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'u; R= hOy xm 'CU= xOW x�=Q= ẁ[wt u}= |=Q@ |r}rLD |}x]@=Q 'Q[=L |xar=]t
C} wkD p=YD= |}=yv Ctw=kt x@ xOW C} wkD p=YD= |}=yv Ctw=kt C@Uv |x@U=Lt
"CU= �r w �r '� '
 '� %Q}eDt 5 T=U= Q@ |Q=Wi Q=@ CLD �Re� Q_=vDt |xOWv
x@ xOW C} wkD p=YD= QO xOW s}rUD sHL C@Uv Q@=Q@ �Re� |}=yv Ctw=kt C@Uv
xOy=Wt 11 pmW QO xm Qw] u=ty "CU= xOWv C} wkD p=YD= QO xOW s}rUD sHL
u}@ `]=kDt sHL '|}=yv C}iQ_ =@ pO=at |Q=@ QO xOWv C} wkD p=YD= QO 'OwW|t

"OwW|t s}rUD �V1� |aQi w |rY= w[a
|aQi w |rY= |=yw[a u}@ `]=kDt sHL Q@ xwqa R}v xOW C} wkD p=YD= QO
CyH x@U=Lt KQ] "OW Oy=wN s}rUD R}v �V2� |wkrL |xOvvmCNU sHL '�V1�

%CU= xOW x�=Q= 10 |r= 1 \@=wQ QO �Re� |}=yv Ctw=kt C@Uv x@ |@=}CUO

Re = 1 + V1
V2

(1)

P = �(d2 + D
2 Arcsin�

) (2)

V1 = PTt (3)

Arcsin� = � + �3

3!
(4)

V2 = �[(D + 2wr)2 � D2]
4 tr = �tr(wr2 +Dwr) (5)

|}=yv Ctw=kt C@Uv �? w |}=yv Ctw=kt �hr= QO �r w �r QDt=Q=B Q}F-=D "9 pmW
w � = 0=5 '� = 0=9� xOWv C}wkD p=YD= |}=yv Ctw=kt x@ xOW C}wkD p=YD=

"�
 = 20
?}W =Q} R &CU= QDTwULt 'OW=@ xOW xO=iDU= QDW}@ ZQa =@ xOvvmCNU R= xm
|va} &CU= QDOvD ? � 9 pmW QO �r = 0=2 \N x@ C@Uv �r = 1=0 \N
CQwY QO �r = 0=2 =@ |}xOvvmCNU =@ xOW C} wkD p=YD= |}=yv Ctw=kt
u=R}t u}ty =t= "Ci=} Oy=wN V}=Ri= �19 '2/0 x@ 0/5 R= �r = 0=5 V}=Ri=
x@ QHvt �r = 1=0 Cr=L QO xOvvmCNU Ct=N[ x@ \w@ Qt QDt=Q=B QO V}=Ri=

"CU= xOW |}=yv Ctw=kt |OYQO 142 V}=Ri=
ZQa V}=Ri= |D} wkD QF= 'QDs}N[ |wkrL |xOvvmCNU R= xO=iDU= CQwY QO
=@ |}=yp=YD= |=Q@ 'xvwtv |=Q@ "OwW|t QDTwULt |}=yv Ctw=kt QO xOvvmCNU
�r = 0=2 C=YNWt x@|}xOvvmCNU =@ =yp=YD= xm|v=tR '0/5 =@ Q@=Q@ �r Q=Okt
Q@=Q@ ?}DQD x@ xOW C} wkD |=yp=YD= |}=yv Ctw=kt 'Ov=xOW C} wkD �r = 1=0 w
=t= &CU= Q_=vDt |xOWv C} wkD |=yp=YD= |}=yv Ctw=kt Q@=Q@ 1/97 w 1/19
x@ |}xOvvmCNU =@ =yp=YD= xm |v=tR '2/0 =@ Q@=Q@ �r Q=Okt =@ |}=yp=YD= |=Q@
|=yp=YD= |}=yv Ctw=kt 'Ov=xOW C} wkD �r = 1=0 w �r = 0=2 C=YNWt
C} wkD |=yp=YD= |}=yv Ctw=kt Q@=Q@ 3/39 w 1/38 Q@=Q@ ?}DQD x@ xOW C} wkD

"CU= Q_=vDt |xOWv
Q@ T=tt |vLvt x@� xkrL \N |wQ Q@ `k=w \=kv |}=Hx@=H '10 pmW QO
:Q=t |xLiY =@ =[a= lQDWt pYi |kqD pLt R= xm |rY= w[a |vwQ}@ K]U
|aQi <=[a= w |rY= w[a |=yQwLt |xLiY Q@ Owta w |aQi w[a QwLt Q@
w[a |oOW|w[}@ =@ Q_=vDt xm '�OwW|t jq]= xkrL \N =} |vLvt 'Ovm|t Qw@a
j@=]t xm 'OwW|t xOy=Wt xOWv C} wkD w xOW C} wkD |=yCr=L QO 'CU= |rY=

70



2/
1|

xQ=t
W'

38
�2

|xQ
wO'

�14
01

u=DU
@=D�

u=Qt
a|

UOv
yt

|x]@=Q w |OOa |R=UpOt R= pY=L |}=yv Ctw=kt C@Uv |xU}=kt "12 pmW
"11

T=U= Q@ |}=yv Ctw=kt |x@U=Lt |=Q@ xOW x�=Q= |x]@=Q |@=} RQ= "4 pwOH
[17]"=}v=D} Q@ |SQv= u=tDQ=BO |=yQ=}at

s}tYD �P=R > 1=5 �P=R < 0=8 x]@=Q
VQ}PB �0 < �50 OK �0=92 < �5 OK �11�

%CU= 12
0=2 � � � 0=8
0=5 � � � 1=0
12 � 
 � 28
0=2 � �r � 1=0
0=5 � �r � 2=0 (12)

[�P=R < 1=0] � \@=wQ Qo = xm CU= xOQm x}YwD [17]'=}v=D} Q@ |SQv= u=tDQ=BO
xwqa Qo = "OwW|t xDiQ}PB xrO=at 'OW=@ Q=QkQ@ [�P=R < 0=8] � �5 w �25
xDiQ}PB xrO=at 'OwW Q=QkQ@ R}v [�P=R > 1=5] � �50 \QW 'Q}N= \}=QW Q@
x@ |}=yv Ctw=kt Qou=}@ �P/R� OwW|t |krD xv=Q=mx_i=Lt ,=twta |rw 'OwW|t
|OOa |R=UpOt R= pY=L |}=yv Ctw=kt x@ |QDt=Q=B |xrO=at R= xOt; CUO
4 pwOH QO [17]'=}v=D} Q@ |SQv= |xOmWv=O |=yQ=}at =@ 11 |x]@=Q |@=} RQ= "�CU=
R= u=wD|t w CU= VQ}PB OQwt xOW x�=Q= |xrO=at 'u; j@=]t xm 'CU= xOW x�=Q=

"OQm xO=iDU= |L=Q] QO u;

|Q}oxH}Dv "6
|y=oW}=tR; C=ar=]t =@ |OOa |=ypOt |HvUCLY R= TB 'Q[=L Q=DWwv QO
|xOvvmCNU|Q=PoQ}F-=D|UQQ@ hOy =@pmW X|}xrwr p=YD= |xvwtv 117 'u}W}B
"CU= xOW xDN=U pmW X |}xrwr p=YD= |m}D=DU= OQmrta QO |HQ=N |wkrL

%CU= xOW x�=Q= Q[=L VywSB |=yOQw=DUO u} QDsyt 'xt=O= QO
X |=yp=YD= |}=yv Ctw=kt =D Ov=xDUv=wD |HQ=N |wkrL |=yxOvvmCNU �1
<=kDQ= Q_=vDt |xOWv C} wkD |=yp=YD= |}=yv Ctw=kt Q@=Q@ 3/67 x@ =Q pmW

"OvyO

KQ] �? 'xOWv C}wkD w xOW C}wkD |=yp=YD= QO s}rUD sHL �hr= "11 pmW
Ctw=kt x@ xOWC}wkD p=YD=|}=yvCtw=ktC@Uv |x]@=Q G=QNDU=CyH x@U=Lt

"Q_=vDt |xOWv C}wkD p=YD= |}=yv

Re = 1 + V1
V2

= 1 +
�DTt(2� + �3

3! )
�tr(wr2 +Dwr)

(6)

�r = 2wr
D
! Re = 1 +

Dt(2� + �3
3! )

�rD2(�r2
4 + �r2 )

(7)

� T
T
! Re = 1 +

tT (2� + �3
3! )

T�rD(�r2
4 + �r2 )

(8)

2
 = DT ! Re = 1 +
�(2� + �3

3! )

�r
(�r + �r2
4 )

(9)

Re = 1 + �1��2(�3 + �4��5)
�6�r�7
�8(�9 + �10�r�11)

(10)

|xOWvC} wkD p=YD= 9 w xOWC} wkD pmW X|}xrwr p=YD= 108G}=Dv R= xO=iDU= =@
x@ |]NQ}e uw}UQoQ R}r=v; j} Q] R= 10 |x]@=Q QO OwHwt C@=F ?}=Q[ 'Q_=vDt
xOW C} wkD p=YD= |}=yv Ctw=kt C@Uv u}}aD |x]@=Q 'xH}Dv QO "CU= xOt; CUO
Q_=vDt |xOWv C} wkD p=YD= |}=yv Ctw=kt x@ |HQ=N |wkrL |xOvvmCNU =@
pY=L |}=yv Ctw=kt C@Uv |xU}=kt "Ow@ Oy=wN 11 |x]@=Q CQwY x@ '�Re�
"OwW|t xOy=Wt 12 pmW QO 11 |QDt=Q=B |x]@=Q w OwOLt u=tr= |=ypOt R=
|x]@=Q pw@kp@=k CkO R= u=Wv xm 'CU= sm R=Ut}v \N x@ C@Uv \=kv |oOvm =QB

"OQ=O |O=yvW}B

Re = 1 + 0=0000057� 0=87(1� 0=73�5)
3=47�r�0=53
�1=34(1� �r0=00008)

(11)

\@=wQ CQwY x@ 11 |x]@=Q QO OwHwt |=yQDt=Q=B R= l} Qy R=Ht |xOwOLt

71



"""|
HQ=N

xkrL
=@xO

Wsw
=kt

pmW
X

|}x
rwr|

=yp
=YD

=Q=D
iQC} wkD |=yp=YD= |}=yv Ctw=kt C@Uv |rw 'CU= xDi=} V}=Ri= TwULtQw]

xOw@ x=Qty TwULt Vy=m =@ xOWv C} wkD |=yp=YD= |}=yv Ctw=kt x@ xOWv
� =@ |=yp=YD= QO |}=yv Ctw=kt V}=Ri= QO xOvvmCNU Q}F-=D u}=Q@=v@ &CU=

"Ow@ Oy=wN QDTwULt 'QDlJwm
|}=yv Ctw=kt C@Uv w |}=yv Ctw=kt V}=Ri= x@ QHvt �r w �r V}=Ri= �6
|rY= w[a |oOW|w[}@ 'u}= Q@ xwqa "CU= xOW 'xOW C} wkD |=yp=YD=
xOW QDCN=wvm} QDZ} Qa w QDs}N[ |=yxOvvmCNU =@ xOW C} wkD |=yp=YD=

"CU=
=@ xOW C} wkD |=yp=YD= |}=yv Ctw=kt |x@U=Lt |=Q@ |r}rLD |x]@=Q l} �7
x@ xHwD =@ |O=yvW}B |x]@=Q "CU= xOW x�=Q= |HQ=N |wkrL |xOvvmCNU
xOW QmP |x]@=Q "CU= xOW |@=} RQ= =}v=D} Q@ |SQv= |xOmWv=O VQ}PB |=yQ=}at
xO=iDU= |}xrwr |=yxR=U QO |L=Q] w p}rLD |=Q@ |O=tDa= p@=k Qw] x@ Ov=wD|t

"OwW

=yp=YD= |@=QN Owt uO}WN@ Ow@y@ x@ QHvt |HQ=N |wkrL |xOvvmCNU �2
p=YD= |@=QN p}rO u} QDsyt u=wva x@ |rY= w[a |oOW|w[}@ =Q} R 'CU= xOW
|UwULt Qw] x@ xOWv C} wkD p=YD= x@ C@Uv xOW C} wkD p=YD= QO 'X ẁv
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