt 'p@k VN@ QO xOW x@U=Lt \@=wQ uDiQo
|O=R; C=HQO C=Q}F-=D |xOvvmTmavt pw= VN@ "OwW|t s}UkD VN@ wO x@ xOW

%OwW|t xO=O u=Wv �hrxy w �hry '�hrx =@ u; |=yxir-wt xm CU= OQ=Ov=DU=

�hrx = d1Hr
nX
i=1

Bixuix + d2Hr
nX
i=1

Biyuiy (26)

�hry = d2Hr
nX
i=1

Bixuix + d1Hr
nX
i=1

Biyuiy (27)

�hrxy = d3Hr

nX
i=1

Bixuiy + d3Hr
nX
i=1

Biyuix (28)

u; |=yxir-wt xm xOw@ xOW |ve |O=R; C=HQO C=Q}F-=D |xOvyOu=Wv swO VN@ w
%OvwW|t xO=O u=Wv �hrhjxy w �hrhjy '�hrhjx =@

�hrhjx = d1Hr
hX
j=1

HjBjxaix + d2Hr
hX
j=1

HjBjyajy (29)

�hrhjy = d2Hr
hX
j=1

HjBjxaix + d1Hr
hX
j=1

HjBjyajy (30)

�hrhjxy = d3Hr
hX
j=1

HjBjxaiy + d3Hr
hX
j=1

HjBjyajx (31)

89



"""xD
i=}xa

UwD
OwOL

t|
=RH=

Vw
QQO

Vv
DC

qO=a
t
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u}t= i |=Q@ xOW x@U=Lt ?}=Q[ 'xH}Dv QO "CU= Kau T} QD=tQ} R |20xO=yv=QD
R= uwDU u}t= j |=Q@ |}xrtHOvJ ?}=Q[ =@ CU= Q@=Q@ Kua T} QD=tQ} R R= Q]U
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Ĥ�aa = Ĥ�au � (2) (12)

Ĥ+
aa = Ĥ+

au � (�2) (13)

|=yxir-wt |=Q@ xOW x@U=Lt |=y|}xrtHOvJ Ĥ+
aa w Ĥ�aa 'jwi CqO=at QO

x@U=LtKau T} QD=tQ} R |=yxir-wt?UL Q@ xm OvDUyKaa T} QD=tQ} R QiYQ}e
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+
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+
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+
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+
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Ĥau��d
 =
Z


�
Hi��d
+

Z

+
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+
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+
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+
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pmW QO |ivt w C@Ft xHw� xOQwNlQD u=tr= QO lQD R= xHw Qy |=Q@ '=yv; QO xm
45 |]N CqO=at CU= sRq 'p}rO u}ty x@ "CU= Cw=iDt Ĥau `@=D ?}=Q[ '�1
?}=Q[ 'T=U= u}= Q@ "OwW x@U=Lt xv=o =OH CQwY x@ lQD R= xHw Qy |=Q@ 50 =D
T} QD=t R= �CU= lQD |ivt xHw x@ jraDt i� Q]U u}t= i |=Q@ Ĥau |}xrtHOvJ

%=@ CU= Q@=Q@ |DNU
a�au = 1

32�
5(�1 + �2)3 + 5 (�1 + �2) (�1 � �2)2 � 36�1 � 36�2 + 32

�
(51)

b�au = 1
8
�
12� 3(�1 + �2)2 � (�1 � �2)2� (52)

c�au = 1
2 (�1 � �2) (53)

d�au = 3
4
�
�12 � �22� (54)

e�au = 1
32�

60 (�1 + �2)� (15�1 + 15�2) (�1 � �2)2 � 15(�1 + �2)3� (55)

f�au = 0 (56)
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T} QD=t Q}O=kt R= pkDUt w lQD CtU Qy QO xOW KqY= |}xrB `@=wD Q}O=kt |=v@t
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max
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|Q=PoQ=@ s=o Qy QO Q=QmD R=Ht OL u} QDW}@ w OW xDiQo Q_v QO 0/001 |}=Qoty

"OW u}}aD 150
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pwOH QO "CU= [18]u=Q=mty w RDQ \UwD xOW pOt |vD@ Q}D =@ j@]vt 'Q_v OQwt
pt=W OwOLt |=RH= pOt "CU= xOW xO=O u=Wv xO=iDU= OQwt uD@ C=}YwYN 1

"CU= xQo 155 w l} QDt=Q=B wR}= u=tr= 120
Q}}eD =y|}xrtHOvJ |x@DQt 'xDi=}xaUwD |}xrtHOvJ `@=wD R= xO=iDU= CQwY QO
p=QoDv= |OOa pL |=Q@ 'CyH Qy QO Tw=o |x]kv xU R= p}rO u}ty x@ w xOQm

"|UQQ@ OQwt xR=U xDi=} X}YND |=[a= `]=kt |t=U= "1 pwOH
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1. extended �nite element method
2. force criterion
3. displacement criterion
4. stress criterion
5. restoring force
6. standard gauss quadrature rule
7. Dolbow
8. sub-triangle
9. sub-quad
10. Ventura
11. triangular �nite element
12. tetrahedral �nite element
13. Heaviside
14. rectangular element
15. Natarajan
16. Schwarz{Christo�el Conformal Mapping
17. moment �tting
18. node elimination algorithm
19. bilinear quadratic
20. transpose
21. unbalance force
22. residual norm
23. XFEM
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