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QO xOQwNQwW=y |xk]vt Q} R K]U |x@U=Lt =@ u=wD|t =Q (�p) |Q}tN VNQJ
%OQw; CUOx@ 3 |x]@=Q j@=]t 2 pmW

�p = (�u � �y)lp =
Z ly

0
j�(x)� �yjdx (3)

pO=at pw] Lq 'OvDUy s}rUD w |}=yv Q=@ QO =vLv= Q=Okt (�y) w (�u) 'u; QO xm
"OW=@ C@=F |Q}tN <=vLv= CU= Q=Qk u; R= Oa@ xm CU= |Q}tN pYit |x}L=v

Lp = �p
(�u � �y)

= �p
�p

(4)

?} Q[ QO s}rUD pw] ?Q[ =@ |Q}tN pYit |x}L=v pO=at pw] 'u}=Q@=v@
x@ (� � 1) OwW|t xO}t=v =vLv= `} RwD ?} Q[ =} pmW ?} Q[ xm (�) Oa)@ uwO@

%O};|t CUO
Lp = �Ly (5)

|}=yv |=vLv= '|Q=PoQ=@ |xwLv %OQ=O QF= u=QwO |vLvt QO |OOaDt pt=wa
'|WWm w |Q=Wi |=yQwD=tQ; C@Uv 'Kr=Yt C=}YwYN 's}rUD |=vLv= w
|wQ}v QF= 'Q=Wi w VWm QO Oqwi w uD@ VvQm VvD |vLvt '|[Qa |=yQwD=tQ;
|Q}tN pYit VNQJ QO xm OvDUy |}=yQDt=Q=B R= '|y=ox}mD \}=QW w |QwLt

"OvQ=PoQ}F-=D
VywSB |xJN} Q=D "2"1"2

|=ypmWQ}}eD u}tND QO |U=U= s=o l} '|Q}tN |x}L=v pw] u}}aD xm =Hv; R=
=Q u; u=QoWywSB R= |Q=}U@ 'CU= uD@ <=RH= u=mtQ}}eD � Q=@ MU=B w Ov=tUB
w =yQ}D Ovv=t '|}xR=U <=RH= =@ xU}=kt QO "Ov=xOQm O=kDv= u; OQwt QO w |UQQ@
|=yQ=w}O QO |Q}tN pYit |x}L=v |=y|oS} w |wQ Q@ |QDtm C=ar=]t '=yuwDU
'Q[=L VN@ QO "CU= xOW s=Hv= Q=Or=@ |WQ@ |=yQ=w}O XwYNx@ '|WQ@
xOW |iQat |WQ@ |=yQ=w}O |=Q@ xOW xDN=vW |O=yvW}B CqO=at R= |NQ@
|}xR=U |=yQ=w}O |wQ Q@ |}=yV}=tR; '�1984� Vv=Q=mty w 1pQDUw= :CU=
'OvDW=O Q=Qk u=UWmQ}e |DWoQ@ |=yQ=@ CLD xm xOW |R=U=OH KrUt uD@
CUOx@ Q=w}O `]kt |ki= pw] pO=at =Q |Q}tN pYit pw] w OvO=O s=Hv=

[8]"OvOQw;
|=yQ=w}O |wQ xOW s=Hv= |=yV}=tR; R= |WQ=Ro '�1993� 2|rDU} QB w |rw=B
|xar=]t =@ 'OvDW=O Q=Qk |}xRQr |=yQ=@ CLD xm |r}]DUt `]kt =@ Q}PBpmW |vD@
R= |Q}tN pYit |x}L=v pw] u=}@ |=Q@ w OvO=O s=Hv= xLiY GQ=N Vv=tm

[9]"OvOQm xO=iDU= 6 |x]@=Q
Lp = 0=2lw + 0=044Hw (6)

"CU= Q=w}O |ki= pw] Lw w Q=w}O |rm `=iDQ= Hw 'u; QO xm
Q=w}O |xvwtv |wQ V}=tR; R= |H}=Dv '�2001� 3T}OQi w Twm =Dw}o =v=B
<=RH= Ok=i w xOW OwOLt |RQt <=RH= =@ =yQ=w}O "OvO=O x�=Q= |r@tO Q=w}O w |r}]DUt
[10]"OvDiQo Q=Qk CN=wvm} w |}xNQJ |=yQ=@ CLD =yxvwtv w OvOW V}=tR; |RQt

:OvO=O x�=Q= =Q 7 \@=wQ |Q}tN pYit |x}L=v pw] u}}aD |=Q@ u=W}=
Lp:cy = 0 12Lw + 0 014asldbfy

Lp:mon = 1=5Lp:cy = 0=18Lw + 0=021asldbfy (7)

pYit pw] Lp:mon '|}xNQJ |=yQ=@ |=Q@ |Q}tN pYit pw] Lp:cy 'u; QO xm
Q=Okt �sl '|WWm |=yOQor}t s}rUD VvD fy 'CN=wvm} |=yQ=@ |=Q@ |Q}tN

"OvDUy |rw] |=yQwD=tQ; VRer T=U=Q@ 1-0 Q}eDt
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p}rL
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"|}xR=U Q=w}O l} `]kt |@v=H pmWQ}}eD w =vLv= `} RwD "2 pmW

xO=iDU= p@=k =yxR=U C}U=UL p}rLD |=Q@ wrQ=mCvwt |R=Ux}@W VwQ w CkO
"CU=

|x@DQt VwQ '�TDA� wO=vQwD Q=Owtv R}r=v; hrDNt VwQ xU 'Q[=L Q=DWwv QO
|}=U=vW Qw_vtx@ '�MCS� wrQ=mCvwt |R=Ux}@W VwQ w �FOSM� swO Qovr pw=
|WQ@ |=yQ=w}O |Q}tN pYit |x}L=v pw] w C=YNWt u}}aD QO syt |=yQDt=Q=B
x@ \w@ QtC}a]ksOa 'C}U=UL R}r=v; j} Q] R= "CU= xOW xO=iDU= Q=Or=@ |xtQ;uD@
C=}YwYN QO QF-wt |=yQDt=Q=B u}}aD |=Q@ |Q=PoQ=@ w xUOvy 'Kr=Yt C=}YwYN

"CU= xOW xDiQo Q_v QO |Q}tN pYit |x}L=v
�MCS� wrQ=mCvwt |R=Ux}@W "1"2"2

p�=Ut p}rLD |=Q@ =yVwQ u} QDOQ@ Q=mQB R= |m} '�MCS� wrQ=mCvwt |R=Ux}@W
Q=wDU= =yxH}Dv |x@U=Lt QO |Q=OQ@xvwtv |iO=YD Q=QmD T=U=Q@ xm CU= |iO=YD
"2 '|OwQw |xvt=Oh} QaD "1 :CU= pL=Qt u}= pt=W 'MCS VwQ sD} Qwor= "CU=
|Ov@`tH "3 '=yu; |wQ Q@ |a]k C=}rta |=QH= w xvt=O R= |iO=YD |=yxvwtv O}rwD
CkO |UQQ@ |=Q@ '=yDv= QO "|}=yv |xH}Dv QO C=@U=Lt lDlD R= pY=L |xH}Dv
VwQ CQOk w CkO p}rO x@ "OQ}o|t CQwY |}=Qoty uwtR; '|R=Ux}@W |xH}Dv
xO=iDU= |r=tDL= R}r=v; |=y VwQ Q}=U |@=} RQ= |=Q@ ,=@r=e MCS VwQ R= 'MCS

[33]"OwW|t
wO=vQwD R}r=v; "2"2"2

QO xm CU= |r=tDL= C}U=UL R}r=v; VwQ l} '�TDA� wO=vQwD |=yQ=Owtv
|=yQDt=Q=B QO hrDNt |iO=YD |=yQ}eDt Q}F-=D |@=} RQ= |=Q@ |Q}os}tYD R}r=v;
R= s=Om Qy xm 'CU= 15|ki= |xr}t |QU l} pt=W w OwW|t xO=iDU= MU=B
|HwQN `@=D QO Q}}eD Qov=}@ w OwW|t xO=iDU= |iO=YD Q}eDt l} |=Q@ =yu;
u} QDW}@ xm |Q}eDt u}=Q@=v@ "CU= xDU@=w |iO=YD |=yQ}eDt QO C=Q}}eD Crax@
[34]"OQ=O =Q pw] u} QDW}@ 'OQ=Po@ MU=B QO Qo}O |=yQ}eDt x@ C@Uv =Q Q}F-=D
Ovvm|t sUHD =Q pkDUt |=yQ}eDt C}U=UL R}r=v; G}=Dv 'wO=vQwD |=yQ=Owtv
xO=iDU= R}v |}xR=U p�=Ut QO Q}N= |=yp=U QO wO=vQwD |=yQ=Owtv "�3 pmW�

[37�35]"Ov=xOW
'C}U=UL |@=} RQ= |=Q@ "OQ}PB|t =Q |irDNt Q}O=kt QDt=Q=B Qy 'wO=vQwD R}r=v; QO
xDU@=w Q}eDt |Dq=tDL= `} RwD R= u}}=B w q=@ Q=Okt wO |iO=YD Q}eDt Qy |=Q@
Q_v QO C@=F u=WQ=Okt u}ov=}t QO =yQ}eDt Q}=U xm |r=L QO 'OvwW|t ?=NDv=
Q=Okt wO uDiQo Q_vQO =@ |HwQN `@=D '|iO=YD Q}eDt Qy |=Q@ TBU "OvwW|t xDiQo

=@ xm CU= |QwLt |Q=Wi |wQ}v P w Q=w}O pw] Lw w Z = M=V 'u; QO xm
"OwW|t xDiQo Q_v QO C@Ft Ctqa

|=yQ=w}O QO |Q}tN pYit |x}L=v pw] |xQ=@ QO [21�18]'|Qo}O C=ar=]t
pw] uwvm =D 'u}W}B C=}@O= |UQQ@ x@ xHwD =@ "CU= xOW s=Hv= KrUt uD@ |WQ@
|@=} RQ= 'u}= Q@ xwqa "CU= xOW xar=]t QDtm Q=Or=@ |WQ@ |=yQ=w}O |Q}tN pYit
|WQ@ Q=w}O R= |mOv= |=yQDt=Q=B O=OaD xm OyO|t u=Wv Lp |=Q@ |O=yvW}B \@=wQ

"CU= xOW OQ=w CqO=at QO

C}U=UL R}r=v; "2"2
OQmrta C=Q}}eD |UQQ@ 'xR=U |UOvyt ?wJQ=yJ QO C}U=UL R}r=v; R= hOy
OQw;Q@ |=Q@ "CU= |D}a]ksOa |=yQDt=Q=B C=Q}}eD =@ |}xR=U u=tr= l} =} xR=U l}
x@ \w@ Qt C=[wQit R= |Q=}U@ pt=W |}xR=U |=yR}r=v; 'xR=U R= w[a l} C}iQ_
QO Q}}eD R= |W=v C}a]ksOa "CU= |v}at=v R= |oQR@ xHQO l} x@ QHvt |=yQDt=Q=B
|UOvy X=wN w Kr=Yt C=YNWt =@ CU= umtt xm 'CU= pkDUt |=yQ}eDt
|UQQ@ |=Q@ u}=Q@=v@ "OwW|t xDN=vW 11srUt C}a]ksOa u=wva x@ xm OW=@ xDU@=w
|xR=U MU=B |@=} RQ= CyH |iO=YD |=yQ}eDt =@ \@DQt |=yC}a]ksOa C=Q}}eD
R}r=v; |xr}Uw x@ xOW QmP |r=tDL= |@=} RQ= xm CU= sRq |r=tDL= Q=DN=U l}
QO C}a]ksOa R}r=v; QO \UwDt s=o l} u=wvax@ xm OwW|t pY=L C}U=UL
QO Q}F-=D u} QDW}@ =@ |OwQw |=yQ}eDt |}=U=vW hOy =@ Q=m u}= "OwW|t xDiQo Q_v

[22]"OwW|t s=Hv= xR=U |=yMU=B
QO MU=B |=yQDt=Q=B C}U=UL |wQ Q@ |OwQw |=yQDt=Q=B |=yC}a]ksOa
u}vJty "CU= xOW |UQQ@ R}v [27�23]'u=QoWywSB |NQ@ \UwD |Oqwi |=y?=k
C}U=UL R}r=v; |=Q@ �TDA� wO=vQwD Q=Owtv R}r=v; VwQ R= [29w28]'|Qo}O u=QoWywSB
�2013� 12pRv}r w wU "OvOQm xO=iDU=KrUtuD@ |=yxR=UCQ=UNu}tND QO|}xRQr
=Q |Uwk |Oqwi pB l} MU=B C}U=UL 'wO=vQwD Q=Owtv R}r=v; R= xO=iDU= =@ sy
|v}@V}B |=Q@ '�2008� 13pvQm w Qm}@ [30]"OvOQm xar=]t hrDNt |=yQDt=Q=B x@
�FOSM� swO Qovr pw= |x@DQt VwQ R= C}U=UL R}r=v; QO =yxR=U x@ xOQ=w ?}U;
|WQ@ Q=w}O QO |}xRQr R=}v C}U=UL '�2005� 14sq=Uwt w |r [31]"OvOQm xO=iDU=
hrDNt |=yVwQ R= w |UQQ@ swO Qovr pw= |x@DQt VwQ R= xO=iDU= =@ =Q KrUt uD@
xO=iDU= =yu=tDN=U |}xRQr MU=B |L=Q] |=yQDt=Q=B u}tND |=Q@ C}U=UL p}rLD
u=ty =@ swO Qovr pw= |x@DQt VwQ xm CU= xO=O u=Wv u=W}= G}=Dv [32]"OvOQm
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u=Qt
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UOv
yt `@=D Tv=} Q=w '|R=UxO=U =@ w 14 |xrO=at QO xOW u=}@ y swO Qovr R= xO=iDU= =@

:OvwW|t G=QNDU= 16 w 15 \@=wQ j@=]t

�2
y =

NX
i=1

NX
j=1

COV (xi; xj)
�g(x1; :::; xN )

�xi
(15)

COV (xi; xj) = �xixj�xi�xj (16)

"OyO|t u=Wv xi; xj |iO=YD Q}O=kt |=Q@ =Q |oDU@ty ?}=Q[ �xi xj 'u; QO xm

VywSB s=Hv= |xwLv w hOy "3
CU= |QwQ[ Q=Or=@ |vD@ |WQ@ |=yQ=w}O |Q}tN pYit |x}L=v pw] |@=} RQ= |=Q@
'Q=Or=@ |xtQ;uD@ |WQ@ Q=w}O hrDNt |=yQDt=Q=B |wQ Q@ C}U=UL p}rLD =@ xm
18 'Q[=L |xar=]t QO "OwW XNWt Lp pw] QO QDW}@ |Q=PoQ}F-=D =@ =yQDt=Q=B
QO |Q}tN pYit |x}L=v pw] QO CU= umtt VywSB C=}@O= Q@ x}mD =@ xm QDt=Q=B
'wrQ=mCvwt |R=Ux}@W VwQ xU =@ 'OQ=Po@ Q}F-=D Q=Or=@ |xtQ;uD@ |WQ@ |=yQ=w}O
xm � QwmPt |=yQDt=Q=B "Ov=xOW |UQQ@ swO Qovr pw= |x@DQt VwQ w 'wO=vQwD Q=Owtv
C@Uv "2 '(P=P0) |QwLtQ=@ K]U "1 %R= Ov=CQ=@a '�Ov=xOW x�=Q= 1 pwOH QO
"4 '(Lf=Lw) u=H pw] x@ p=@ pw] C@Uv "3 '(H=Lw) u=H pw] x@ `=iDQ=
|xv}W}@ "6 '("c0) uD@ |Q=Wi VvQm |xv}W}@ "5 '(fc) uD@ |Q=Wi Ctw=kt
uD@ |v=UWm pwOt "8 '(ft) uD@ |WWm Ctw=kt "7 '("t) uD@ |WWm VvQm
|=yOQor}t s}rUDCtw=kt "10 '(fyl) |rw] |=yOQor}t s}rUDCtw=kt "9 '(Ec)
|[Qa QwD=tQ; OYQO "12 '(�sl) |rw] QwD=tQ; OYQO "11 '(fys) |[Qa
|=yOQor}t |}=yvCtw=kt "14 '("ul) |rw] |=yOQor}t |}=yvVvQm "13 '(�sh)

|=yOQor}t |}=yv VvQm "16 '(Es) Oqwi |v=UWm pwOt "15 (ful) |rw]
|[Qa |=yOQor}t Q]k "18 '(dsl) |rw] |=yOQor}t Q]k "17 '("uh) |[Qa

"(dsh)

|r}rLD |=ypOt O}}-=D "4
xO=iDU= 16Twm =@; OwOLt <=RH= |xt=vQ@ R= '|R=UpOt VwQ CkO w |}=Q=m Qw_vtx@
KrUt uD@ Q=Or=@ |WQ@ |=yQ=w}O |]NQ}e MU=B u}}aD QO |r}rLD |=ypOt w
O}}-=D |y=oW}=tR; |=yxvwtv |xOW |Q}oxR=Ov= Q}O=kt w |OOa |xU}=kt |xr}Uwx@
Q=w}O |=yxvwtv 'Qw_vt u}= |=Q@ xDiQo CQwY |=yV}=tR; u=}t R= "CU= xOW
|WywSB |=yQ=m R= Qo}O |NQ@ w [39]'�2002� 17wtQr=B w w}mw |y=oW}=tR; |WQ@
19u=Q=D} QU= w IvQi 'uwUt=D [40]'�2011� 18?wowrwU w QwmU@t=m |y=oW}=tR; �
'|Oqwi |=yOQor}t |=yxm@W 'pw] x@ `=iDQ=hrDNt |=yC@Uv =@ xm [41]'�2017�
|R=UpOt |xU}=kt '|r=tH= Qw]x@ =Hv}= QO &Ov=xOW ?=NDv= |Q=PoQ=@ \}=QW w
xOW s=Hv= wDvQwD x=oWv=O QO xm �2002� wtQr=B w w}mw |y=oW}=tR; Q=m =@ |r}rLD

"CU= xOW x�=Q= 'CU=

|UOvy |R=UpOt "1"4
|Q=PoQ=@ CLD =Q |ak=w T=}kt =@ Q=Or=@ |WQ@ Q=w}O wO MU=B '�2002� wtQr=B w w}mw
=@ pmW H |xk@] l} Q=Or=@ |WQ@ Q=w}O l} '=yxvwtv "Ov=xOQm V}=tR; |}xNQJ
?rY ,=@} QkD p=O wO =@ xOWV}=tR; |=yxvwtv "CU= xOw@ hw=lw = 0=67C@Uv

"wO=vQwD |=yQ=Owtv l}D=tW V}=tv "3 pmW
"OwW|t Q=QmD =yQ}eDt s=tD |=Q@ Q}N= pL=Qt "OwW|t xO}HvU |OwQw Q}eDt |OL
Q=Okt wO |xrY=i "OwW|t pY=L |HwQN |OL Q=Okt wO Q}eDt Qy |=Q@ '=yDv= QO
w ?DQt |rwRv CQwY x@ =yxr}t "OvyO|t p}mWD =Q =yxr}t pw] 'xOW QmP |OL
Q}eDt Qy |=Q@ |r=tDL= `} RwD 'u}= Q@xwqa "OwW|t O}rwD O=@OQo x@ x}@W |Q=Owtv
w s)=90 lOY 'q=@ |OL |=yxv=Qm |=Q@ xm 'OwW|t xDiQo Q_v QO ?=NDv= �2 =@
=} '�QDnQR@ |xvwtv l} x@ |@=}DUO |=Q@� s)=10 lOY 'u}}=B |OL |xv=Qm |=Q@
O=yvW}B �|Uwo `} RwD R= �+ � w �� � ,=@} QkD� u}tQ=yJ w O=DWy w u}tyORv=W
R= 'Q[=L Q=DWwv QO "CU= xOW xO=iDU= Q[=L Q=DWwv QO wO Qy xm CU= xOW
QO C}a]ksOa pOt |=yQDt=Q=B |@Uv C}ty= |}=U=vW |=Q@ 'wO=vQwD |=yQ=Owtv
xO=iDU= Q=Or=@ |xtQ;uD@ |WQ@ |=yQ=w}O |Q}tN pYit |x}L=v C=YNWt u}tND

"CU= xOW
�FOSM� swO Qovr pw= |x@DQt R}r=v; "3"2"2

p=tDL= |Qw�D QO xm CU= |@} QkD VwQ l} '�FOSM� swO Qovr pw= |x@DQt VwQ
Q}eDt C=aq]= R= xO=iDU= =@ |HwQN Q}eDt OQ=Ov=DU= h=QLv= w u}ov=}t uDi=} |=Q@
CQ=@a x@ [38]"OwW|t xO=iDU= �|oDU@ty?}=Q[ w Q=}at h=QLv= 'u}ov=}t� |OwQw

%CU= 11 |x]@=Q KQW x@ 'OwW pL O}=@ xm |}xr�Ut 'Qo}O
y = g(x1; x2; :::; xN ) = g(x) (11)

w �x Q}O=kt u}}aD =@ "CU= xi hrDNt |iO=YD |=yQ}eDt R= |a@=D y 'u; QO xm
|OwQw Q}O=kt Tv=} Q=wwm � Tv=} Q=w w u}ov=}t |=yT} QD=t ?}DQD x@ xm V C[x]

u}tND "OQm =O}B O}=@ =Q y `@=D OQ=Ov=DU= h=QLv= w u}ov=}t �y w �y 'CU= y `@=D
Q_v QO =Q |OwQw |=yQ}eDt `} RwD `@=wD '�FOSM� swO Qovr pw= |x@DQt R}r=v;
Q}O=kt \UwDt |xOwOLt QO y MU=B Qwr}D `@=D \U@ T=U=Q@ OQw;Q@ u}= "OQ}o|tv
\U@ 'OW=@ TQDUO QO x x@ C@Uv g(x) C=i=QLv= xm |]QW x@ `k=w QO 'CU=

%CU= 12 |x]@=Q KQW x@ Qwr}D |QU
y = g(�x1 ; �x2 ; :::; �xN ) + :::::: (12)

CqtH uDiQo xO}O=v |va} 12 |xrO=at R= pw= |x@DQt CqtH \ki uDiQo Q_vQO =@
%OwW|t xOR u}tND 13 |x]@=Q KQW x@ `@=D 'QDq=@ |=yx@DQt

y � g(�x1 ; �x2 ; :::; �xn) + :::::: (13)

14 |x]@=Q CQwY x@ y `@=D u}ov=}t 'hQ] wO Qy Q=_Dv=OQwt Q}O=kt uDiQo Q_vQO =@
%OwW|t u=}@

�y � g(�x1 ; �x2 ; :::; �xn) (14)
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[44 w43]`HQt `} RwD Tv=} Q=wwm OL=w u}ov=}t O=tv C}a]k sOa |=yQDt=Q=B h}OQ
u=Q=mty w Owwov}r= p=tQv nwr 0=1 � 0=4 (p=p0) |QwLt Q=@ K]U 1
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