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%CWwv 8 |x]@=Q CQwYx@ u=wD|t =Q

aT (x) =
�
a1 (x) ; a2 (x) ; a3 (x) ; :::; anp (x)

	
(8)

,qwtat xm 'CU= pT (x) |x}=B `@=wD Q=OQ@ |=yxrtH O=OaD np '7 |x]@=Q QO
|x}=B `@=wD Q=OQ@ "OwW|t xDWwv p=mU=B �� s=}N |=y|}xrtHOvJ R= xO=iDU= =@

%CU= 9 |x]@=Q CQwYx@ |Oa)@ l} |=[i QO np |x@DQt R= |}xrtHOvJ
pT (x) =

�
p0 (x) ; p1 (x) ; p2 (x) ; :::; pnp (x)

	
=
n
1; x; x2; : : : ; xnp

o
(9)

%OwW|t xv}tm �10 |x]@=Q� Q=OuRw |=]N `@=D 'a (x)?}=Q[ Q=OQ@ |x@U=Lt |=Q@

J =
mX
I

cW (x� xI)
h
uh (x; xI)� u (xI)

i2

=
mX
I

cW (x� xI)
h
pT (xI) a (x)� u (xI)

i2
(10)

C=a@ Qt |xv}tm pmW `@=D R= |Q}oxQy@ =@ Q[=L |xOWx�=Q= VwQ QO "O@=} V}=Ri=
pmW `@=D =Q} R &OwW|t xDN=U q=@ |x@DQt |Q=O}=B |=yxrtH '41�MLS� lQLDt
p@=k x=wNrO |x]kv Qy |=Q@ w OQ=Ov |Q}PBjDWt C}OwOLt lQLDt C=a@ Qt |xv}tm
C=a@ Qt |xv}tm pmW `@=D |=yx@U=Lt QO|}=tv uRw `@=D R= |Q}oxQy@ "CU= x@U=Lt
|Q}PBjDWt 'u; C=kDWt s=tD |oDUw}B Crax@ =D OyO|t =Q u=mt= u}= lQLDt
=D =Q |v=tR |R=UxDUUo CkO u=wD|t Cra u}ty x@ "OwW s=Hv= C}OwOLt uwO@
|OQ@ Q=m Q=}U@ 'xr�Ut |oO}J}B x@ xDU@ C} Rt u}= xm 'O=O V}=Ri= R=}vOQwt u=R}t

"CU=
|v=mt w |v=tR |R=UxDUUo |xwLv w p=}U p=kDv= |xrO=at =OD@= 'xt=O= QO
|xr�Ut wO pL R= pY=L G}=DvTBU "CU= xOW u=}@ u}mQr=o �� Qwr}D VwQ\UwD
l} CmQL x@ \w@ Qt 'pw= |xr�Ut "CU= xOW |UQQ@ |Oa)@ l} Xr=N |}=H@=H
wO Qy "CU= l}Uqm Iwk |x@ Q[ |xO}OB x@ \w@ Qt swO |xr�Ut w |Uwo Gwt
<=RH= VwQ =@ w |R=Ux}@W q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ =@ xr�Ut

"Ov=xOW xU}=kt u}mQr=o |xYNWt OwOLt

sm =L CqO=at "2
Xr=N |}=H@=H |xrO=at =OD@= 'u=mt w |v=tR |R=UxDUUo |=Q@ '|vwvm VN@ QO
CQwY |R=UxDUUo 'xOWxO=iDU= uRw w pmW `@=D |iQat =@ TBU w G=QNDU=
|}=H@=H =@ |Oa)@ l} p=}U p=kDv= |xrO=at ?r=k '|rm Cr=L QO "CU= xDiQ}PB

%CU= 1 |x]@=Q CQwYx@ Xr=N
@�
@t

+ @ (U�)
@x

= 0 (1)

x 'swrat CaQU \UwD xOWpkDvt Qr=mU= C}tm � 'swrat CaQU U 'u; QO xm
2 |x]@=Q u=wD|t 1 |x]@=Q QO jDWt \U@ =@ "OvDUy u=tR Q}eDt t w u=mt Q}eDt

%CWwv =Q
@�
@t

+ U @�
@x

+ �@U
@x

= 0 (2)

xrO=at xm CU= |}xrtH 'CU= xOW xO}Wm \N u; Q} R 'Q}N= |x]@=Q QO xm |DQ=@a
ZQi u=wD|t xrO=at QDW}@ |R=UxO=U |=Q@ p=L "Ovm|t GQ=N |k=Lr=OwN R= =Q
=@ Q@=Q@ 2 |x]@=Q swU |xrtH 'u}=Q@=v@ "OW=@ QiY Q@=Q@ u=} QH 42|}=Qo =w xm OQm

%OQm xO=U 3 |x]@=Q CQwYx@ =Q u; u=wD|t =Pr &OwW|t QiY
@�
@t

+ U @�
@x

= 0 (3)

xDU@=w Q}eDtl} =@ |Oa)@l}Xr=N |}=H@=H |xrO=at |xOvyOu=Wv 'Q}N= |x]@=Q
"CU=

|v=tR |R=UxDUUo "1"2
\U@ R= |v=tR |R=UxDUUo |=Q@ 'q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ QO
|x@DQt jDWt =D CqtH |=Q@ 43K} QY Cr=L QO Qwr}D \U@ "OwW|t xO=iDU= Qwr}D

%CU= 4 |x]@=Q CQwYx@ sQ=yJ
�n+1 =�n + �t@�

n

@t
+ �t2

2
@2�n

@t2 + �t3

6
@3�n

@t3

+ �t4

24
@4�n

@t4 +O(�t5) (4)
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|O

Oa
pL

|xQo |=Q@ hrDNt Q}F-=D |=y`=aW =@ lQLDt C=a@ Qt |xv}tm pmW `@=D "1 pmW
"x = 0

"hrDNt Q}F-=D |=y`=aW =@ |}=tv uRw `@=D "2 pmW

"OW=@ QiY R= QDnQR@ W (x� xI) 'Q}F-=D |xvt=O uwQO \=kv |=Q@ ��
"OW=@ QiY =@ Q@=Q@ W (x� xI) 'Q}F-=D |xvt=O R= GQ=N \=kv |=Q@ ��

"O@=} Vy=m Q=wty w CN=wvm} pmW x@ `@=D 'Q_vOQwt |x]kv R= uOWQwO =@ ��
"OW=@ Q=wty =yRQt QO ,=YwYN '|i=m |xR=Ov= x@ `@=D ��

`@=D =Pr 'CU= R=}v pmW `@=D sQ=yJ |x@DQt |oDUw}B 'Q[=L VywSB QO
CQwY u}O@ &CU= xDUw}B u; |=yjDWt |t=tD xm 'CU= xOW xO=iDU= |}=tv uRw
CQwYx@ |}=tv uRw `@=D \@=wQ "OwW|t umtt q=@ |x@DQt |=yxrO=at pL u=mt=

%CU= 19 |x]@=Q

cW (x� xI) � cW �
d
�

=

8<: e�
�
d0 3
�2

d � 1
0 d > 1 (19)

CQwYx@ xm CU= |QDt=Q=B u=wvax@ 'xOWp=tQv |xrY=i u=wva =@ d 'u;QO xm
%OwW|t u}}aD 20 |x]@=Q

d = jx� xI j
dw

= d
dw

(20)

uRw `@=D '2 pmW QO [21]"CU= Q_vOQwt |x]kv Q}F-=D `=aW Qov=}@ dw 'u; QO xm
"OwW|t xOy=Wt +1 =D �1|xvt=O QO hrDNt Q}F-=D |=y`=aW =@ |}=tv

|x]kv C=YDNt u=wvax @ x 'Q_vOQwt |xQo C=YDNt u=wvax@ xI 'u; QO xmcW (x� xI) w xI |xQo QO |}xQo QDt=Q=B Q=Okt uI '=yxQo O=OaD m 'Q_vOQwt
%CWwv =Q 11 |x]@=Q u=wD|t @J

@a = 0 uO=OQ=Qk =@ p=L "CU= uRw `@=D
A (x) a (x) = B (x)Us (11)

QF-wt `=aW uwQO \=kv |}xQo |=yQDt=Q=B s=tD pt=W xm CU= |Q=OQ@ Us 'u; QO xm
%CU= �12 |x]@=Q j@=]t�

Us = fu1; u2; u3; :::; umgT (12)

%OvwW|t h} QaD 14 w 13 |=yx]@=Q CQwYx@ B (x) w A (x) |=yT} QD=t

A (x) =
mX
I=1

cW (x� xI) p (xI) pT (xI) (13)

B (x) = [B1; B2; B3; :::; Bm] ; BI = cW (x� xI) p (xI) (14)

l} pT (xI) w n � 1 Q=OQ@ l} p (xI) xmv}= x@ xHwD =@ CU= sRq QmPD u}=
'11 |xrO=at pL =@ "OW Oy=wN n� nT} QD=t l} A (x) 'CU= 1� n Q=OQ@

"O};|t CUOx@ 15 |x]@=Q CQwYx@ a (x)

a (x) = A�1 (x) B (x)Us (15)

xDWwv 16 |x]@=Q pmW x@ ?} QkD `@=D '7 |xrO=at QO 15 |xrO=at |Q=Po|=H =@
%OwW|t

uh (x) =
mX
I=1

npX
j=1

pj (x)
�

A�1 (x) B (x)
�
jI
uI =

mX
I=1

NI (x)uI

= NT (x)Us (16)

|xv}tm pmW `@=D NI (x) "CU= p (x) s)=j |xrtH x@ \w@ Qt pj (x) 'u; QO xm
%OwW|t h} QaD 17 |x]@=Q CQwYx@ w CU= I |xQo lQLDt C=a@ Qt

NI (x) =
npX
j=1

pj (x)
�

A�1 (x) B (x)
�
jI

= pTA�1BI (17)

CQwYx@ xQo m |=Q@ lQLDt C=a@ Qt |xv}tm pmW `@=wD Q=OQ@ '?}DQD u}= x@
%OwW|t h} QaD 18 |x]@=Q

N (x) = [N1 (x) ; N2 (x) ; N3 (x) ; :::; Nm (x)] (18)

QmvwQm |=DrO \QW 'lQLDt C=a@ Qt |xv}tm pmW `@=D |rmQw]x@ xmCU= QmP u=}=W
[21]"OR=U|tv xOQw;Q@ =Q

|=Q@ hrDNt Q}F-=D |=y`=aW =@ lQLDt C=a@ Qt |xv}tm pmW `@=D '1 pmW QO
�1 |xvt=O QO 0 1 |v=mt pY=wi =@ xQo 21 O=OaD "CU= xOW sUQ x = 0|xQo
xOW xDiQo Q_v QO pT (x) = f1; xg CQwYx@ x}=B `@=D Q=OQ@ w xDiQo Q=Qk +1 =D

"CU=
uRw `@=D "2"2"2

QO ,=t}kDUt xm 'CU= lQLDt C=a@ Qt |xv}tm pmW `@=D QO QF-wt |QDt=Q=B 'uRw `@=D
`@=D "OQ=O Vkv pmW `@=D uOw@ Q=wty w xDUw}B QO w B (x) 'A (x) |=yT} QD=t

[21]%OW=@ xDW=O |oS} w 4 O}=@ 'uRw
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xQ=t
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|xQ
wO'

�14
03

u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt %=@ OvDUy Q@=Q@ 27 |x]@=Q j@] xm

M =
Z
NaNbdx

C =
Z
NaU

@Nb
@x

d

Ku =
Z
NaU 2 @2Nb

@x2 dx

Kuu =
Z
NaU 3 @3Nb

@x3 dx

Kuuu =
Z
NaU 4 @4Nb

@x4 dx (27)

%OwW|t xO=U 28 |x]@=Q pmW x@ 26 |x]@=Q

M ���n =
�
��tC+�t2

2 Ku � �t3

6 Kuu + �t4

24 Kuuu

�
�n

(28)

|=yxrtH Qov=}@ 'CU= xOW xO}Wm \N u; Q} R 28 |x]@=Q QO xm |DQ=@a
u}mQr=o VwQ 'OW xDio QDW}B xm Qw]u=ty "CU= xrO=at |q=@ CkO |x@DQt
OQ=Ov =Q Xr=N |}=H@=H p�=Ut pL |}=v=wD 'pw= |x@DQt |=yxrO=at =@ OQ=Ov=DU=
OwOLt <=RH= VwQ QO xm CU= xHwD p@=k R}v xDmv u}= "CU= Q=O}=B=v xW}ty w
=D |rmQw]x@ w� sQ=yJ |x@DQt =D =yxrO=at |xaUwD C}r@=k 'u}mQr=o |xYNWt
swO x@DQt |xrtH =D xm CU= umtt \ki w OQ=Ov OwHw �2 R= QDq=@ |=yx@DQt
p}O@D pw= |x@DQt x@ 'uOt;QO h}a[ pmW x@ R= TB xrtH u}= "OwW xDWwv
VwQ R= xO=iDU= =@ =t= "CU= pL p@=k OwOLt <=RH= pmW `@=D =@ w OwW|t
=Q =yxrtH u=wD|t 'q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ |xOWxO=O xaUwD
|oO}J}B x@ xHwD =@ "O=O V}=Ri= =Q p}rLD CkO w CWwv x=wNrO |x@DQt =D
Vy=m =} V}=Ri= =Q q=@ |x@DQt |=yxrtH u=wD|t 'QDq=@ CkO x@ R=}v w xr�Ut
'pmW `@=D uOw@ QDxO=U Crax@ u}mQr=o |xYNWt OwOLt <=RH= VwQ QO "O=O
CQwY u}mQr=o �� Qwr}D |xm@WuwO@ VwQ R= QD`} QU Q=}U@ |OOa |=yx@U=Lt
|OOa C=@U=Lt sHL x@ QDq=@ CkO |=yx@DQt R= xO=iDU= u}vJty "OQ}PB|t
`@=wD xm CU= R=}v |Oa)@ xU w wO |=yCr=L |=Q@ CU= QmP u=}=W "O}=Ri=|t
|}x_Lqt p@=k Qw]x@ xm 'OvwW |Oa)@ xU w wO '=yu; |=yjDWt x=Qty x@ pmW
|D=@U=Lt |xv} Ry u}= uDN=OQB 'p=L u}= =@ "Ov}=Ri=|t C=@U=Lt u=tR Ov};Qi x@
u}mQr=o |xYNWt VwQ x@ C@Uv p�=Ut |OOa p}rLD QO CkO V}=Ri= ?Hwt

"OwW|t

EL@ w G}=Dv "3
=@ u; |xU}=kt w u}mQr=o �� Qwr}D VwQ |q=@ |x@DQt |=yxrtH Q}F-=D |UQQ@ |=Q@
xOW p}rLD |Uwo Gwt `HQt |xr�Ut =OD@= 'u}mQr=o |xYNWt OwOLt <=RH= VwQ
Q}F-=D |=y`=aW QO '|Q=O}=B |xrtH |xrtHhrDNt |=yx@DQt =@ xr�Ut u}= [21]"CU=
|xm@WuwO@ VwQ QO =Q q=@ |x@DQt jDWt =@ =yxrtH QF= =D &CU= xOW pL Cw=iDt
u=Wv VwQ Qy |=y=]N R}v pw= |xr�Ut |=yDv= QO "OyO u=Wv u}mQr=o �� Qwr}D
l}Uqm Iwk |x@ Q[ `HQt |xr�Ut 'xOW|UQQ@ swO |xr�Ut "CU= xOW xO=O
OwOLt <=RH= VwQ w q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ G}=Dv "CU=

"Ov=xOW xU}=kt u}mQr=o |xYNWt

u}mQr=o |v=mt |R=UxDUUo "3"2"2
u=wD|t Q}eDt ?} QkD |=Q@ =OD@= "OwW|t s=Hv= u}mQr=o VwQ =@ |v=mt |R=UxDUUo

%CWwv =Q 21 \@=wQ

�n+1 =
X

Nb�
n+1 �n =

X
Nb�

n (21)

%CWwv 22 |x]@=Q CQwYx@ u=wD|t =Q 6 |x]@=Q

�n+1 � �n + �t
�
U @�
@x

�n
� �t2

2
�
U 2 @2�

@x2

�n
+ �t3

6
�
U 3 @3�

@x3

�n
� �t4

24
�
U 4 @4�

@x4

�n
= 0 (22)

|x]@=Q |rm CQwY "OvwW |Q=Po}=H 22 |x]@=Q QO 21 \@=wQ Q}O=kt O}=@ p=L
%CU= 23 |x]@=Q pmW x@ Q=OuRw |xOv=t|k=@Z

NaR (x) dx = 0 (23)

'OW=@ xDW=Ov OwHw xr�Ut QO `@vt |xrtH xvwoI}y xm |D}a[w QO 'u; QO xm
"CU= 24 |x]@=Q =@ Q@=Q@ R (x) '(Q = 0)

R (x) =
X

Nb�
n+1 �XNb�

n + �t

24U @ �PNb�
n
�

@x

35n

� �t2

2
24U 2 @

2 �PNb�
n
�

@x2

35n

+ �t3

6
24U 3 @

3 �PNb�
n
�

@x3

35n

� �t4

24
24U 4 @

4 �PNb�
n
�

@x4

35n = 0 (24)

%CWwv =Q 25 |x]@=Q u=wD|t u; |R=U?DQt w Q=OuRw |xOv=t|k=@ p=QoDv= pL =@Z
NaNbdx���n = ��t

�Z
Na
�
U @Nb�

n

@x

�n
dx
�
�n

+�t2

2
0@Z Na

24U 2 @
2 �Nb�n�
@x2

35ndx1A�n

+�t3

6
0@Z Na

24U 3 @
3 �Nb�n�
@x3

35ndx1A�n

��t4

24
0@Z Na

24U 4 @
4 �Nb�n�
@x4

35ndx1A�n (25)

%CWwv 26 |x]@=Q pmW x@ u=wD|t =Q 25 |x]@=Q

M ���n =��t (C)�n + �t2

2 (Ku)�n � �t3

6 (Kuu)�n

+ �t4

24 (Kuuu)�n (26)
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"|Uwo Gwt CmQL |xr�Ut QO x}rw= \}=QW "3 pmW

R= TB 0 25 Cv=Qwm =@ u}mQr=o OQ=Ov=DU= u}mQr=o VwQ ?=wH |xH}Dv "4 pmW
"|Uwo Gwt CmQL |xr�Ut QO x}v=F 0 2 CWPo

0 25 Cv=Qwm =@ u}mQr=o |xYNWt OwOLt <=RH= w j}kO ?=wH |xU}=kt "5 pmW
"|Uwo Gwt CmQL |xr�Ut QO x}v=F 1 2 CWPo R= TB

CWPo R= TB u}mQr=o |xYNWt OwOLt <=RH= VwQ ?=wH |xH}Dv 'xt=O= QO
"OwW|t xOy=Wt 5 pmW QO x}v=F 1 2

Q@=Q@ '32 |x]@=Q T=U=Q@ u}mQr=o |xYNWt OwOLt <=RH= VwQ |=]N Q=Okt
<=RH= VwQ xm OQm xOy=Wt u=wD|t QwmPt pmW x@ xHwD =@ "CU= xOw@ 0 532 =@
uO}UQ R= p@k |oOWQ=wty |O=} R Q=Okt 'u=tR CWPo =@ u}mQr=o |xYNWt OwOLt
CkO =@ Gwt |R=Ux}@W u=wD w xDW=O u; R= Oa@ u=Uwv |Q=Okt w xv}W}@ C_re x@
=yxrO=at x@ swO |x@DQt |xrtH uOQmxi=[= 'u}= OwHw =@ =t= &CU= xDW=Ov =Q q=@
VwQ x@ C@Uv |yHwD p@=k Ow@y@ w CU= xOW xr�Ut u}= |=Q@ G}=Dv |Q=O}=B ?@U
�� Qwr}D |xm@WuwO@ VwQ R= xO=iDU= =@ 'xt=O= QO "OwW|t xOy=Wt OQ=Ov=DU= u}mQr=o

|Uwo Gwt |xr�Ut "1"3
Q}eDt l} 'u; QO � Q}eDt xm 'CU= |Uwo Gwt l} CmQL x@ \w@ Qt 'pw= |xr�Ut
'Q[=L VywSB hOy xm |}=Hv; R= "CU= p=}U C_re |xOvyOu=Wv w Qr=mU=
u}=Q@=v@ 'CU= Oa)@ l} QO q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ |UQQ@
sm =L|xrO=at "CU= xOW xDiQo Q_v QO C@=F CaQU =@ |ki= Oa)@ QO Gwt CmQL

%CU= 29 |x]@=Q CQwYx@ Oa)@ l} QO xr�Ut u}=
@�
@t

+ U @�
@x

= 0 (29)

=yRQt QO xrm} QO |RQt \}=QW "CU= xOW xDiQo Q_v QO OL=w =@ Q@=Q@ U 'u; QO xm
%CU= 30 |x]@=Q CQwYx@ R}v

� (x; t) = 0; x = 0 (30)

Cr=L QO w x = (�1;+1) CQwYx@ pw= Cr=L QO xr�Ut |xvt=O u}vJty
j@=]t R}v x}rw= \}=QW "CU= x = (�1;+10) |vqw] \}=QW |=Q@ 'xr�Ut swO

%CU= 31 |x]@=Q
� (x; t = 0) = e�

r2
2�2 (31)

"CU= �0 5 Q@=Q@ x0 |x]kv w x |x]kv u}@ |xrY=i 'r = x� x0 'u; QO xm
xm 'Ovm|t pQDvm =Q |Uwo Gwt |xR=Ov= xm CU= |D@=F Q=Okt � ?} Q[ u}vJty
=ir; Q=Okt xJ Qy xm CU= sRq QmPD u}= "CU= xOW xDiQo Q_v QO 0 025 =@ Q@=Q@
u; |OOa |R=Ux}@W w p}mWD p}rLD QO QDOvD ?}W =@ |Hwt 'OW=@ QDtm (�)

x}v=F 1 2 u=tR COt CWPo R= TB pw= Cr=L QO 'p}rLD |=Q@ "OwW|t QDCNU
j}kO Q=Okt =@ hrDNt |=yVwQ G}=Dv 'x}v=F 10 CWPo R= TB swO Cr=L QO w
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|=]N w A T} QD=t uOW`[w O@ Ea=@ 'lJwm Q=}U@ Q}F-=D |=y`=aW R= xO=iDU=

"CU= xOW Q}PB=vuwQ=w '|]}=QW QO |DL w u; uwQ=w O=} R
`=aW Cr=L QO swO |x@DQt Cr=L |=]N pwOH '6 pmW |UQQ@ =@ u}vJty

"�1 pwOH� CU= xOW x�=Q= Q@=Q@ wO Q}F-=D
CqO=at h}a[ sQi R= u}mQr=o |xYNWt OwOLt <=RH= VwQ xm |}=Hv; R=
�� Qwr}D |xm@WuwO@ VwQ QO xm OwQ|t Q=_Dv= u}=Q@=v@ 'Ovm|t xO=iDU= swO |x@DQt
`=aW QDt=Q=B K}LY uOQmv?=NDv= w OW=@ syt Q=}U@ Q}F-=D `=aW QDt=Q=B 'u}mQr=o
u}mQr=o �� Qwr}D |xm@WuwO@ VwQ |xH}Dv O}=@ =Pr "OwW ?U=vt=v G}=Dv x@ QHvt
<=RH= VwQ =@ �|}xQo |xrY=i Q@=Q@ 2 =Hv}= QO� ?U=vt Q}F-=D `=aW QO swO |x@DQt

"OwW xU}=kt u}mQr=o |xYNWt OwOLt
Q}F-=D `=aW xU =@ swU |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ |=Q@ G}=Dv
swU |x@DQt Cr=L |=]N 'u; j@=]t xm &OwW|t xOy=Wt 7 pmW QO hrDNt
"CU= xOW x�=Q= 2 pwOH QO Cw=iDt Q}F-=D `=aW Cr=L xU QO j}kO ?=wH x@ C@Uv
|=yxrtH Q}F-=D 'swU |x@DQt |Q=O}=B |=yxrtHV}=Ri= =@ xm OvyO|t u=Wv G}=Dv
Cr=L x@ C@Uv |yHwD p@=k u=R}t x@ CkO w xOQm =O}B Vy=m 'xrO=at QO |}=H@=H
'OwW|t xOy=Wt |oOWQ=wty |Q=Okt u=vJty =t= &CU= xDi=} V}=Ri= swO |x@DQt
"CU= swU |x@DQt Cr=L R= QDq=@ |mOv= 'j}kO Cr=L QO Gwt |xrk xm |Qw]x@
Q@=Q@ wO Q}F-=D `=aW QO xm 'swO |x@DQt Cr=L hqNQ@ xm CU= QmP u=}=W u}vJty
`=aW x@ R=}v swU |x@DQt Cr=L QO 'O=O|t u=Wv |@U=vt G}=Dv '|}xQo |xrY=i

45



Q=mt
yw

=}v|
O@yB

U=
u=t=

U/
"""|

Oa )@
l}

Xr
=N|

}=H@
=Hp

�=Ut
|O

Oa
pLw swU 'swO |=yx@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ |=]N Q}O=kt "4 pwOH

"Q}F-=D `=aW hrDNt Q}O=kt QO CkO sQ=yJ
0 025 =@ Q@=Q@ =ir; QO =]N Q=Okt VwQ |x@DQt

|}xQo |xrY=i Q@ Q}F-=D `=aW C@Uv |xm@WuwO@
Q@=Q@ 4 Q@=Q@ 3 Q@=Q@ 2 u}mQr=o �� Qwr}D

�� �� 2 503837079 swO |x@DQt
0 204655211 0 234163197 9 495221666 swU |x@DQt
0 125424365 0 114719090 �� sQ=yJ |x@DQt

q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ |tD} Q=or |=]N Q}O=kt "9 pmW
"hrDNt |}xQo |xrY=i x@ Q}F-=D |=y`=aW C@Uv QO

|tD} Q=or T=}kt R= '=y=]N l}miD Ow@y@ |=Q@ w xOWv x�=Q= 9 pmW QO p}rLD
"CU= xOW xO=iDU=

pmW `@=D R= xO=iDU= Cra x@ xm@WuwO@ |=yVwQ xm OwW u=}@ O}=@ R}v xDmv u}=
pmW `@=D x@ C@Uv C=@U=Lt |=Q@ |QDW}@ u=tR x@ R=}v 'lQLDt C=a@ Qt |xv}tm
|=yxrtH R= xm OwW|t TwULt |v=tR |D=@U=Lt |xv} Ry u}= "OvQ=O OwOLt <=RH=
`@=D |x@U=Lt Q@xwqa CU= sRq =Q} R &OwW xO=iDU= =yxrO=at QO |QDq=@ |x@DQt
O=yvW}B =Pr "OwW xO=iDU= 28 |x]@=Q j@] R}v u; |=yjDWt 'x]kv Qy QO pmW
q=@ |x@DQt |=yxrtH R= 'OvQ=O |}q=@ C=@U=Lt |oO}J}B xm |r�=Ut |=Q@ OwW|t

"OwW xO=iDU=
s=Qi VwQ =@ |r@k |xOWpY=L G}=Dv 'pw= Cr=L QO xr�Ut p}rLD |=yDv= QO
x}v=F 0 005 |v=tR s=o QO w xQo 201 =@ u=mt QO wQUB w u=tR QO wQW}B VwQ w

"OwW|t xOy=Wt 10 pmW QO �0 5 Cv=Qwm �
|xm@WuwO@ VwQ 'Q@=Q@ Cv=Qwm QO xm CiQo xH}Dv u=wD|t 10 pmW j@=]t
"CU= xOQm x�=Q= Qo}O VwQ wO x@ C@Uv |QDy@ G}=Dv q=@ |x@DQt u}mQr=o �� Qwr}D
QO wQUB w u=tR QO wQW}B VwQ w s=Qi VwQ xm CU= |QwQ[ R}v xDmv u}= QmP xD@r=
�� Qwr}D |xm@WuwO@ VwQ x@ C@Uv |v=mt |R=UxDUUo QO |oO=U Crax@ u=mt
u=wvax@ "Ovvm|t p}rLD QD`} QU =Q p�=Ut |}x_Lqt p@=k Qw]x@ q=@ |x@DQt u}mQr=o
|xm@WuwO@ VwQ =@ |OOa p}rLD QO |v=tR s=o Qy 'xOWpL |xr�Ut QO 'p=Ft
s=o Qy xm |r=L QO &CU= x}v=F 0 1406 =@ Q@=Q@ sQ=yJ |x@DQt u}mQr=o �� Qwr}D
|xHQO =@ VwQ |Q}oQ=mx@ "OQ@|t u=tR x}v=F 0 0003 \ki s=Qi VwQ QO |v=tR
QO wQW}B VwQ w s=Qi VwQ Ovv=t QDxO=U |OOa |=yVwQ R= lW|@ 'q=@ CkO
'OQ=Po|t Q=}DN= QO QwmPt VwQ xm |DkO =t= &CU= QDQ@v=tR u=mt QO wQUB w u=tR
OvJ Qy &O};|tv CUOx@ QDxO=U |OOa |=yVwQ QO xm@W uOQmQ@=Q@ OvJ =@ =U@ xJ

"OW=@v |rta xm@W O=a@= Vy=m |DL CU= umtt |}=yOQ@ Q=m QO xm

|x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ w j}kO ?=wH G}=Dv |xU}=kt "8 pmW
"|}xQo |xrY=i x@ Q}F-=D `=aW C@Uv w x}v=F 1 2 u=tR QO 0 5 Cv=Qwm =@ sQ=yJ
Cr=L QO sQ=yJ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ |=]N Q}O=kt "3 pwOH

"Q}F-=D `=aW hrDNt Q}O=kt QO 0 025 Q@=Q@ =ir;
=]N Q=Okt Q}F-=D `=aW Q=Okt

�� =yxQo |xrY=i Q@=Q@ 2
0 114719090 =yxQo |xrY=i Q@=Q@ 3
0 125424365 =yxQo |xrY=i Q@=Q@ 4

Cr=L |=]N '3 pwOH QO 'u; j@=]t xm &OwW|t xOy=Wt 8 pmW QO hrDNt
"CU= xOW x�=Q= Cw=iDt Q}F-=D `=aWCr=L xU QO j}kO ?=wH x@C@Uv sQ=yJ |x@DQt
uOWQ=O}=B=v Crax@ '|Q@=Q@ wO Q}F-=D `=aW QO G}=Dv xm CU= QmP u=}=W R}v xDmv u}=
O=OaD x@ sQ=yJ |x@DQt `@=D |x@U=Lt |=Q@ =Q} R &CU= xOWv xO=O u=Wv |R=Ux}@W

"OwW|tv u}t-=D u}}=B Q}F-=D |=y`=aW QO xm 'CU= G=}DL= |QDW}@ \=kv
V}=Ri= |v=R}t x@ xm &OwW|t xOy=Wt sQ=yJ |x@DQt Cr=L QO G}=Dv u} QDj}kO
j@]vt |O=} R ,=D@Uv u=R}t x@ ?=wH w xO=Ov MQ G}=Dv QO |oOWQ=wty xm CU= xDi=}
VwQ G}=Dv R= xOt;CUOx@ |=]N Q=Okt 'C}=yv QO "CU= xOw@ j}kO G}=Dv Q@
xOW x�=Q= 4 pwOH QO xYqN CQwYx@ 'q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@

"CU=
QO u}mQr=o �� Qwr}D |xm@WuwO@ VwQ 'CU=XNWt 4 pwOH QO xm Qw]u=ty
|QDj}kO C@Uv x@ |=y?=wH 'R=}vOQwt Q}F-=D `=aW |xv}tm ?=NDv= =@ sQ=yJ |x@DQt
|x@DQt Qy |=Q@xv}y@ Q}F-=D `=aW uDi=} |=Q@ "CU= xO=O x�=Q= QDu}}=B |=yx@DQt Q}=U R=
xOW x@U=Lt =yxQo |xrY=i Q@=Q@ 4 =D 2 |xR=@ R= Q}F-=D `=aW Qy |=]N Q=Okt 'CkO
Q=O}=B=v G}=Dv xm CU= QmP u=}=W "OwW|t xOy=Wt =]N |Q=Okt '9 pmW QO "CU=

46



2|
xQ=t

W'
40

|xQ
wO'

�14
03

u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt

|x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ w j}kO ?=wH G}=Dv |xU}=kt "13 pmW
4 |}xQo |xrY=i x@ Q}F-=D `=aW C@Uv w x}v=F 10 u=tR QO 0 5 Cv=Qwm =@ swU

"Q@=Q@

q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ|tD} Q=or |=]N Q}O=kt "14 pmW
|xvt=O =@ |Uwo |xr�Ut QO hrDNt |}xQo |xrY=i x@ Q}F-=D |=y`=aW C@Uv QO

"QDnQR@

"�0 5 Cv=Qwm � CU= xOw@ 0 005 |v=tR s=o =@ 'p@k
u=vJty 'x}v=F 10 u=tR CWPo =@ xm OQm xOy=Wt u=wD|t G}=Dv |xU}=kt =@
x@ C@Uv |QDpw@k p@=k G}=Dv 'sQ=yJ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ

"CU= xO=O x�=Q= =yVwQ |k=@
xOW x@U=Lt =yxQo |xrY=i Q@=Q@ 4 =D 2 |xR=@ R= Q}F-=D `=aW Qy |=]N Q=Okt
p}rLD Q=O}=B=v G}=Dv xm CU= QmP u=}=W "CU=]N Q}O=kt x@ \w@ Qt '14 pmW "CU=
xO=iDU= |tD} Q=or T=}kt R= '=y=]N l}miD Ow@y@ |=Q@ w xOWv x�=Q= 14 pmW QO

"CU= xOW
|=]N 'x@DQt CkO V}=Ri= =@ OQm xOy=Wt u=wD|t 14 pmW x@ xHwD =@
|=y`=aW QO =Q =]N |=yu=Uwv u=wD|t u=vJty =t= &OW Oy=wN QDtm xOWpY=L

"OQm xOy=Wt hrDNt Q}F-=D
s=Qi VwQ =@ |r@k |xOWpY=L G}=Dv 'swO Cr=L QO xr�Ut p}rLD |=yDv= QO
x}v=F 0 005 |v=tR s=o QO w xQo 1101 =@ u=mt QO wQUB w u=tR QO wQW}B VwQ w

"OwW|t xOy=Wt 15 pmW QO �0 5 Cv=Qwm �
VwQ =@ |OOa p}rLD QO |v=tR s=o Qy 'p=Ft u=wvax@ R}v xr�Ut u}= QO
QO &CU= xOw@ x}v=F 0 7187 =@ Q@=Q@ sQ=yJ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@
|xU}=kt =@ "CU= xOQ@ u=tR x}v=F 0 0014\ki s=Qi VwQ QO|v=tR s=o Qy xm|r=L
|=Q@ QDW}@ |D=@U=Lt |xv} Ry hQY <=R= x@ xm CiQo xH}Dv u=wD|t 15 pmW G}=Dv

VwQ =@ q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ G}=Dv |xU}=kt "10 pmW
|xvt=O =@ xr�Ut QO 0 5 Cv=Qwm =@ u=mt QO wQUB w u=tR QO wQW}B VwQ w s=Qi

"lJwm

|x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ w j}kO ?=wH G}=Dv |xU}=kt "11 pmW
wO |}xQo |xrY=i x@ Q}F-=D `=aW C@Uv w x}v=F 10 u=tR QO 0 5 Cv=Qwm =@ swO

"Q@=Q@

|x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ w j}kO ?=wH G}=Dv |xU}=kt "12 pmW
3 |}xQo |xrY=i x@ Q}F-=D `=aW C@Uv w x}v=F 10 u=tR QO 0 5 Cv=Qwm =@ swU

"Q@=Q@
=O}B V}=Ri= |D=@U=Lt |xvt=O '|Uwo Gwt |xr�Ut p}rLD swO Cr=L QO
QO CkO swO |x@DQt |=Q@ x}v=F 10 CWPo R= TB xOWpY=L G}=Dv "CU= xOQm
13 pmW QO CkO sQ=yJ |x@DQt w 12 pmW QO CkO swU |x@DQt '11 pmW
xv}tRTB pwrU 1100 x@ |D=@U=Lt |xvt=O 'Cr=L u}= QO "OvwW|t xOy=Wt
Ovv=t x@ w 0 01 Q@=Q@ �x |=yxrY=i =@ xQo 1101 pt=W xm 'CU= xOW s}UkD

47



Q=mt
yw

=}v|
O@yB

U=
u=t=

U/
"""|

Oa )@
l}

Xr
=N|

}=H@
=Hp

�=Ut
|O

Oa
pL

"CirO Q=}at |xr�Ut Q}W �� xrwr �� uRNt sDU}U "16 pmW
"CirO `HQt l}Uqm Iwk |x@ Q[ |xr�Ut C=YNWt "5 pwOH

Q}O=kt xr�Ut C=YNWt
20 �QDt� xrwr pw]
813 �QDt|r}t� xrwr |HQ=N Q]k
8 �QDt|r}t� xrwr |xQ=OH Ct=N[

210 �p=mU=B=o}o � nv=} pwOt
2 1 �p=mU=B=o}o � lr=@ pwOt
1 �x}v=F Q@ QDt� p=}U CaQU

1000 �?amtQDt Q@ sQowr}m � p=}U |r=oJ
0 3 uwU=wB ?} Q[

CQwYx@ xm 'OwW|t x@U=Lt nwDQwm �� RDrwytry |x]@=Q j@] p=}U Gwt CaQU
%CU= 38 |x]@=Q

aHK =

s
K

�f
�1 + DK

eE

� (38)

xrwr |xQ=OH Ct=N[ e 'xrwr Q]kD 'p=}U |r=oJ �f 'lr=@ pwOtK 'u; QO xm
"CU= 1025 =@ Q@=Q@ 38 |x]@=Q j@] p=}U Gwt CaQU "CU= nv=} pwOt E w
�� Qwr}D |xm@WuwO@ VwQ w u}mQr=o |xYNWt OwOLt <=RH= VwQ wO =@ xr�Ut
pwrU 200 x@ |D=@U=Lt |xvt=O "CU= xOW pL sQ=yJ w swU |=yx@DQt u}mQr=o
w xOw@ 0 1 Q@=Q@ �x |=yxrY=i =@ xQo 201 pt=W xm 'CU= xOW s}UkD xv}tRTB
QO |v=tR s=o u}vJty "CU= xOW xO=iDU= Two |x]kv 5 R= '=yu; R= s=Om Qy uwQO
0 000075 =@ Q@=Q@ swOCr=L QO w �0 5Cv=Qwm � x}v=F 0 00005 =@ Q@=Q@ pw=Cr=L
|xrY=i Q@=Q@ 2 2 =@ Q@=Q@ Q}F-=D `=aW w pT (x) = f1; xg '�0 75 Cv=Qwm � x}v=F
"CU= xOW p}rLD x}v=F 0 2 u=tR =D xr�Ut G}=Dv "CU= xOW xDiQo Q_v QO =yxQo
=yxYNWt VwQ R= xO=iDU= =@ Q}W |x}L=v QO Oy |v=tR |xJN} Q=D Q=Okt u}vJty

"OwW|t xOy=Wt 17 pmW QO
18 pmW QO u}mQr=o |xYNWt OwOLt <=RH= VwQ =@ xOt;CUOx@ G}=Dv
|x}L=v QO Oy |v=tR |xJN} Q=D x@ \w@ Qt 'hr= � 18 pmW xm 'OwW|t xOy=Wt

"CU= x}v=F 0 1 u=tR QO u=mt �� Oy x@ \w@ Qt '? � 18 pmW w Q}W
Q=}U@ u}mQr=o |xYNWt OwOLt <=RH= VwQ QO xOWpY=L |=yu=Uwv Q=Okt
xrO=at x@ QDq=@ |x@DQt CqtH 'CkO V}=Ri= |=Q@ 'u}=Q@=v@ "CU= x_Lqt p@=k

VwQ =@ q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ G}=Dv |xU}=kt "15 pmW
|xvt=O =@ xr�Ut QO 0 5 Cv=Qwm =@ u=mt QO wQUB w u=tR QO wQW}B VwQ w s=Qi

"nQR@
"O};|t CUOx@ |QD?wr]t G}=Dv 'q=@ |x@DQt u}mQr=o �� Qwr}D |xm@WuwO@ VwQ
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= 0 (34)

?=DW g w p=}U Gwt CaQU cf 'p=}U OyH 'p=}U CaQU Qov=}@ V '=yu; QO xm
35 |x]@=Q CQwYx@ u=wD|t =Q xr�Ut u}= sm =L |xrO=at "CU= u}tR |Wv=Qo

%CWwv
@�
@t

+ U @�
@x

= 0 (35)
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24 0 g
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g 0

35 w � =

"
V
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#
'u; QO xm

CU= CirO `HQt |xr�Ut 'Q[=L VywSB QO xOW|UQQ@ swO |xr�Ut
[22]"CU= xOW x�=Q= 5 pwOH QO u; C=YNWt xm '�16 pmW�

xrJ} QO |RQt \}=QW "CU= xOw@ x = (0;+20) CQwYx@ xr�Ut |xvt=O
%CU= 36 |x]@=Q CQwYx@ R}v =yRQt QO

V (20; t) = 0 H (0; t) = 0 x 2 � (36)

%CU= Q=QkQ@ 37 |x]@=Q j@=]t R}v x}rw= \}=QW u}vJty
V (x; t = 0) = 1 0 H (x; t = 0) = 0 0 (37)
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1. Convection
2. Di�usion
3. Self-Adjoint
4. Galerkin
5. Zienkiewicz
6. Petrov-Galerkin Method
7. Damp
8. Guymon
9. Hughes
10. Streamline Di�usion
11. Johnson
12. Crosswind Di�usion
13. Douglas & Russell
14. Non-Conservative
15. Forwarding Track
16. Celia

17. Eulerian-Lagrangian Localized Adjoint
18. Galerkin Least-Squares
19. Characteristic-Galerkin
20. Taylor-Galerkin
21. Donea
22. Forward-Time Taylor Series Expansions
23. Weak Form
24. Zhang
25. Wang
26. Element Free Galerkin
27. Liu
28. Radial Basis Function
29. Li
30. Proper Orthogonal Decomposition
31. Streamline Upwind Petrov-Galerkin
32. Grimberg
33. Projection-Based Reduced-Order Models
34. Modal Truncation

50



2|
xQ=t

W'
40

|xQ
wO'

�14
03

u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt

35. Singh
36. Stabilized Local Meshless Method
37. Shock
38. Javed
39. Radial Basis Functions in Finite Di�erence Method
40. High-Order Taylor-Galerkin Meshless Method
41. Moving Least-Squares
42. Divergence
43. Explicit
44. Fromm
45. Forward Time Backward Space
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