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`]=kt |L=Q] |=Q@ O}k ?r=k QO R}v |Qo}O |=yC}OwOLt 'Q[=L VywSB QO
QO OQor}t O=OaD |xv}tm C}OwOLt ,qFt "CU= xOW xDiQo Q_v QO =yuwDU w =yQ}D
|=yOQor}t u}@ xrY=i |xv}tm =} w OvDUy =yxWwo QO OOa 4 xm uwDU =} Q}D `]kt

"OwW|t xDiQo Q_v QO QDt|r}t 40 Q@=Q@ xm |rw]
C=k@] |@Uv |@v=HQ}}eD C}OwOLt x@ \w@ Qt 'xOWxDiQo Q_v QO O}k u} QN;

%OwW|t pQDvm 12 |x]@=Q T=U=Q@ xm 'CU=
���M � 0 (12)

"CU= xk@] R=Ht |@Uv u=mtQ}}eD �M w xk@] |@Uv u=mtQ}}eD � 'u; QO xm

hOy `@=D "3"3
?UL Q@ w xDN=vW OQmrta Q=}at =} xv} Ry l} u=wvax@ ?re= 'hOy `@=D l}
|r=L QO =Q hOy `@=D Q=Okt u} QDy@ 'xv}y@ |L=Q] "OwW|t u=}@ |L=Q] |=yQ}eDt

|R=Uxv}y@ pOt "3
|xr�Ut Qy Ovv=t |Oa@ wO |xtQ;uD@ |=y?=k |L=Q] |R=Uxv}y@ |xr�Ut pL
u}= "CU= |R=Uxv}y@ X=N Q=DN=U QO xr�Ut h} QaDR=@ OvtR=}v Qo}O |R=Uxv}y@
Qy "OQ=O hOy `@=D w '|L=Q] Ow}k '|L=Q] |=yQ}eDt %|rY= VN@ 3 'Q=DN=U

"Ov=xDiQo Q=Qk EL@ OQwt l}miD x@ xt=O= QO 'QwmPt VN@ 3 R= s=Om

|L=Q] |=yQ}eDt "1"3
|L=Q] |=yQ}eDt 'OvwW|t ?=NDv= xR=U l} |L=Q] K} QWD |=Q@ xm |}=yQDt=Q=B
'=yu; Q=Okt uDW=O =@ xm CU= u}= |L=Q] |=yQ}eDt RQ=@ C}Y=N "OvwW|t xO}t=v
|L=Q] Qy |}=yv hOy '`k=w QO "OQm x�=Q= =Q xR=U R= |OQi x@ QYLvt KQ] u=wD|t
=yQ}eDt u}= "CU= xOWQmP |=yQ}eDt |x�=Q= 'l}Uqm =} w xv}y@ |L=Q] R= sa=
=@ "OvR=U QF-=Dt =Q |L=Q] Ow}k w hOy `@=D Q}O=kt xm OvwW ?=NDv= |}xvwo x@ O}=@
O=a@= Q}}eD =@ u; |=yMU=B w xR=U |xv} Ry 'KrUtuD@ |=y?=k QO xmv}= x@ xHwD
QO =Pr 'OvwW|t Q}}eD Q=JO =yv; QO xDiQ Q=mx@ |=yQwD=tQ; Q=Okt w |vD@ `]=kt
w |WWm |=yQwD=tQ; w =yuwDU w =yQ}D `]=kt `=iDQ= w ZQa 'Q[=L VywSB
?=NDv= |L=Q] |=yQ}eDt u=wvax@ '=yuwDU QO |rw] |=yQwD=tQ; w =yQ}D QO '|Q=Wi

"OvwW|t
xOWQ=}DN= |xOwOLt QO x=wNrO Q=Okt Qy Ovv=wD|t |L=Q] |=yQ}eDt Q}O=kt
h} QaD u}}=B w q=@ OL '|L=Q] |=yQ}eDt |=Q@ u=wD|t "OvyO X=YDN= OwN x@ =Q
OwN x@ xR=@ u}= QO =Q |Q=Okt |R=Uxv}y@ |xrLQt Qy QO Ov=wD|t Q}eDt Qy w OQm
QO 4 |x]@=Q Ovv=t Q=OQ@ l} CQwYx@ Ovv=wD|t |L=Q] |=yQ}eDt "OyO X=YDN=

%OvwW xDiQo Q_v
x = (x1; x2; x3; :::; xn�1; xn) (4)

"OW=@ QwD=tQ; `]kt K]U =} u=tr= l} `]kt `=iDQ= =} ZQa Ov=wD|t xi 'u; QO xm
"OQ=O xOWs=Hv= |Ov@A}D w xR=U O=a@= x@ |oDU@ R}v n Q=Okt

|L=Q] Ow}k "2"3
|Y=N |=yR=}v xm OvwW ?=NDv= |}xvwo x@ O}=@ |L=Q] |=yQ}eDt 'xR=U |UOvyt QO
=} Q=DiQ |=yC}OwOLt xm |Ow}k "OvwW|t xO}t=v |L=Q] Ow}k xm 'Ovvm xOQw;Q@ =Q
|}=Hx@=H 'Ctw=kt |wQ |r=ta= |=yC}OwOLt p}@k R= '|}xR=U sDU}U OQmrta
x@ |oDU@ xm |Ow}k "OvwW|t xO}t=v 5|Q=DiQ Ow}k 'Ovvm|t u=}@ =Q |DNU w
|=yC}OwOLt x@ 'OvQ=O Qo}O |m} R}i |=yC}OwOLt =} w 'CN=U '|UQDUO u=mt=
?r=k QO xm OvDUy |L=Q] |=yC}OwOLt '|L=Q] Ow}k "OvDUy hwQat 6|@v=H
|=yO}k xDUO 2 x@ OwN ,=twta =yO}k "Ov=xOW u=}@ |[=} Q |k]vt |=yCQ=@a
|}xvwo x@ O}=@ xOWx�=Q= KQ] 'C}=yv QO "OvwW|t s}UkD |w=Ut=v |=yO}k w |w=Ut
Ow}k pt=W Ovv=wD|t |L=Q] Ow}k "Ovm =[Q= =Q |L=Q] |=yO}k |xty xm OW=@
|=yO}k ẁv R= ?re= w OvW=@ |}=QH= Ow}k R}v '|UOvyt p�=Ut QO w |}xt=vu}};

"OvDUy |w=Ut=v
"CU= xOW xDiQo Q_v QO =yQ}D `]kt |L=Q] |=Q@ |}=yO}k 'Q[=L VywSB QO
Ctw=kt x@ \w@ Qt O}k "CU=yQ}D |WtN Ctw=kt x@ \w@ Qt O}k 'Ow}k u}= u} QDsyt

%OwW|t pQDvm 5 |x]@=Q j@=]t |WtN
gimb (x) = M i

ub �M i
rb � 0 (5)
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"""xt
Q;uD

@|
WtN

|=y
?=k

|L
=Q]

|R=
Uxv

}y@gimb (x) = M i
ub �M i

rb � 0; i = 1; 2; :::; 3nb
gidb (x) = hi � hiall � 0; i = 1; 2; :::; nb
gid (x) = Dri �Drall � 0; i = 1; 2; :::; ns
gi�bmax (x) = Ats

bidi
� �max � 0; i = 1; 2; :::; 2nb

gi�min (x) = �min � Ais
bidi

� 0; i = 1; 2; :::; 2nb
gi�cmax (x) = Ais

bihi
� �cmax � 0; i = 1; 2; :::; nc

gi�cmin (x) = �cmin � Ats
bihi

� 0; i = 1; 2; :::; nc
bli � bi � bui ; i = 1; 2; :::; nb + nc

hli � hi � hui ; i = 1; 2; :::; nb + nc

Ow}k gin '�xv} Ry� hOy `@=D F '|L=Q] |=yQ}eDt Q=OQ@ x 'xOWx�=Q= |Ov@pwtQi QO
Ow}k gimb '=yuwDU |WtN u=tt pQDvm Ow}k gimc '=yuwDU |QwLt |wQ}v pQDvm
|@v=H u=mtQ}}eD pQDvm Ow}k gid '=yQ}D R}N pQDvm Ow}k gidb '=yQ}D|WtN u=tt pQDvm
gi�bmin '=yQ}D |WWm QwD=tQ; Q=Okt |xv}W}@ pQDvm Ow}k gi�bmax 'C=k@] |@Uv
Q=Okt |xv}W}@ pQDvm Ow}k gi�cmax '=yQ}D |WWm QwD=tQ; Q=Okt |xv}tm pQDvm Ow}k
"CU=yuwDU|rw] QwD=tQ; Q=Okt |xv}tm pQDvm Ow}k gi�cmin '=yuwDU|rw] QwD=tQ;
x@ ns w nc 'nb "CU= xOW u=}@ R}v =yuwDU w =yQ}D O=a@= u}}=B w q=@ OL u}vJty

"CU= xR=U C=k@] w '=yuwDU '=yQ}D O=OaD ?}DQD

|=y?=k |xv}y@ |L=Q] |=Q@ |O=yvW}B sD} Qwor= "4
|vD@

|R=Uxv}y@ |=Q@ [17]'Q=oR=U?} QkD |R=Uxv}y@ VwQ Q=@ u}rw= |=Q@ 'Q[=LVywSB QO
O=OaD p}rO x@ xtQ;uD@ ?=k |R=Uxv}y@ |xr�Ut "CU= xOW xO=iDU= xtQ;uD@ ?=k
|m} '=yu; |]NQ}e |xHQO uOw@q=@ u}vJty w =yu; |oO}J}B w |L=Q] Ow}k O=} R
x@ |Y=N C=O}ytD OvtR=}v u; pL w xOw@ pmWt w xO}J}B |R=Uxv}y@ p�=Ut R=
?} QkD |R=Uxv}y@ VwQ "CU= xr�Ut =@ OwHwt |=ysD} Qwor= uOQmQ=oR=U Qw_vt
|U} wvxt=vQ@ QO xm |}xr�Ut u}rw= "CU}v |vFDUt |rm |xOa=k u}= R= R}v Q=oR=U
xOWh} QaD |L=Q] Ow}k uOw@K} QY Q}e |xr�Ut 'OwW|t OQwNQ@ u; =@ xr�Ut
pL QwmPt pmWt 'Q=oR=U ?} QkD |Q}oQ=m x@ =@ xm 'CU= |L=Q] |=yQ}eDt ?ULQ@
|=yC}U=UL |x@U=Lt CyH |RmQt OwOLt Cw=iD |OOa VwQ =Pr "CU= xOW
|xr�Ut "OwQ|t Q=mx@ 'OQ}o|t Q=Qk xO=iDU= OQwt Q=oR=U ?} QkD VwQ QO xm '|L=Q]
OQwNQ@ u; =@ |]N w |a=HDQ= Q=DiQ |xOwOLt QO xR=U p}rLD p}rO x@ xm |Qo}O
|=yQ}eDt R= |O=OaD x@ C@Uv |L=Q] Ow}k R= |NQ@ C}U=UL uOw@ QiY 'OwW|t
xO=iDU= OQwt w xOW O=yvW}B |rta w QFwt pL x=Q l} '=DU=Q u}= QO "CU= |L=Q]
=yv; x@ \w@ Qt |=yC}U=UL xm |L=Q] |=yQ}eDt 'u; T=U=Q@ xm CU= xDiQo Q=Qk

"OvwW|t GQ=N Q_vOQwt |L=Q] |xNQJ QO |R=Uxv}y@ Ov}=Qi R= 'OvDUy QiY
|L=Q] |=Q@ Q[=L VywSB |O=yvW}B sD} Qwor= 'xOWu=}@ ?r=]t T=U=Q@

%OQm u=}@ =ys=o u}= QO u=wD|t xYqN Qw] x@ =Q KrUtuD@ |=y?=k |xv}y@
"(K = 0) QiY Q@=Q@ |xOvQ=tW uO=OQ=Qk w |L=Q] |=yQ}eDt |x}rw= TOL "1

"u; <=[a= lD lD |=Q@ |Q@ Q=@ C}iQ_ u}}aD w xR=U p}rLD "2

`@=D l} ?=NDv= 'u}=Q@=v@ "OR=U|t sy=Qi 'Ovm|t =[Q= =Q |L=Q] Ow}k |xty xm
|xR=U QO "CU= syt xR=Ov= R= V}@ '|R=Uxv}y@ |xr�Ut l} QO ?U=vt hOy
=Q hOy `@=D u=wD|tv 'CU}v TvH l} R= xR=U Kr=Yt xmv}= p}rO x@ KrUt uD@
|xv} Ry |=v@t Q@ hOy `@=D 'Q[=L VywSB QO "OQm h} QaD sHL =} uRw T=U=Q@
|Ov@?r=k w '|Ov@ QwD=tQ; '|R} QuD@ |xv} Ry pt=W xm 'OwW|th} QaD xR=UCN=U

"CU=
u=tr= |xv} Ry xm 'CU= xOW xDiQo Q_v QO |�RH `@=D wO ẁtHt Q@=Q@ hOy `@=D
|xv} Ry pt=W u=tr= Qy |xv} Ry "Ovm|t XNWt =RHt CQwYx@ =Q Q}D w uwDU
xHw 3 |rta |=yQ=m QO xm xvwou=ty "CU= |Ov@?r=k w '|Ov@ QwD=tQ; '|R} QuD@
xDmv u}= R}v 14 w 13 `@=wD QO 'OwW|t |Ov@?r=k uwDU u=tr= xHw 4 w Q}D u=tr=
w Oqwi sQH OL=w '|R} QuD@ sHL OL=w |=Q@ xv} Ry ?}=Q[ "CU= xOW C}=aQ
C=}[Qi T=U=Q@ "CU= xOW p=ta= Q_vOQwt hOy `@=D QO |Ov@?r=k K]U OL=w

%OQm u}}aD 13 |x]@=Q R= u=wD|t =Q =yQ}D x@ \w@ Qt |xv} Ry 'xOWs=Hv=

Fb =
X

(Cc:bi:hi:Li + Cs:Asti :Li:
s + :::Cf :Li: (bi + 2hi))
i = 1; 2; :::; nb (13)

%O};|t CUOx@ 14 |x]@=Q R= =yuwDU x@ \w@ Qt |xv} Ry
Fc =

X
(Cc:bi:hi:Li + Cs:Asti :Li:
s + Cf :Li 2 (bi + hi))

i = 1; 2; :::; nc (14)

u}}aD 15 |x]@=Q R= xm 'CU=yuwDU w =yQ}D |xv} Ry `tH pY=L 'pm |xv} Ry
%OwW|t

F = Fb + Fc (15)

|xv} Ry Cf 'Oqwi sQH OL=w |xv} Ry Cs 'uD@ sHL OL=w |xv} Ry Cc '=yu; QO xm
'u=tr= pw] L 'u=tr= `]kt `=iDQ= h 'u=tr= `]kt ZQa b '|Ov@?r=k K]U OL=w

"CU= hOy `@=D F w Oqwi `]kt K]U Ast 'Oqwi sHL OL=w sQH 
s

T=U=Q@ KrUt uD@ |=y?=k |xv}y@ |L=Q] |Ov@pwtQi "4"3
CONAP sD} Qwor=

u; |xv} Ry uDN=Uxv}tm 'KrUt uD@ ?=k l} |L=Q] R= hOy 'Q[=L VywSB QO
'=[a= pmWQ}}eD '=[a= Ctw=kt |=yC}OwOLt %pt=W |L=Q] \}=QW QF= CLD
T=U=Q@ "CU=|}=QH=|=yC}OwOLt w|@v=H|=yC}OwOLt 'xR=U|@v=HpmWQ}}eD
VN@ j@=]t |L=Q] Ow}k |Ov@pwtQi '"1"3 VN@ j@=]t |L=Q] |=yQ}eDt h} QaD
|xr�Ut '"3"3 VN@ j@=]t 'hOy `@=D u=wvax@ xv} Ry `@=D |Ov@pwtQi w '"2"3

%OQm |Ov@pwtQi CQwY u}= x@ u=wD|t =Q KrUt uD@ |=y?=k |xv}y@ |L=Q]
Minimize F = f (x1; x2; :::; xn�1; xn)

Subjected to :

gin (x) = N i
u �N i

r � 0; i = 1; 2; :::; nc
gimc (x) = M i

uc �M i
rc � 0; i = 1; 2; :::; nc
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xQ=t
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|xQ
wO'

�13
96

u=DU
@=D�

h}
QW

u=Qt
a|

UOv
yt %CU= xOW xO=iDU= ?=k |L=Q] |=Q@ 'ACI-318-08

U = 1 2D + 1 6L
U = 1 2D + 1 0L� 1 4E
U = 0 9D � 1 4E
xOW p=ta= RmQtDt |=yQ=@ CQwYx@ C=k@] R=QD QO xrRrR |wQ}v xm CU= QmP u=}=W
u=Wv 1 pmW j@=]t ?=k |@v=H |Q=PoQ=@ w |Ov@A}D w |UOvy C=YNWt "CU=

"CU= xOW xO=O
p=ta= xR=U |=yQ}D |wQ Q@ CN=wvm} |xOQDUo Q=@ CQwYx@ xm 'xOvR w xOQt Q=@
Oqwi w uD@ Ctw=kt "CU= QDt Q@ uDw}vwr}m 10 7 w 22 3 Q@=Q@ ?}DQD x@ 'OwW|t

"OwW|t xDiQo Q_v QO p=mU=B=ot 392 w 23 5 Q@=Q@ ?}DQDx@ ?=k QO xDiQQ=mx@
uRw OL=w |xv} Ry '?amt QDt Q@ QqO 105 Q@=Q@ |R} QuD@ sHL OL=w |xv} Ry
QDt Q@ QqO 92 Q@=Q@ |Ov@?r=k K]U OL=w |xv} Ry w 'sQowr}m Q@ QqO 0 9 Q@=Q@ Oqwi
|xt=vQ@ w Q=oR=U ?} QkD |R=Uxv}y@ sD} Qwor= |Q}oQ=mx@ R= TB "OwW|t ZQi `@ Qt
OQwt p}YiD x@ |r@k |=yVN@ QO xm 'Q[=L VywSB QO xDi=}xaUwD |xv}y@ |L=Q]
CUOx@ 1 pwOH j@=]t xYqN Qw] x@ xv}y@ |L=Q] G}=Dv 'CU= xDiQo Q=Qk EL@

"CU= xOt;
'Q[=L VywSB =@ u=Um} C=}YwYN w \}=QW =@ xR=U u}= |L=Q] |R=Uxv}y@
sD} Qwor= |wHwCUH VwQ w Iv=Qm n}@ � nv@ n}@ VwQ wO =@ 2011 p=U QO
xm 'xO=O x=o}=B l} R= QwmPt |xOWs=Hv= VywSB QO [16]"CU= xOW s=Hv= u=oJQwt
?}=Q[ "CU= xOW xO=iDU= 'CU= xOw@ xOWu}}aD V}B R= `]=kt C=YNWt pt=W
Q[=L VywSB QO xOWxDiQo Q_v QO ?}=Q[ u=ty R}v hOy `@=D QO OwHwt |xv} Ry

"CU=
n}@ � nv@ n}@ VwQ wO R= pY=L |xv}y@ KQ] G}=Dv '3 w 2 |=ypwOH

"OyO|t u=Wv Q_vOQwt ?=k |=Q@ =Q u=oJQwt |vwrwm sD} Qwor= VwQ w Iv=Qm
G}=Dv =@ Q[=L VywSB |O=yvW}B VwQ R= pY=L |R=Uxv}y@ G}=Dv |xU}=kt
KQ] xm OyO|t u=Wv u=oJQwt |vwrwm sD} Qwor= w Iv=Qm n}@ � nv@ n}@ VwQ wO
x@ C@Uv �1 89 w �1 38 '?}DQD x@ Q=oR=U ?} QkD sD} Qwor= VwQ R= xOt;CUOx@
u=oJQwt |vwrwm sD} Qwor= w Iv=Qm n}@ � nv@ n}@ VwQ wO R= xOt;CUOx@ KQ]

"CU= QD|O=YDk=

"?=k |xv}y@ |L=Q] |=Q@ CONAP VwQ R= pY=L G}=Dv "1 pwOH
QwD=tQ; QwD=tQ; `=iDQ= ZQa |xQ=tW ẁv
|Q=Wi |WWm �QDt|r}t� �QDt|r}t� A}D u=tr=
6�22 3�19 450 300 B1

Q}D6�22 3�19 450 300 B2
5�22 3�19 500 350 B3

8�25 450 450 C1

uwDU10�25 500 500 C2
10�25 350 350 C3
8�25 300 300 C4

47594 QqO ?ULQ@ ?=k |xv} Ry

"|L=Q] Ow}k p}mWD "3
"|L=Q] Ow}k C}U=UL p}rLD "4

"Q=oR=U ?} QkD VwQ T=U=Q@ |L=Q] Ow}k w hOy `@=D |Ov@pwtQi "5
"|L=Q] |=yQ}eDt KqY= w |R=Uxv}y@ |xr�UtQ} R pL "6

u=}=B x@|L=Q] Ov}=Qi|ov}y@ Q=}at uOWxOQw;Q@CQwYQO xm '|ov}y@ Q=}at pQDvm "7
(K = K + 1) xOW xi=[= OL=w 1 'xOvQ=tW x@ CQwYu}= Q}e QO 'OUQ|t
u} Ro}=H sWW s=o QO xOWKqY= Q}O=kt =@ |L=Q] |=yQ}eDt |x}rw= Q=Okt w

"OwW|t Q=QmD swO |xrLQt R= |L=Q] Ov}=Qi w
|=yQ}eDt ẁv R= Q[=LVywSB QO Q_vOQwt|L=Q] |=yQ}eDt xmCU= QmP u=}=W
xHwD =@ "Ovm|t u}}aD =Q =yv; |xv}y@ Q}O=kt 'xO=iDU= OQwt sD} Qwor= w CU= xDUw}B
'|L=Q] |R=Uxv}y@ Ov}=Qi s=Hv= R= TB '`]=kt O=a@= |wQ |}=QH= |=yC}OwOLt x@
xv}y@ |xDUw}B |=yQ}eDt Q}O=kt x@ l}ORv w QDt|r}t 50 R= |@ Q[t CQwYx@ O=a@=
�xv} Ry� hOy `@=D QO |mOv= Q=OktV}=Ri=?Hwt ẁ[wt u}= xD@r= "OvwW|t ?=NDv=

"OW Oy=wN

|OQwt |xar=]t "5
w |L=Q] Q=oR=U ?} QkD sD} Qwor= VwQ R= xO=iDU= =@ xR=U l} 'VN@ u}= QO
sD} Qwor= w Iv=Qm n}@ � nv@ n}@ VwQ wO R= xOt;CUOx@ G}=Dv =@ pY=L G}=Dv
8 |WtN KrUt uD@ ?=k l} 'Q_vOQwt |xR=U "CU= xOW xU}=kt [16]'u=oJQwt

"CU= 1 pmW j@=]t xk@]
l}Uqm VwQ u=wvax@ 7|}=yv Ctw=kt |L=Q] VwQ R= xOWs=Hv= VywSB QO
Ctw=kt |L=Q] VwQ s=v x@ xm Ctw=kt |L=Q] VwQ "CU= xOW xO=iDU= |L=Q]
Qy QO w[a l} |L=Q] Ctw=kt xm Ovm|t ?=H}= 'CU= xOW xOv=wN R}v |}=yv
x@U=Lt ?} Q[ =@ Q=@ C=@}mQD CLD xm sRq Ctw=kt R= QDW}@ =} |w=Ut '`]kt
=m} Qt; uD@ |xt=vu}}; R= |Q=PoQ=@ C=@}mQD u}= R= Qw_vt u}O@ [18]"OW=@ 'OwW|t

"xk@] 8 ?=k |@v=H |Q=PoQ=@ w |Ov@A}D 'xUOvy "1 pmW
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}y@

KQ] =@ CONAP VwQ =@ xk@] 8 ?=k |xv} Ry |}=Qoty |xJN} Q=D "3 pmW
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