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v}y @CL w �27 |x]@=Q� p=v=m pw] OL=w Qy <=R= x@ |Q=OQ@l =N |xv} Ry Ce 'u; QO xm
"�29 |x]@=Q� CU= ( $

m ) p=v=m pw] OL=w Qy <=R= x@ p=v=m VWwB |xv} Ry
Ce = ceA+ crA �Y (27)

<=R= x@ =y@xi=[= cr "CU= ( $
m3 ) sHL OL=w |Q=OQ@l =N |xv} Ry ce'u; QO xm

(m2) p=v=m |rm CL=Ut At "CU= ( $
m4 ) u; OL=w xm CU= |Q=iL jta V}=Ri=

�Y |wtyU `]kt QO "CU= p=v=m K]U R= |Q=OQ@l =N K]U RmQt jta �Y "CU=
%OwW|t h} QaD 28 |x]@=Q CQwYx@

�Y = (0=4)Y (28)

CL = clPt (29)

jta R= pkDUt xm ( $
m2 ) ?UL Q@ VWwB K]U OL=w Qy |xv} Ry cl 'u; QO xm

p=v=m CN=U |rm |xv} Ry =Pr "CU= m ?UL Q@ p=v=m pm \}Lt Pt "CU=
:OwW|t x@U=Lt 30 |x]@=Q j@=]t |wtyU

C = ceA+ crA �Y + clP (30)

"Ovv=t|t C@=F '|rwB OL=w Q}}eD =@ =Pr 'OvDUy pw] Oa)@ |=Q=O cL
ce
; cecr xm =Hv; R=

w ?; \}=QW w |m =N |=yx}q 'VWwB hrDNt `=wv= |=Q@ Ovv=wD|t Q}N= |=yC@Uv
u}}aD CrwyU Qw_vt x@ 'xt=O= QO "OvwW xO=iDU= ?U=vt Q}O=kt R= xO=iDU= =@ |}=wy
'|wtyU p=v=m pmW |R=Uxv}y@ Ov}=Qi QO xv} Ry `@=wD |=yQDt=Q=B w =yQ}eDt Q}F-=D
:�31 |x]@=Q� OvwW|t p}O@D Oa)@ uwO@ CQwYx@ pw] T=}kt ?=NDv= =@ CqO=at
L =

�
Q:ne=

p
S0 )(3=8) (31)

32 \@=wQ CQwY x@ Oa)@ uwO@ |=yQ}eDt =Pr "CU= �m� pw] T=}kt L 'u; QO xm
%OvwW|t h} QaD

�y� = �y
L
; �Y� =

�Y
L
; Pt� = P

L
;R� = R

L
; T� = T

L
;

A� = A
L2 ; cr� = crL

ce
; C� = C

ceL2 ; cl� = cl
ceL

(32)

33 |x]@=Q CQwY x@ hOy `@=D =Pr "CU= Oa)@ uwO@ |=yQDt=Q=B x@ \w@ Qt �T} wvQ} R
%OwW|t p}O@D

C� = A� + cr�A� �Y� + cl�P� (33)

p=v=m |xv}y@ |L=Q] "4"3
|@O Q=Okt R=?mQt |wtyU p=v=m `]kt pmW |xv}y@ |L=Q] |=Q@ 'Q[=L Q=DWwv QO
"�2 pwOH� CU= xOw@ 0=001 |xR=Ov= x@ |rw] hm ?}W Q=Okt '(m3

s ) u=} QH
xOW x�=Q= 2 pwOH QO u; |L=Q] C=}[Qi xm CU= xOw@ |vD@ ẁv R= p=v=m `]kt

"CU=
"|L=Q] |=yQDt=Q=B V}=tv "2 pwOH

xv} Ry ?}=Q[ u=} QH |=yQDt=Q=B
CL
Ce

ce
cr

n2 n1 S0 g(ms2 )

13 7 0=015 0=018 0=001 9=79

CN=wvm} u=} QH pQDvm CyH 'Q[=L VywSB QO =Pr [12]&OwW|t |L=Q] CN=wvm}
%CU= xOW xO=iDU= �nv}v=t |xrO=at� 20 |xrO=at j@=]t |O}k R=

�1 =
����Qnep
S0
� A5=3

w

P 2=3
w

����� " � 0 )
���� QpS0

� A5=3
w

(
2P
i=1

ni1 5Pwi)
23

����
�" � 0 (20)

|v=QL@ Q} R u=} QH |Q=Qk Q@ O}k "2"2"3
OwQi OOa O}k xm CU= sRq '|v=QL@ \}=QW QO u=} QH uOw@ Q=O}=B=v p}rO x@ u}vJty
xDiQo Q_v QO p=v=m |xv}y@ |L=Q] QO |v=QL@ u=} QH O=H}= R= |Q}owrH Qw_vt x@

%CU= 21 |x]@=Q CQwY x@ u; |xrO=at xm [8]'OwW
�2 = Fr

Frmax
� 1 � 0 (21)

p=v=m |rm ZQa O}k "3"2"3
|xv} Ry pQDvm |=Q@ p=v=m |rm ZQa O}k 'p=v=m `]kt pmW |xv}y@ |L=Q] QO
xDWwv 22 |x]@=Q CQwY x@ xm [30w7'6]'CU= syt Q=}U@ Ow}k R= |m} 'u}tR lrtD

%OwW|t
�3 = Tt

Tmax
� 1 � 0 (22)

CaQU |xv}tm O}k "4"2"3
0=9 |r= 0=6 |xOwOLt QO |Q=Po?wUQ R= |Q}owrH |=Q@ R=Ht CaQU |xv}tm
0=75 (m=s) |y=}o VWwB OWQ R= |Q}owrH |=Q@ CaQU |xv}tm w (m=s)

0=9 =D 0=75 |xOwOLt QO p=v=m |L=Q] QO R=Ht CaQU |xv}tm [1]"CU=
23 |xrO=at CQwYx@ CaQU |xv}tm O}k [31]"CU= xOW xDiQo Q_v QO (m=s)

"CU= u=} QH \UwDt CaQU Vave 'u; QO xm CU=
�4 = Vave

Vmin
� 1 � 0 (23)

CaQU |xv}W}@ O}k "5"2"3
?@U xm CU= |DaQU '�VL� R=Ht CaQU |xv}W}@ '?rY RQt =@ |=yp=v=m QO
`]kt R= u=} QH |@O p=kDv= R= u=v}t]= |=Q@ '|iQ] R= "OwW|tv V}=UQi O=H}=
|xv}W}@ R= p=v=m QO '�Vave� u=} QH |ak=w CaQU \UwDt xm CU= sRq |[Qa
xv}tm CaQU Q}O=kt 'Q[=L VywSB QO [7]"�24 |x]@=Q� OW=@v QDW}@ R=Ht CaQU

"CU= xOW xDiQo Q_v QO x}v=F Q@ QDt 4 w 0=75 =@ Q@=Q@ '?}DQD x@ xv}W}@ w
�4 = Vave

Vmax
� 1 � 0 (24)

hOy `@=D "3"3
=@ R=}vOQwt |@O p=kDv= CyH u; |xv}y@ O=a@= u}}aD 'p=v=m |L=Q] QO sOk u}rw=
CN=U |xv} Ry pm 'Q[=L VywSB QO "�25 |x]@=Q� CU= CN=U |xv} Ry u} QDtm
Q=OVWwB w �|[Qa `]kt CL=Ut� |Q=OQ@l =N |=yxv} Ry pt=W 'p=v=m QDt 1

"�26 |x]@=Q� CU= �xOW QD \}Lt� Kw]U uOQm
Minimize Cost = Cost (y; z1; z2) (25)

C1 = Ce + CL (26)
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x@ xDU@=w (") uwr}UB}= Q}O=kt "CU= 0=5 =@ Q@=Q@ (�) =DrO Q=Okt 'u; QO xm
Q=Okt 'Q = 0=57 (m

3
s ) u=} QH |@O Q=Okt |=Q@ xm |Qw]x@ &CU= |@O Q}O=kt

xOW xDiQo Q_v QO " = 0=872 Q=Okt Q > 85 (m
3
s ) |=Q@ w " = 0=6735

CQwY x@ xm OQm x�=Q=Q w " u}@ \=@DQ= CyH |}xrO=at '�2003� 7utw=v [1]"CU=
[36]"CU= 36 |x]@=Q

" = 0=6722 + 2=3569� 10�3Q (36)

x@ u=} QH jta w O=R; `=iDQ= u}@ \=@DQ= T=U=Q@ |}x]@=Q R}v �2007� T=O
%CU= xOQm x�=Q= 37 |x]@=Q CQwY

f = k1 + k2yk3 (37)

"CU= C@=F O=R; `=iDQ= Q=Okt 'OW=@ k2 = 0 Qo = "OvDUy C@=F ?}=Q[ k3 w k2 'k1
[24]"CU= u=} QH jta R= |a@=D O=R; `=iDQ= x=ov; 'OW=@ k1 = 0 Qo =

�SPSA� |R=Uxv}y@ sD} Qwor= "1"4"3
OvDUy hOy `@=D C=kDWt |x@U=Lt Q@ |vD@t |R=Uxv}y@ |DvU |=yVwQ QDW}@
|xar=]t QO "OwW|t |[=} Q C=@U=Lt sHL V}=Ri= ?Hwt xr�Ut u}= xm
|vD@t |iO=YD |R=U?} QkD sD} Qwor= R= =yxR=U |R=Uxv}y@ Qw_vtx@ 'Q[=L
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SPSA sD} Qwor= |=y|oS} w xrtH R= "CU= xDi=} VQDUo w xaUwD '�1998�
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"CU= O}kt=v p�=Ut |R=Uxv}y@ |=Q@ SPSA sD} Qwor= [34w33]"CU= xDW=O |QF-wt
gj � |w=Ut=v |=yO}k =@ O}kt p�=Ut pL QO u; R= xO=iDU= CyH =Pr
VwQ R= xO=iDU= =@ xm (w) hOy x@W `@=D CU= sRq '0(j = 1; :::;m)

|x]@=Q� OwW f hOy `@=D u} Ro}=H 'O};|t CUOx@ |HQ=N |xt} QH `@=wD
:�34

w(X; rp) = f(X) + rp
mX
j=1

max[0; gj(X)]2 ) f(�) = w(�)

+noise (34)

"OwW|t xOy=Wt SPSA sD} Qwor= CQ=Jwri '2 pmW QO
O=R; `=iDQ= ?=NDv= |xwLv T=U=Q@ |R=Uxv}y@ |=ypOt "2"4"3

Q=yJ '|R=Uxv}y@ Ov}=Qi QO O=R; `=iDQ= ?=NDv= |xwLv T=U=Q@ 'Q[=L Q=DWwv QO
xOW xDiQo Q_v QO x}v=F Q@ ?amtQDt 100 w 75 '50 '25 '10 '1 |=y|@O QO pOt

"CU=
Q_v QO QiY O=R; `=iDQ= Q=Okt 'pw= pOt QO '|R=Uxv}y@ sD} Qwor= pw= pOt QO �

"CU= xOW xDiQo
"CU= xOW xDiQo Q_v QO QDt 0=5 C@=F O=R; `=iDQ= Q=Okt ' 'swO pOt QO �
"CU= xOW xDiQo Q_vQO |@O R= |a@=D CQwY x@ O=R; `=iDQ= 'swU pOt QO �

"CU= xOW ^=Lr u=} QH jta R= |a@=D CQwYx@ O=R; `=iDQ= 'sQ=yJ pOt QO �
|@O T=U=Q@ O=R; `=iDQ= C=Q}}eD u; QO xm u=DUwOvy OQ=Ov=DU= '3 pwOH QO

"CU= xOW x�=Q= 'CU= u=} QH
u}= Q@ =Q} R &CU}v VN@C}=[Q ,qt=m '|@O Q=Okt x@ \ki O=R; `=iDQ= |oDU@=w
|@O Q=Okt l} |=Q@ j}ta p=v=m =@ jtasm p=v=m l} |=Q@ O=R; `=iDQ= Q=Okt T=U=
|oDU@=w "CU}v u}vJ C}ak=w QO xm |r=L QO &OW=@ u=Um} O}=@ 'xOW xO=O u=} QH
w u=} QH jta u}@ \=@DQ= '35 |x]@=Q "CU= QDswUQt 'u=} QH jta x@ O=R; `=iDQ=

"OyO|t u=Wv =Q O=R; `=iDQ=
f = "y� (35)
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"CU= xDi=} V}=Ri= xv} Ry w OwQi OOa 'u=} QH |@O V}=Ri= =@ '10 pmW j@=]t
"CU= xDi=} Vy=m CN=U |xv} Ry 'OwQi OOa V}=Ri= =@ Q=Owtv Qy QO '|iQ] R=
"Ov=xDW=O |v=Um} ,=@} QkD C=Q}}eD '|@O hrDNt Q}O=kt QO pOt Q=yJ Qy QO =yQ=Owtv
=y|@O Q}O=kt |t=tD |=Q@ |r}rLD w |twyit pOt l} 'Q}N= |=yQ=Owtv j@=]t
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"hrDNt |=y|@O w =ypOt QO xv} Ry w OwQi OOa |=yQ=Owtv "10 pmW

Q_vQO =@ |@O Q}F-=D "CU= xOW s=Hv= O=R; `=iDQ= C=Q}}eD T=U=Q@ pOt Q=yJ |x�=Q=
'hOy `@=D 'Ow}k '|L=Q] |=yQ}eDt QO QwmPt |=ypOt QO hrDNt Q}O=kt uDiQo
'u=} QH |@O Q}O=kt V}=Ri= =@ "CU= xOW |UQQ@ p=v=m |L=Q] w |UOvy |=yQDt=Q=B
ZQa w p=v=m |rm ZQa 'CU=Q w AJ CtU |Q=vm |=y?}W 'u=} QH jta
\}Lt w p=v=m |rm \}Lt 'u=} QH CL=Ut w p=v=m `]kt CL=Ut '?; K]U
u=}t QO "CU= xDi=} V}=Ri= xv} Ry w OwQi OOa 'u=} QH CaQU 'p=v=m |xOW T}N
=Q Q=QmD O=OaD u} QDW}@ xm |rOt '=yQDt=Q=B Q}=U =@ xv} Ry \=@DQ= |twyit |=ypOt
AJ CtU |Q=vm |=y?}W V}=Ri= =@ xm OW Qy=_ CQwY u}O@ 'OQm OwN u; R=
CL=Ut w p=v=m `]kt CL=Ut '?; K]U ZQa w p=v=m |rm ZQa 'CU=Q w
jta Vy=m 'OwQi OOa 'p=v=m |xOW T}N \}Lt w p=v=m |rm \}Lt 'u=} QH
'Qo}Om} =@ =ypOt |xU}=kt QO "CU= xDi=} V}=Ri= xv} Ry u=} QH CaQU w u=} QH
xOw@ QDW}@ swU pOt QO w QDtm =ypOt Q}=U x@ C@Uv pw= pOt QO xv} Ry Q}O=kt

"CU=

w xv} Ry |xDU@=w Q}eDt T=U= Q@ QDQ@ |twyit pOt u} QDy@ |x�=Q= "6 pwOH
"Ow}k w CU=Q CtU ?}W 'AJ CtU ?}W '?; jta pkDUt |=yQ}eDt

|twyit pOt u} QDy@
z1:z2:T;Tw; A;Aw; P; Pw; Fr;

y; f;V / Cost

'u=} QH `]kt CL=Ut w p=v=m |rm `]kt CL=Ut '?; K]U ZQa w p=v=m |rm
x=Qty u=} QH CaQU Vy=m w OwQi OOa 'xOW T}N \}Lt w p=v=m `]kt \}Lt

"CU=

|Q}oxH}Dv "5
=@ ?mQt pmW |wtyU |=yp=v=m `]kt pmW |xv}y@ |L=Q] 'Q[=L Q=DWwv QO

=yCWwv=B
1. Loganathan
2. Chahar
3. Das

4. Han
5. Horton
6. simultaneous perturbation stochastic approximation (SPSA)
7. Novman
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