
�14
03

u=DU
@=D�

'h}
QWu

=Qta
|U

Ovyt
�| :v

iC
W=O

O=}�
'17

5�1
65

"X
Y

'2|
xQ=t

W'
40

|xQ
wO

R
es

ea
rc

h
N

ot
e|x} Q_v |x}=B Q@ wv=v |=yQ}D |m}D=DU= p}rLD

|r}rLD VwQ wO R= xO=iDU= =@ w VvD u=}O=Qo
swQDU}v |OOa w

�OWQ= |U=vWQ� |wHWv=O� |rwUQ s=vy@ jO=YOtLt
�Q=}Wv=O� |v=F |@=Di; OtL=
�Q=}Wv=O� �u}Or=sQm T=@a

OyWt '|UwOQi x=oWv=O '|UOvyt |xOmWv=O 'u=Qta xwQo

\}Lt l}v=mt |=yx} Q_v u} QDOQ@ Q=mQB R= |m} 'uov} Q= VvD u=}O=Qo |a[wtQ}e |x} Q_v
p}O@D l} ltm x@ |a[wtQ}e VvD 'u; QO xm 'CU= wv=v |=yxR=U p}rLD |=Q@ xDUw}B
x@ QYLvt `@=D l} 'QwmPt |r=QoDv= p}O@D |xDUy `@=D "OwW|t \@DQt VvQm =@ |r=QoDv=
xOW |aU Q[=L VywSB QO "CU= xOW O=yvW}B u; |=Q@ |vwo =vwo |=y`@=D w xOw@v OQi

|xDUy `@=D ZQi =@ w uov} Q= |a[wtQ}e |x} Q_v |x}=B Q@ |rwvQ@ { Qr} w= |wv=v Q}D CU=
'Q[=L VywSB QO 'CU= QmP u=}=W "OwW p}rLD |m}D=DU= CQwYx@ |a}@] |}=tv

u; pO=at p}Uv=Qi}O |xrO=at w xOW pL ,=t}kDUt 'wv=v Q}D Q=DiQ Q@ sm =L |r=QoDv= |xrO=at
w swQDU}v |OOa VwQ R= xOWQmP |r=QoDv= |xrO=at pL |=Q@ "CU= xOt; CUOx@ R}v

|=yQ}D |m}D=DU= p}rLD |=Q@ Qw@ Rt VwQ 'xt=O= QO "CU= xOW xO=iDU= |Q_v |=yVwQ
C=ar=]t |=yxDi=} =@ u; G}=Dv w xDiQ Q=mx@ hrDNt |=y|Q=PoQ=@ w |RQt \}=QW =@ wv=v

w xQ=W= |OOa G}=Dv VN@ |=yQ=Owtv QO |[k=vD x@ 'u=}=B QO "CU= xOW xU}=kt u}W}B
"CU= xOW |UQQ@ u; Cra

behnamrasouli4001317159@mail.um.ac.ir
aftabi@um.ac.ir
a-karam@um.ac.ir

'wv=v Q}D 'uov} Q= VvD u=}O=Qo |a[wtQ}e |v=UWm |x} Q_v %|O}rm u=oS=w
"swQDU}v |OOa VwQ 'R}N `@=D 'wv=v Q}D |r=QoDv= |xrO=at

xtOkt "1
wv=twQ VvD u=}O=Qo [1]'1uov} Q= VvD u=}O=Qo |a[wtQ}e %|=yx} Q_v "CU= xOW
w [4]'u=Q=mty w 4|Q}oQ=B=B VvQm u=}O=Qo [3]'3u}rOv}t VvQm u=}O=Qo [2]'2=DQ@ w
"OvDUy =yu; u} QDsyt R= [6w5]|L]U |SQv= Q=F; =@ xOWKqY= l}Uqm |v=UWm
`@=D ZQi =@ [1]'uov} Q= VvD u=}O=Qo |a[wtQ}e |x} Q_v 'Q[=L VywSB QO
VywSB |Qw;wv 'CU= QmP u=}=W "CU= xOW xO=iDU= |a}@] |}=tv |xDUy
|wv=v Q}D Q@ sm =L |r=QoDv= |xrO=at 'Q=@ u}DUNv |=Q@ xm CU= u; QO Q[=L
|xDUy `@=D ZQi =@ w uov} Q= |a[wtQ}e |x} Q_v T=U=Q@ |rwvQ@ { Qr} w=
xOW x�=Q= xDU@ *sQi CQwYx@ u; MU=B `@=D 'TBU w pL ,=t}kDUt '|a}@] |}=tv

"CU=
xOW Q=mW; OOaDt |=yV}=tR; ltm x@ wv=v O=a@= =@ |=yxR=U Cw=iDt Q=DiQ
V}=tR; s=Hv= =@ [8w7]'�2004 w 2003� u=Q=mty w 5uwUr}v 'p=Ft |=Q@ "CU=

CW=Oy@CavY Ovv=t 'uwo =vwo `}=vY QO |v=w=Qi |=yOQ@ Q=m wv=v O=a@= QO O=wt xRwQt=
|=yOrwt 'wv=v |=yQoUL x@ u=wD|t =yu; |xrtH R= "OvQ=O |t=_v `}=vY w u=tQO w
u=QoWywSB Q_v?rH?@U xr�Ut u}= "OQm xQ=W=|tD= |wQ}v |=yAwmUwQm}t w wv=v
l}t=v}O VwQ '|rmQw]x@ "CU= xOW wv=v |=yxR=U l}v=mt ẁ[wt x@ |v=w=Qi
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2� (10)

uOw@ Q=QkQ@ |=Q@ [27]'�2008� 28wQ} Svt w u}v=}rB Q=DWwv T=U=Q@ 'Qo}O |wU R=
%OvwW C}=aQ 11 |x]@=Q j@=]t \QW wO CU= sRq '10 |x]@=Q(

f 0 (a) + �f (a) = 0
f 0 (b)� �f (b) = 0 (11)

xOW xQ=W= u; Cra u}vJty w xO=O MQ QiY ?}W =@ |RQt \}=QW QO xm |[k=vD
"CU=

x}rw= s}y=it "2
|iQat w [1]'uov} Q= VvD u=}O=Qo |a[wtQ}e |x} Q_v QwQt ut[ 'Q[=L VN@ QO
OwHwt |=yQ=my=Q 'uov} Q= |x} Q_v |r=QoDv= |xrO=at QO xOWxO=iDU= |xDUy `@=D
"Ov=xOW |iQat swQDU}v |OOa VwQ xrtH R= 'uov} Q= |r=QoDv= |xrO=at pL |=Q@

[1]uov} Q= VvD u=}O=Qo |a[wtQ}e |x} Q_v "1"2
|=yCyH =OD@= "CU= xOW |UQQ@ |rwvQ@ { Qr} w= Q=DiQ =@ wv=vQ}D 'Q[=L VywSB QO
1 pmW QO |HQ=N Q=@ w '|WQ@ |wQ}v '|WtN Qovr 'R}N |=Q@ xOWZQi C@Ft

%CU= Q=QkQ@ |rwvQ@ { Qr} w= |=yQ}D |=Q@ 1 |x]@=Q 'u}vJty "OwW|t xOy=Wt

"x = z d
2w
dx2 (1)

2 pmW QO u; C@Ft CyH xm 'OvDUy Q}D |a=iDQ= QwLt z w R}N `@=D w 'u; QO xm
T=U=Q@ '�2 |x]@=Q j@=]t� VvQm { VvD |x]@=Q 'xt=O= QO "OwW|t xOy=Wt

[13w12'1]%CU= xOW x�=Q= uov} Q= VvD u=}O=Qo |a[wtQ}e |x} Q_v

�x (x) =
Z L

0
k (jx� �xj ; �)E"x (�x) d�x (2)

|xOvyOu=Wv "x (�x) 'wv=v Q}D QwLtCyH QO |a[wtQ}eVvD Qov=}=tv � 'u; QO xm
p}O@D |xDUy `@=D Qov=}@ k (jx� �xj ; �)'Q}D pw] QO �xXNWt |x]kv QOVvQm
?}DQD x@ L w E 'u}vJty "OvDUy xO=t QO |a[wtQ}e QDt=Q=B Qov=}@ � w |r=QoDv=
%OwW|t h} QaD 3 |x]@=Q CQwYx@ � "OvDUy wv=v Q}D pw] w xO=t |v=UWm C@=F
� = e0a (3)

"R}N w |HQ=N '|rN=O |=ywQ}v |=Q@ xOWZQi C@Ft |=yCyH "1 pmW

"wv=v Q}D |a=iDQ= QwLt C@Ft CyH "2 pmW
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rwUQ

s=vy
@j

O=Y
OtL

t/"
""|

x}Q_
v|

x}=B
Q@wv

=v|
=yQ}

D|
m}D=

DU=
p}rL

D

|xR=@ pw] Qov=}=tv �t w |Q}op=QoDv= |xR=@ C=t}UkD O=OaD Qov=}@ m 'u; QO xm
x@U=Lt 18 |x]@=Q j@=]t 17 |xrO=at QO �t "CU= |w=Ut Qw]x@ s}UkD Qy

%OwW|t

�t = b� a
m

;

(
tj =

�
j � 1

2
�

�t+ a

xi =
�
i� 1

2
�

�t+ a
(18)

%OW=@ Q=QkQ@ 19 |x]@=Q Qo = u}vJty
y (tj) = yj ; f (xi) = fi; (19)

%OQm |U} wvR=@ �20 |x]@=Q� |U} QD=t CQwYx@ =Q 17 |xrO=at u=wD|t

[k] fyg = 1
�t
ffg ;

8>><>>:
ffig = ff1; : : : ; fmgT
fyig = fy1; : : : ; ymgT
[kij ] = [k (xi; tj)]m�m

; (20)

fy (tj)g =} pwyHt `@=D Q}O=kt x@ u=wD|t '20 |]N CqO=at x=oDUO pL =@
|r=QoDv= |xrO=at pL |=Q@ swQDU}v |OOa VwQ R= 'Oa@ VN@ QO [28]"Ci=} CUO

"CU= xOW xO=iDU= wv=v Q}D Q=DiQ Q@ sm =L

|a}@] |}=tv |xDUy =@ |r=QoDv= |xrO=at pL "3
=D 'OwW xO=iDU= |OOa w |r}rLD |=yVwQ R= CU= xOW VqD Q[=L VN@ QO
"OwW pL |a}@] |}=tv |xDUy `@=D <=R= x@ wv=v Q}D Q=DiQ Q@ sm =L |r=QoDv= |xrO=at
[19]'�2016� u=Q=mty w ROv=vQi Q=DWwv QO xOWxO=iDU= OvwQ Ovv=t Qw_vt u}= |=Q@

%CU= xOW xDiQo Q_v QO 21 |x]@=Q CQwYx@ <=vLv= `@=D
�w00 (�) = �w001 (�)�A �w00A (�)�B �w00B (�) (21)

%O};|t CUOx@ 22 |x]@=Q '6 |x]@=Q QO 21 |x]@=Q |Q=Po|=H =@Z 1

0
e�
j���j
h
�

�w001 (�)�A �w00A (�)�B �w00B (�)
�

d� = 2h �M (�)

(22)

w 22 |x]@=Q CU=Q CtU QO (A� +B) CQ=@a uDU=m w uOwRi= Q=@ l} =@
%CWwv =Q �3 w 2 '1� 23 |x]@=Q u=wD|t 'u; |=yCQ=@a l}miD8>><>>:

R 1
0 e
� j���jh �w001 (�) d� = 2h �M (�) + A� + B (23� 1)R 1

0 e
� j���jh �w00A (�) d� = � (23� 2)R 1

0 e
� j���jh �w00B (�) d� = 1 (23� 3)

`@=D x@ '21 |x]@=Q R= xO=iDU= w �w00B w �w00A ' �w001 `@=D xU |x@U=Lt =@ u=wD|t
'16� 3 =D 16� 1 |=yx]@=Q x@ xHwD =@ �w001 QDt=Q=B 'xt=O= QO "Ci=} CUO <=vLv=

%CU= xOt; CUOx@ 24 |x]@=Q j@=]t
�w001 (�) = �M (�)� h2 �q (�) +

�
A� +B

2h
�

(24)

p}O@D <=RHt |r=QoDv= |xrO=at xU x@ 'wv=v Q}D Q@ sm =L |r=QoDv= |xrO=at '?}DQD u}O@
wO pL |=Q@ swQDU}v |OOa VwQ R= =OD@= 'Oa@ s=o QO "OW x@U=Lt =yu; R= |m} w

%CU= xOW xO=iDU= 25 |x]@=Q j@=]t 23� 3 w 23� 2 |xrO=atZ 1

0
e�
j���j
h �w00 (�) d� = �n (n = 0; 1) (25)

10 p}Uv=Qi}O |xrO=at =@ 8 |r=QoDv= |xrO=at 'OwW C}=aQ 11 \}=QW Qo = 'u}=Q@=v@
j@=]t� F (�) `@=D 'f(�) x=wNrO `@=D |=Q@ xm CU= sRq QmPD u}= "CU= pO=at

[27]%Ovm|t C}=aQ =Q 11 |x]@=Q \}=QW xQ=wty �12� 1 |x]@=Q
F (�) = f (�) +A� +B (12� 1)

%Ov};|t CUO x@ 12� 3 w 12� 2 \@=wQ j@=]t B w A ?}=Q[ 'u; QO xm
A = f 0 (a) + f 0 (b) + �f (a)� �f (b)

b�� a�� 2 (12� 2)

B = �f 0 (a) + �f (a) +Aa�+A
�

(12� 3)

13\@=wQCUNv 'Q[=LVywSB QO 11 w 10 '8 |=yx]@=Q R= xO=iDU= |=Q@ 'xt=O= QO
%OvwW|t h} QaD 6 |x]@=Q x@ xHwD =@

a = 0; b = 1; � = �1
h

; y (�) = d2 �w (�)
d�2 ;

f (�) = 2h �M (�) ; (13)

%OvwW|t xDWwv 14 |x]@=Q CQwYx@ 11 |x]@=Q \QW wO 'TBU
�V (0)� 1

h
�M (0) = 0; �V (1) + 1

h
�M (1) = 0; (14)

[19]"OvDU}v Q=QkQ@ x=oJ}y xOWQmP |=yxrO=at xmCU= Q=mW; '14 |x]@=Q x@ xHwD =@
u}O@ "OQm xO=iDU= pO=at p}Uv=Qi}O |xrO=at u=wvax@ 10 |x]@=Q R= u=wD|tv u}=Q@=v@
12� 3 |r= 12� 1 |=yx]@=Q x@ xHwD =@ 6 |r=QoDv= |xrO=at CU= sRq '?}DQD

[19]%OwW pL 15� 1 |x]@=Q j@=]t
F (�) = 2h �M (�) +A� +B (15� 1)

%OvwW|t x@U=Lt 15� 3 w 15� 2 \@=wQ j@=]t B w A |=yQDt=Q=B 'u; QO xm
A = �2h

1 + 2h
��
h �V (0)� �M (0)

�
+
�
h �V (1) + �M (1)

�	
(15� 2)

B =
�2h+ 2h2

1 + 2h
��
h �V (0)� �M(0)

�� 2h2

1 + 2h
�
h �V (1) + �M(1)

�
(15� 3)

"CU= xOW pL 6 |xrO=at '�3 w 2 '1� 15 |=yx]@=Q ltm x@ 'Oa@ |=yVN@ QO
"CU= xOW |UQQ@ R}v swQDU}v |OOa VwQ 'xt=O= QO

swQDU}v |OOa VwQ "3"2
swQDU}v |OOa VwQ '|r=QoDv= CqO=at uOQmpL |=Q@ |OOa |=yQ=my=Q R= |m}
=QDrw w srwyOQi pt=W 'uwo =vwo |r=QoDv= CqO=at pL |=Q@ uwvm =D u; R= xm [28]'CU=
16 |x]@=Q CQwYx@ |r=QoDv= |xrO=at l} |rm sQi [33�29]"CU= xOW xO=iDU=

%CU=Z b

a
k (x;t) y (t) dt = f (x) (16)

%OQm p}O@D 17 |x]@=Q j@=]t |v=t} Q ẁtHt x@ =Q u; u=wD|t xm
mX
j=1

k (xi; tj) y (tj) = f (xi)
�t

; (i = 1; : : : ;m) (17)
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xQ=t

W'
40

|xQ
wO'

�14
03

u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt "n = 0 wm = 15 'h = 0 5 %<=R= x@ 20 CqO=at x=oDUO pL G}=Dv "2 pwOH

�j �w00B
�
�j
�

0 0333 7 9993
0 1000 0 9985
0 1667 0 9985
0 2333 0 9985
0 3000 0 9985
0 3667 0 9985
0 4333 0 9985
0 5000 0 9985
0 5667 0 9985
0 6333 0 9985
0 7000 0 9985
0 7667 0 9985
0 8333 0 9985
0 9000 0 9985
0 9667 7 9993

'h = 0 5 %<=R= x@ swQDU}v|OOaVwQ =@ 25|r=QoDv= |xrO=atMU=B `@=D "4pmW
"n = 0 w m = 15

|=y|HwQN RH x@ =y|HwQN|t=tD xm OwW|t xOy=Wt Q}N=|xvwtv wOG}=Dv QO
CqO=at x=oDUO pL Qy QO "OvQ=O Q=Qk |]N =} C@=F `@=D l} |wQ 'QN; w pw=
u}= "OvDUy lJwm Q=}U@ w nQR@ Q=}U@ ?}DQD x@ 'xO=O u} QN; w u}rw= \ki R}v
l} QO 'l =Q}O |=DrO `@=D "CU= 29l =Q}O |=DrO `@=D Q=DiQ x@ x}@W Q=}U@ Q=DiQ
[34]"CU= QiY \=kv Q}=U QO w Ovm|t p}t C}=yv|@ CtU x@ XNWt |x]kv
wO '[0; 1] |xR=@ QU wO QO '25 |r=QoDv= |xrO=at MU=B `@=D QO Qo = 'u}=Q@=v@
`@=D Q=DiQ |=Q@ |@ wN|xOvvmx}HwD ,q=tDL= 'OwW xDiQo Q_v QO l =Q}O |=DrO `@=D
,q=tDL= '|v=}t \=kv QO '4 w 3 |=ypmW x@ xHwD =@ 'Qo}O |wU R= "CU= MU=B
|rm `@=D 'Q}N= |=yTOL x@ xHwD =@ "OQ=O R}v |}xrtHOvJ `@=D l} 'MU=B `@=D
xOW O=yvW}B n = 0; 1 |=Q@ 25 |r=QoDv= |xrO=at j}kO MU=B u=wvax@ 28

"n = 1 w m = 10 'h = 1 %<=R= x@ 20 CqO=at x=oDUO pL G}=Dv "1 pwOH
�j �w00A

�
�j
�

0 05 �4 7292
0 15 0 0745
0 25 0 1249
0 35 0 1749
0 45 0 2248
0 55 0 2748
0 65 0 3247
0 75 0 3747
0 85 0 4247
0 95 9 9790

'h = 1 %<=R= x@ swQDU}v |OOa VwQ =@ 25 |r=QoDv= |xrO=at MU=B `@=D "3 pmW
"n = 1 w m = 10

u=wD|t 17 |x]@=Q x@=Wt "OW=@ 1 =} 0 Ov=wD|t xm 'CU= � u=wD n 'u; QO xm
%CWwv =Q 26 |x]@=Q

mX
j=1

e�
j�i��j j

h �w00 (�j) = �ni
��

(n = 0; 1) ; (i = 1; : : : ;m)

(26)

%OwW|t x@U=Lt 27 |x]@=Q j@=]t �� u; QO xm

�� = 1� 0
m

= 1
m

;

(
�j = 1

m

�
j � 1

2
�

�i = 1
m

�
i� 1

2
� ; (27)

xOW pL n w h 'mhrDNt Cr=L OvJ |=Q@ 20 |]N CqO=at x=oDUO 'xt=O= QO
ZQi CUNv "CU= xOW x�=Q= 1 pwOH QO 'CU= fy (tj)g u=ty xm u; G}=Dv w
'23�2 |x]@=Q x@ xHwD =@Cr=L u}= QO "n = 1 wm = 10 'h = 1 %CU= xOW

"CU= �w00 = �w00A
�w00A (�j) `@=D R= |]=kv 'C=YDNt x=oDUO QO '1 pwOH |=y|HwQN s}UQD

"CU= xO=O CUOx@ 3 pmW j@=]t =Q
w m = 15 'h = 0 5 %xm CU= xOW ZQi '2 pwOH j@=]t 'xt=O= QO

"CU= �w00 = �w00B '23� 3 |x]@=Q x@ xHwD =@ Cr=L u}= QO "n = 0
�w00B (�j) `@=D R= |]=kv 'C=YDNt x=oDUO QO '2 pwOH |=y|HwQN sUQ

"OwW|t xOy=Wt 4 pmW QO
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D

36 |x]@=Q u=wD|t '35 |x]@=Q QO x@=Wt |=yCQ=@a uOQm?DQt R= TB xH}Dv QO
%CWwv =QZ 1

0
e�
j���j
h

h
a�2 + b� + c+ d� (�) + f� (� � 1)

i
d�

= 2ah�2 + 2bh� +
�
4ah3 + 2ch

�
+
�
�2ah3 + bh2 � ch+ d

2
�
e�

�
h

+

 �ch� ah� 2ah2 � 2ah3

�b �h+ h2�+ f
2

!
e

(��1)
h � �n (36)

23 � 2 |r=QoDv= |xrO=at wO MU=B 'xt=O= QO "CU= 1 =} 0 =@ Q@=Q@ n 'u; QO xm
%Ov=xOt; CUOx@ 38 w 37 |=yx]@=Q j@=]t 23� 3 wZ 1

0
e�
j���j
h �w00A (�) d� = � (37)

2ah�2+2bh�+
�
4ah3+2ch

�
+
�
�2ah3+bh2 � ch+ d

2
�
e�

�
h

+
�
�ch� ah� 2ah2 � 2ah3 � b�h+h2�+ f

2
�
e

(��1)
h

� � (38)

%CiQo xH}Dv =Q 39 CqO=at u=wD|t '38 |x]@=Q CtU wO uO=O Q=Qk RQ=sy =@8>>>>>>>>>><>>>>>>>>>>:

2ah = 0) a = 0
2bh = 1) b = 1

2h
4ah3 + 2ch = 0) c = 0
�2ah3 + bh2 � ch+ d

2 = 0) d = �h
�ch� ah� 2ah2 � 2ah3 � b �h+ h2�+ f

2 = 0
) f = 1 + h

(39)

%O};|tQO 40 |x]@=Q CQwYx@ j}kO MU=B `@=D w

�w00A (�) = �
2h � h � (�) + (1 + h) � (� � 1) (40)

%CWwv =Q 41 |x]@=Q u=wD|t R}v swO |xrO=at OQwt QOZ 1

0
e�
j���j
h �w00B (�) d� = 1 (41)

%Ot; Oy=wN CUOx@ 42 |x]@=Q 'u}=Q@=v@

2ah�2+2bh�+
�
4ah3+2ch

�
+
�
�2ah3 + bh2 � ch+ d

2
�
e�

�
h

+
�
�ch� ah� 2ah2 � 2ah3 � b�h+ h2�+ f

2
�
e

(��1)
h

� 1 (42)

43 \@=wQ '42 |x]@=Q CtU wO uO=OQ=Qk RQ=sy =@ pwyHt |=yC@=F 'x@=Wt Qw]x@
%Ov=xOt; CUOx@

%CU=

�w00 (�) = a�2 + b� + c+ d � (�) + f � (� � 1) (28)

=@ p=QoDv= pY=L uO=OQ=Qk RQ=sy w 25 |r=QoDv= |x]@=Q QO 28 `@=D |Q=Po|=H =@
%OQw; CUOx@ 29 |x]@=Q j@=]t =Q MU=B `@=D u=wD|t '|w=UD CU=Q CtUZ 1

0
e�
j���j
h

h
a�2 + b� + c+ d� (�) + f� (� � 1)

i
d�

= a
Z 1

0
e�
j���j
h �2d� + b

Z 1

0
e�
j���j
h �d�

+ c
Z 1

0
e�
j���j
h d� + d

Z 1

0
e�
j���j
h � (�) d�

+ f
Z 1

0
e�
j���j
h � (� � 1) d� (29)

%CiQo xH}Dv =Q 32 |r= 30 \@=wQ u=wD|t 'RHx@ RH |Q}op=QoDv= VwQ x@Z 1

0
e�
j���j
h �2d� =

Z �

0
e�

(���)
h �2d� +

Z 1

�
e�

(���)
h �2d�

=2�2h+ 4h3 � he (��1)
h � 2h2e

(��1)
h

� 2h3e
(��1)
h � 2h3e�

�
h (30)Z 1

0
e�
j���j
h �d� =

Z �

0
e�

(���)
h �d� +

Z 1

�
e�

(���)
h �d�

=2�h� �h+ h2� e (��1)
h + h2e�

�
h (31)Z 1

0
e�
j���j
h d� =

Z �

0
e�

(���)
h d� +

Z 1

�
e�

(���)
h d�

=2h� he (��1)
h � he� �h (32)

TQDUO QO 34 w 33 G}=Dv 'u; X=wN T=U=Q@ R}v l =Q}O |=DrO |=y`@=D OQwt QO
[34]%OQ}o|t Q=QkZ 1

0
e�
j���j
h � (�) d� = 1

2e
� �
h (33)Z 1

0
e�
j���j
h � (� � 1) d� = 1

2e
(��1)
h (34)

|r=QoDv= |xrO=at x@ xHwD =@ w 34 |r= 30 |=y|xrO=at |Q=Posy|wQ =@ uwvm =
%�35 |xrO=at� OQw; CUOx@ =Q MU=B u=wD|t '29Z 1

0
e�
j���j
h

h
a�2 + b� + c+ d� (�) + f� (� � 1)

i
d�

= a

0@ 2�2h+ 4h3 � he (��1)
h � 2h2e

(��1)
h

�2h3e
(��1)
h � 2h3e�

�
h

1A
+b
�

2�h� �h+ h2� e (��1)
h + h2e�

�
h

�
+c
�

2h� he (��1)
h � he� �

h

�
+ d

 
e�

�
h

2
!

+ f

 
e

(��1)
h

2
!

(35)
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UOv
yt CUOx@ 48 |xrO=at '46 |xrO=at QO 47�3 w 47�1 |=yx]@=Q |Q=Po|=H =@

%Ot;
�w00 (�) = C2 + C1� +

Z �

0
(� � t) �q (t) dt� h2 �q (�) + �1� (�)

+�2� (� � 1) (48)

w �49 |x]@=Q� ?}W |=y`@=D '48 |xrO=at R= |Q}op=QoDv= x@DQt wO =@ 'xt=O= QO
%OvOt; CUOx@ �50 |x]@=Q� R}N

�w0 (�) =C3 + C2� + C1�2

2 + 1
2
Z �

0
(� � t)2 �q (t) dt

� h2
Z �

0
�q (t) dt+ �1H (�) + �2H (� � 1) (49)

�w (�) =C4 + C3� + C2�2

2 + C1�3

6 + 1
6
Z �

0
(� � t)3 �q (t) dt

� h2
Z �

0
(� � t) �q (t) dt+ �1�H (�)

+ �2 (� � 1) H (� � 1) (50)

TB xm &OQ=O pwyHt C@=F 4 xm 'CU= wv=v Q}D R}N |xDU@ sQi `@=D '50 |x]@=Q
|x]@=Q R= 'Oa@ VN@ QO "OvwW|t u}}aD wv=v Q}D |Q=PoQ=@ w |RQt \}=QW u}}aD R=
xO=iDU= hrDNt |=y|Q=PoQ=@ w |RQt \}=QW QO wv=v |=yQ}D R}N u}}aD |=Q@ Q}N=

"CU= xOW

=yu; p}rLD w |OOa G}=Dv "5
|Q=PoQ=@ `@=D w |RQt \}=QW Cr=L OvJ |=Q@ 50 |xrO=at 'Q[=L VN@ QO
QDt=Q=B =@ wv=v Q}D R= x]kv l} R}N C=Q}}eD Q=Owtv 'pw= VN@ QO "CU= xOW u}}aD
5 |=ypmW� CU= xOW xU}=kt [19] `HQt QO x@=Wt G}=Dv =@ w s}UQD |a[wtQ}e
s}UQD hrDNt |RQt \}=QW QO wv=v |=yQ}D R}N Q=Owtv 'swO VN@ QO "�11 |r=
|=Q@ xm CU= u; xOWQmP |=yQ=Owtv syt |xDmv "�17 |r= 12 |=ypmW� Ov=xOW

"Ov=xOt; CUOx@ |a}@] |}=tv |xDUy `@=D T=U=Q@ =yu; Q=@ u}DUNv
|OOa G}=Dv x@ \w@ Qt 5 pmW Q=Owtv |=yx]kv 'OwW|t xOy=Wt xm Qw]u=ty

"Ovm|t xQ=W= 50 |x]@=Q T=U=Q@ xOt;CUOx@ |xrO=at x@ nvQQB Q=Owtv w [19]

T=U= Q@ |}=yDv= RmQtDt Q=@ Q} R Q=OQ}o QU l} Q}D |v=}=B |x]kv R}N "5 pmW
"[19]`HQt w 50 |xrO=at

8>>>>>>>>>><>>>>>>>>>>:

2ah = 0) a = 0
2bh = 0) b = 0
4ah3 + 2ch = 1) c = 1

2h
�2ah3 + bh2 � ch+ d

2 = 0) d = 1
�ch� ah� 2ah2 � 2ah3 � b �h+ h2�+ f

2 = 0
) f = 1

(43)

%CU= xOW xDWwv 44 |x]@=Q CQwYx@ MU=B `@=D TBU w

�w00B (�) = 1
2h+� (�) + � (� � 1) (44)

23 � 2 |r=QoDv= |=yxrO=at K} QY w j}kO |=yMU=B 'xOt;CUOx@ |=y`@=D
=vLv= `@=D w xOW ?}mQD xOt;CUOx@ |=yMU=B '|Oa@ VN@ QO "OvDUy 23� 3 w
GQOvt |r}rLD |=yMU=B xm CU= QmP u=}=W "CU= xOt; CUOx@ R}v wv=v Q}D R}N w
"Ov=xOW VQ=Ro w xOt; CUOx@ xm CU= Q=@ u}DUNv |=Q@ '44 w 40 |x]@=Q wO QO
|r=QoDv= |=yxrO=at |OOa MU=B \ki [19]'�2016� u=Q=mty w ROv=vQi VywSB QO

"CU= xOt; CUOx@ Q}D R= x]kv l} QO sy u; w

wv=v Q}D R}N `@=D uDi=} "4
23 � 3 w 23 � 2 '23 � 1 |=yx]@=Q |r=QoDv= CqO=at s=tD MU=B =Hv}= =D
24 |x]@=Q xU QO GQOvt |=y`@=D T=U=Q@ u=wD|t u}=Q@=v@ "CU= xOt; CUOx@
"�45 |x]@=Q� Ci=} CUO R}N `@=D x@ '21 |x]@=Q T=U=Q@ 'u}vJty w 44 w 40 '
O}=U|wy `@=D |=Q=O R}N w ?}W |=y`@=D w l =Q}O |=DrO `@=D pt=W <=vLv= `@=D

"OvDUy
�w00 (�) = �w001 (�)�A �w00A (�)�B �w00B (�)

=
�

�M (�)� h2 �q (�) +
�
A� +B

2h
��

�A
�
�
2h � h� (�) + (1 + h) � (� � 1)

�
�B

� 1
2h + � (�) + � (� � 1)

�
= �M (�)� h2 �q (�)

+ (Ah�B) � (�)� [A (h+ 1) +B] � (� � 1) (45)

%CU= xOW xYqN 46 |x]@=Q j@=]t Q}N= |x]@=Q 'Qo}O CQ=@ax@
�w00 (�) = �M (�)� h2 �q (�) + �1� (�) + �2� (� � 1)(
�1 = Ah�B
�2 = � [A (h+ 1) +B]

(46)

"OvwW|t x@U=Lt (16� 3) w (16� 2) |=yx]@=Q ltm x@ B w A 'u; QO xm
47 \@=wQ u=wD|t |WtN Qovr w |HQ=N Q=@ u=}t |r}Uv=Qi}O |x]@=Q T=U=Q@

%CWwv =Q �3 |r= 1�8>><>>:
�q (�) = d2 �M

d�2 (47� 1)
�V (�) = C1 +

R �
0 �q (t) dt (47� 2)

�M (�) = C2 + C1� +
R �

0 (� � t) �q (t) dt (47� 3)
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