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|xOWu}}aD Q=Okt R= `]ktCt=N[ x@ ZQaC@Uv xm|]}=QW QO 3 =D 1 |=ypwtQi
%CU= xO=iDU= p@=k 'OvW=@v QDW}@ Q} R�
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�
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= 661p
Fy
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Oqwi |v=UWm pwOt %E
Oqwi s}rUD VvD %Fy

xOWv Q=yt xa]k |Qeq ?} Q[ QFm =OL %KLr
6 w 5 \@=wQ R= OW=@ QDW}@ q=@ QO xOW QmP Q=Okt R= bt Q=Okt xm |]}=QW QO

%OwW|t xO=iDU= |Q=Wi VvD x@U=Lt |=Q@
Fcr=

�
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�
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Qo = (5)
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%CU= Q} R CQwYx@ =[a= KLr |x@U=Lt |xwLv
'OvDUy |rYit �100 p=YD= |=Q=O =yDv= QO xm |}=[a= =} pmO |=yx}=B |=Q@ "1

"CU= K = 1
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u}U
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wka}
'xw=m

|ra QiY (U) |WvQm |SQv= w (Uc) ptmt |=y|SQv= ẁtHt '|]N Q=DiQ =@ xR=U
%OwW|t ?=NDv= u}vJ hOy `@=D 'CU=

F = W (1 + �(U + Uc)2) (16)

u=vJ xt} QH `@=D xm OwW|t xO}O "OwW|t ?=NDv= nQR@ OOa l} � u; QO xm
B1 w B0 p}mWD =@ 'U |x@U=Lt |=Q@ "OW=@ QiY u; |xv}tm xm CU= xOW x�=Q=

%CWwv u=wD|t '|O=R; C=HQO |x}rm =@ Q_=vDt
fdg = [Bt0][Fm]([B0]fpg+ [B1]fqg) (17)

U = 1
2fdg

t[K](d)� fdgtfFg (18)

'pO=aD s=ovy QO "CU= |yQo |=ywQ}v fFg w '|DNU T} QD=t [K] =yv; QO xm
"CU= QiY Q@=Q@ Uc =@ u; ẁtHt w |ivt U Q=Okt

xv}y@ CQwYx@ =Q xR=U |Qo}O |Ov@pwtQi =@ u=wD|t 18 w 17 \@=wQ Q@ xwqa
xm u=vJ "OwW xDiQo ltm Uc R= \ki w OW=@ U x@ R=}v xm u; uwO@ 'OQm |L=Q]
"OQm xv}tm =Q u; p}rLD QO w 'CWwv 12 |x]@=Q CQwYx@ u=wD|t =Q Uc OW xO}O
Oy=wN 19 |x]@=Q x@ '13 |x]@=Q x@ |@=}CUO R= p@k x]@=Q u}= R= |Q}ojDWt

"O}UQ
@Uc

@q
= 0) [Hqp]fpg+ [Hqq]fqg = f0g (19)

xm u}= |=Hx@� OwW Q=QkQ@ 19 |x]@=Q xm OwW ?=NDv= u=vJ q O}=@ u}=Q@=v@
QiY Q=OQ@ l}19 |x]@=Q CU=Q CtU =t= "�Ovm xv}tm =Q 15 |x]@=Q O}=@ q s}} wo@
u}= sQv 'Cr=L u} QDy@ QO "OwW p}O@D Qr=mU= Q=OQ@ x@ O}=@ xO=iDU= |=Q@ xm 'CU=
Qo = "CU= u; |=yx}=QO C=a@ Qt ẁtHt QPH Q=OQ@ l} sQv "OwW|t ?=UL Q=OQ@
VwQ QO "OvwW QiY =yx}=QO pm xm u; RH CU}v |}xQ=J 'OwW QiY pO=at sQv u}=
uOWQiY |=Q@ xm Ow@ xOW |iQat ptmt |SQv= l} u=wvax@ Qr=mU= C}tm p@k
|@=}xv}y@ hOy xJv=vJ =Hv}= QO "s}vm ?}mQD (U) |SQv= =@ =Q u; s}OW Qw@Ht u;

%CWwv u=wD|t 'OW=@ fDg |xUOvy w fAg `]=kt
F (q;A;D) = W (A;D)(1 + �norm(bHqpcfpg+
bHqqcfqg)) (20)

CU= |i=m fqg |=yQ}eDt O=OaD "CU= fDg w fAg 'fqg |OwQw u; QO xm
w xUOvy x@ xHwD =@ =ywQ}v |k@=t =Q} R 'OW=@ |m}D=DU= |v}at=v |xHQO O=OaD x@
`@=D [Hqq] w [Hqp] u}vJty "CU= x@U=Lt p@=k 9 |x]@=Q R= xDWQ Qy |SwrwB wD
R= wO u}= uDW=O =@ xm Ow@ Ovy=wN |SwrwB wD w xUOvy '`]=kt |@=NDv= C=YNWt
uOWxv}tm |va} 'O=} R � |=R=x@ u; uOWxv}tm w 'OwW|t x@U=Lt F q=@ |x]@=Q
w 'xR}r=tQv =Q =yv; CU= |i=m 'OW=@ xDW=O R}v |Qo}O Ow}k xR=U xJv=vJ "(W ) uRw
|}=yv |Ov@pwtQi =Pr "s}vm xi=[= q=@ |x]@=Q x@ xt} QH ?} Q[ l} ltmx@ TBU

%R= CU= CQ=@a xr�Ut
Find q;A;D;A 2 fSd or Scg
MinF (q;A;D) = W (A;D)(1 + �[norm([Hqp]fpg+
[Hqq]fqg) +

ncX
m=1

max[0; gm(q; A;D)]) (21)

|=yQ=@ P 'pm p}Uv=DB |SQv= V 'ptmt |SQv= Uc '|WvQm |SQv= U =yv; QO xm
Qy |=Q@ wv=}roDU=m pw= |x}[k x@ xHwD =@ "OvDUy =yxQo u=mt Q}}eD u w |HQ=N
xv}tm 'Q=O}=B pO=aD Cr=L QO p}Uv=DB |SQv= �|]NQ}e =} |]N� |a=HDQ= sDU}U
|Q=oR=U |rN=O |=ywQ}v xJv=vJ 'ptmt |SQv= swO |x}[k QO u; x@=Wt w CU=
Q}_v Uc w |DNU VwQ Q_=vDt U |rm Qw]x@ "Ow@ Oy=wN xv}tm 'Ovvm =[Q= =Q
|=ywQ}v p=@vO x@ |twO QO w '=yu=mt Q}}eD p=@vO x@ |rw= QO "Ow@ Oy=wN |tQv VwQ
u}at=v CtUk QO =ywQ}v u}}aD 'u}at=v |xR=U l} QO xm =Hv; R= "s}OQo|t pwyHt
w Uc R= xO=iDU= 'OW Oy=wN =[a= Q}=U QO wQ}v |xO=U |x@U=Lt x@ QHvt xR=U
?}DQD u}=x@ "Ovm|t wQx@ wQ p}rLD QO |QDsm CqwyHt =@ =Q =t '|tQv VwQ `k=w QO
"OwW|t u=}@ p}rLD pL=Qt Q=m u} QDsm pY= |=v@tQ@ wQ}v VwQ ?=NDv= =@ xt=O= QO
'|yQo |=ywQ}v u=wvax@ fpg = fp1; p2; : : : ; pngt O}vm ZQi
frg = w |i=[= |wQ}v pwyHt m Qou=}@ fqg = fq1; q2; : : : ; qmgt
CQwYu}= QO "OwW Qw_vt =[a= |x}rm |rN=O |wQ}v u=wvax@ fr1; r2; : : :; rjgt
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h
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(9)

Uc = 1
2frg

t[Fm]frg (10)

[B1]fqg w xS} w ?=wH [B0]fpg 'xR=U |xOWvQ=wU|tQvT} QD=t [Fm] u; QO xm
|Q=Po|=H =@ "OwWpk=OLUc xm OwWu}}aD u=vJO}=@fqguwvm = "CU=ptmt?=wH

%CW=O s}y=wN 10 QO 9 |x]@=Q R= frg
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�
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�
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%C}=yv QO [Hpp] w [Hpq] '[Hqp] '[Hqq] <RH Q=yJ x@ [H] l}miD =@
Uc = 1

2 (fpgt[Hpp]fpg+ fpgt[Hpq]fqg
+fqgt[Hqp]fpg+ fqgt[Hqq]fqg) (12)

uO=O Q=Qk QiY |w=Ut =@ w 'xDiQo jDWt fqg x@ C@Uv Uc R= l}Uqm VwQ QO
%s}UQ|t 13 |x]@=Q x@ u;

fqg = �[Hqq]�1[Hqp]fpg (13)

"[Hqp]t = [Hpq] =Pr CU= uQ=kDt [H] T} QD=t xm =Hv; R=
Qo}Om} =@ u; swU w swO |=yCQ=@a w CU= C@=F 12 |x]@=Q QO pw= CQ=@a

%CiQo Q_v QO 14 |x]@=Q CQwYx@ =Q u; u=wD|t =Pr 'OvQ@=Q@
Uc = 1

2 (fpgt[Hpp]fpg+ fqgt[Hqp]fpg
+fqgt[Hqp]fpg+ fqgt[Hqq]fqg) (14)

%C}=yv QO w OwW|t hPL QN; CQ=@a wO '13 |x]@=Q R= fqg |Q=Po}=H =@
Uc = 1

2 (fpgt[Hpp]fpg+ fqgt[Hqp]fpg) (15)

uRw u=R}t u} QDsm x@ uO}UQ |=Q@ ?U=vt |Ov@pwtQi l} |x�=Q= hOy =Hv}= QO
l} |Q=oR=U w pO=aD Cr=L QO xm xO}= u}= R= xO=iDU= =@ 'Qw_vt u}= |=Q@ "CU=
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}y@'Ovm|t pta |R=i QoG=DvDU= pO=at xm =Hv; R= jwi |xm@W "Ovvm|t Q=m MLFF

"CW=O Oy=wN |QDW}@ |}=Q=m Q_v OQwt |xr�Ut x@ |} wo?=wH QO ,=trUt
'`@vt |=yxQo R= |OwQw |x}q l} pt=W |a=aW `@=wD Q@ |vD@t |xm@W l}
|x}q l} w T=}=@ l} x=Qtyx@ |]NQ}e VR=OQB |=yOL=w R= |iNt |x}q l}
|x}q QO xOWx@U=Lt |=y|HwQN R= xO=iDU= =@ "CU= |]N |=yuRw R= |HwQN
'|HwQN QO ?wr]t MU=B l} R= xO=iDU= =@ w |OwQw Q=OQ@ l} x@ MU=B QO '|iNt

"OvwW|t u}}aD =yuRw
pmW|Uwo ,=twta �x}=B `@=wD� =yxm@W u}= |iNt |x}q QO |]NQ}e `@=wD
xO=U Qw]x@ "CU= `@=D ZQa w RmQt pt=W =yv; |=yQDt=Q=B w 'OvwW|t ?=NDv=
Q=OQ@ xm CU= QDnQR@ |HwQN |=Q=O |t=ovy |iNt |x}q uwQv Qy xm Cio u=wD|t
Q=OQ@ |xrY=i V}=Ri= =@ "OW=@ QDl}ORv uwQv |]NQ}e `@=wD RmQt x@ xm@W |OwQw

"O@=}|t Vy=m R}v uwQv |HwQN '|]NQ}e `@=wD RmQt R= |OwQw
xQ=W= �5GRNN� |=yxm@W x@ u=wD|t RBF =@ Q_=vDt |=yxm@W xrtH R=
Q=DN=U QO \ki w Ovvm|t pta RBF Ovv=ty Q=DN=U ^=Lrx@ =yxm@W u}= "OQm
?}mQD CQwYx@ xm@W |HwQN =Hv}= QO "OQ=O OwHw Cw=iD |mOv= =yv; swO |x}q
Oy=wN |iNt |x}q |HwQN QO xm@W |=y|HwQN |rN=O ?Q[pY=L R= |]N
|HwQN |Q}PB Q}F-=D |]}=QW u}vJ QO CU= |y}O@ "OwW|t xR}r=tQv C}=yv QO xm Ow@
xm@W |=y|HwQN |va} "OwW|t QDW}@ xOW xO=O VRwt; |=y|HwQN x@ C@Uv
QO=k |}xm@W u}vJ "CW=O Ovy=wN s}kDUt Q}F-=D X=N |HwQN l} x@ uO}UQ QO
QO Q_v OQwt |OwQw x@ l}ORv |=y|OwQw =OD@= 'X=N |OwQw Qy |=R=x@ CU=
R= s=OmQy |xrY=i x@ xHwD =@ TBU w Ovm ?=NDv= =Q |WRwt; |=yxO=O xawtHt
|HwQN �� OwW|t xO}t=v �|UO}rk= |xrY=i� ,qwtat xm �� x]w@ Qt |OwQw R= =yv;
Q_=vDt |HwQN OvJ R= |@}mQD |wLvx@ u=wD|t =Q |HwQN u}= "Ovm x@U=Lt =Q Q}_v
=t Q_v OQwt |OwQw x@ l}ORv |=y|OwQw |=Q=O xm '|WRwt; |=yxO=O |QU QO

"CUv=O 'OvDUy
w |OwQw |=yuwQv O=OaD =@ |r�=Ut pL |=Q@ =Q xm@W xOW xQ=W= |=y|oS} w
u}= QO xm CU= |OQwt u=ty u}= "Ovm|t R=UQ=m 'sm |WRwt; |QU w O=} R |HwQN
Cq=L =@ =ypmO |Q=PoQ=@ QO ,qwtat xm =Hv; R= "OQm s}y=wN OQwNQ@ u; =@ Q=DWwv
VRwt; xm@W l} |Q=PoQ=@ 'Cr=L Qy |=Q@ O}=@ =Pr &Ow@ s}y=wN wQx@ wQ |irDNt
Oy=wNv O=H}= |rmWt Q_v u}= R= RBF |=yxm@W VRwt; |q=@ CaQU "OwW xO=O
%OwW|t |iQat u}vJ s=i |Q=PoQ=@ Cr=L |=Q@ Q_v OQwt |xm@W ?}DQD u}=x@ "OQm
NN(i): RBF (Area,[Force, Displacement])

QD?U=vt 'xm@W |=y|HwQN pQDvm Qw_vtx@ xm OW xO}O hrDNt |=yp=Ft s=Hv= =@
xO=iDU= =@ =yxat=HQ} R R= l} Qy �5 'pUv Qy QO xm@W VRwt; Q=vm QO xm CU= u;
O=OaD u}= pUv Qy QO xm CU= u; VwQ u}= C} Rt "OwW x@U=Lt j}kO p}rLD R=
p}rLD =@ xm@W |HwQN Qo = ,qFt w 'OwW xDiQo Q=m x@ xm@W pQDvm |=Q@ Ov=wD|t wor=
x@ s=o u}= R= xm CU= u; Qou=}@ 'OwW XNWt OL l} R= QDW}@ |}=]N |=Q=O j}kO
VRwt; O}OH |=yxO=O =@ |O}OH |xm@W O}=@ w xDi=} Cw=iD =yQ}eDt |xOwOLt Oa@
|xOwOLt pm w xOw@ |iO=YD pw= pUv |x}rw= ?=NDv= xm =Hv; R= =t= "OwW xO=O
OOHt VRwt; x@ R=}v x=oI}y xm OW xO}O =yp=Ft |x}rm QO 'Ov=WwB|t =Q wHwCUH
=OD@= xm CU= QmP x@ sRq "OwW|t xDiQo Q=mx@ =yDv= =D x}rw= |xm@W w xOw@v xm@W
xO}O p=Ft OvJ s=Hv= =@ =t= 'OW xDiQo Q=m x@ xm@W |HwQN u=wvax@ hOy `@=D OwN
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QmP xm u=vJ =t= 'OyO|t x�=Q= =Q ?=wH |xOwOLt |oO=Ux@ xm@W R= xO=iDU=
Q=}at l} ?}DQD u}=x@ "OQm xO=iDU= u; R= sD} Qwor= |}=yDv= pL=Qt QO u=wD|tv OW
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sD} Qwor= |=Q@ ?U=vt |Ov@pwtQi l} p}rO u}tyx@ w 'CU= hOy `@=D pN=O QO
Qy QO xDWQ Qy |=R=x@ xm CU}v |R=}v |R=Uxv}y@ OvwQ QO u}=Q@=v@ "CU= l}DvS
u}vJ |Q}oQ=mx@CaQU "OyO s=Hv= Qop}rLD |xt=vQ@l} =Q x]w@ Qt C=@U=Lt 'pUv
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w `]=kt |@=}xv}y@ hOy xJv=vJ w &OwW|t ?=NDv= =[a= |Ov@xDUO x@ xHwD =@
?}DQD u}=x@ "OvwW|t ?=NDv= xr�Ut CqwyHt u=wvax@ Q}eDt wO u}= 'OW=@ xUOvy
l} Qy p}rLD |=Q@ TBU Ow@ Oy=wN QDsm p@k VwQ =@ xU}=kt QO xr�Ut |=yQ}eDt
|vqw] Q=}U@ |Qt= u}vJ s=Hv= "OwW|t xO=iDU= Qop}rLD l} R= =ypUv |=[a= R=
u}vJty &OwW|t QDW}@ R}v pUv Qy |=[a= xr�Ut uOWnQR@ =@ xm =QJ 'Ow@ Oy=wN
u; |}=Qosy sOa ,=y=o w |R=Uxv}y@ C=}rta |Ovm Ea=@ xR=U Qy p}rLD C=@U=Lt
xO=iDU= Qop}rLD |xt=vQ@ R= x}rw= pUv OvJ |=Q@ =OD@= Cr=L u}= QO "OW Oy=wN
|=y|}=Hx@=H w =[a= |wQ}v w '|OwQw u=wvax@ =[a= `]kt K]U TBU &OwW|t
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u}= VRwt; R= TB "OwW|t ?=NDv= xm@W |HwQN u=wvax@ �OW=@ xDW=O OwHw
OvJ =@ |Q=m u}vJ s=Hv= QO "Ow@ Oy=wN xm@W |xOyaQ@ p}rLD |xi}_w 'xm@W

"OW s}y=wN wQx@ wQ pmWt
OvDUy|@U=vt Q=}U@|a@=D |=yxOvvR?} QkD `k=wQO =yxm@W xmCU=|y}O@ ,qw=
p@k pUv =@ CU= umtt pUv Qy |=y?=wH l}DvS sD} Qwor= |v=}=B pL=Qt QO w
u}= QO CU= umtt xm@W R= xO=iDU= u}=Q@=v@ "OW=@ xDW=O |R}J=v Q=}U@ hqDN=
'p}rLD QO xm CU= |@} QkD R= |W=v xm OwW |ak=wQ}e |=yxv}y@ x@ QHvt pL=Qt
xO}O hrDNt |=yp=Ft s=Hv= QO "CU= xOt; OwHw x@ xm@W R= xO=iDU= |x]U=wx@
pL |=Q@ "O}t=Hv= Oy=wN CUQO=v |=y?=wH x@ C=kw= QDW}@ QO pmWt u}= xm OW
w j}kO p}rLD R= swU w pw= xwQo "s}vm|t s}UkD xwQo 3 x@ =Q =ypUv pm pmWt u}=
x@ xHwD =@ l}DvS sD} Qwor= =OD@= Qw_vt u}= |=Q@ "Ovm|t xO=iDU= xm@W R= swO xwQo
CUO u=mt Q}}eD w wQ}v Q}O=kt j}kO p}rLD j} Q] R= '=y|OwQw O=OaD w xr�Ut O=a@=
u=wvax@ =[a= `]kt K]U Q}O=kt |x}rm '|i=m |=yxO=O uOWxO=t; R= TB "O@=}|t
|xOvyOp}mWD R}v =yu=mt Q}}eD w =[a= |wQ}v "OvwW|t ?=NDv= xm@W |OwQw
COWx@ O}=@v |}xm@W u}vJ VRwt; xm CU= u; syt |xDmv "Ow@ Oy=wN |HwQN
QO |yHwD p@=k Q}F-=D xm@W w CU= sRq |}=Q=m Ok=i CQwYu}= Q}e QO 'OW=@ Q@u=tR
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|OwQw |=yuwQv O=OaD Q@=Q@10 ,=OwOL uOW=}yt R= TB 'CkO C}=aQ Qw_vtx@ "OQ=O
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pO=at xm |vOwtR; |=yxO=O w xm@W |HwQN R= pY=L |oDU@ty ?} Q[ 'xm@W
?=NDv= |Oa@ pL=Qt QO xm@W R= xO=iDU= CLY Q=}at u=wvax@ 'CU= pUv Qy �5

"CU= xOW ?=NDv= 0 99 =@ Q@=Q@ pk=OL =Hv}= QO ?} Q[ u}= Q=Okt "OwW|t
QD?U=vt (RBF) |a=aW x}=B `@=D =@ |=yxm@W 'hrDNt |=yxm@W u=}t QO
|=ywor= |}=U=vW CQOk =yxm@W ẁv u}= |q=@ Q=}U@ |=yC}r@=k R= |m} "Ov=x}k@ R=
R= QDy@ Q=}U@ =ywor= |Ov@xDUO QO R}v w CU= sm Q=}U@ u=tRCOt QO Cw=iDt
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|t=
LQ

u}U
Lw

QwB|
rk?

wka}
'xw=m

|ra

"|}xr}t 25 pmO l} |xUOvy "2 pmW

"x}rw= |xUOvy =@ xU}=kt QO |}xr}t25 pmO |xDi=} Q}}eD |xUOvy "3 pmW

|=yQ}eDt =Hv}= QO "CU= |L=Q] |=yxO=O w =[a= |Ov@xwQo '=yxQo C=YDNt x@
xDiQo Q=m x@ l}DvS sD} Qwor= "CU= q |} wQ}v Q}eDt 7 pt=W 'D w A Q@xwqa xr�Ut
50 R= TB '40 =@ Q@=Q@ |D}atH ?=NDv= =@ "CU= �|D}atHlD� xO=U ẁv R= xOW
=@ xrY=L G}=Dv |xU}=kt 'VyH |=Q@ 0 05 w Ovw}B |=Q@ 0 8 MQv =@ 'Q=QmD pUv
QO xDi=} Q}}eD |xUOvy R}v 3 pmW QO "CU= xOt; 5 pwOH QO OwHwt G}=Dv Qo}O

"CU= xOW xO=O u=Wv x}rw= |xUOvy =@ xU}=kt
Q_v OQwt |}xr}t244 pmO l} |xUOvy w `]=kt |@=}xv}y@ 'p=Ft u}= QO %2 p=Ft
|=[a= [11]OW |iQat Saka \UwD Q=@u}DUNv xm xr�Ut u}= QO "�4 pmW� CU=
w 210KN=mm2 Q@=Q@ |v=UWm pwOt "CU= xOW |Ov@xDUO xwQo 26 x@ pmO

u=R}t ?=NDv= u} QDy@ CU= |y}O@ "OwW xDiQo Q=mx@ O}=@ xm@W R= xO=iDU= |=Q@ hkwD
xJv=vJ xm CU= u}= hkwD Q=}at =yp=Ft s=Hv= QO "Ow@ Oy=wN hOy `@=D QO C=Q}}eD
'OwW QDsm pUv u; u}ov=}t OYQO 2 R= pUv Qy hOy `@=D Q=}at h=QLv= Q=Okt
x�=Q= |@U=vt ?} QkD CU= umtt xm@W xm Ov=l}ORv sy x@ |}xR=Ov= =D =y|HwQN
"OwW|t xO=iDU= j}kO p}rLD R= w xOW xDW=Po Q=vm xm@W Oa@ x@ =Hv}= R= "OyOv
Qw]x@ '=OD@= QO Q}eDt Qy |xOwOLt uOw@ XNWt x@ xHwD =@ xm s} wW|t Qw;O=}
"OwW|t xO=O VWwB |i=m |xR=Ov= x@ pUv OvJ R= TB wHwCUH |=[i pwtat
QO =yxO=O OOaD x@ xHwD =@ xm 'OW=@ xDW=O |@U=vt |@=}uwQO O}=@ ,=iQY xm@W l}
"OyO x�=Q= |@U=vt |=y?=wH xm CU= xm@W R= |y}O@ `kwD l} u}= 'OwOLt |=[i
uOQm Qw_vt x@ |R=}v xm Cw=iD u}= =@ 'CU= 21 |x]@=Q x@=Wt CUQO hOy `@=D

"CU}v swO CQ=@a
p�=Ut QO u;|}=Q=m xm �|D}atHOvJ�|DQH=ytl}DvS sD} Qwor= R= Q=DWwv u}= QO
=@ sD} Qwor= u}= xm xOW xO=O u=Wv u}vJty "s}=xOQ@xQy@ 'xOW xO=O u=Wv nQR@ Q=}U@
R= xO=iDU= |=H x@ VwQ u}= QO [10�9]"OwW|t =Qosy |rm |xv}y@ x@ |QDW}@ p=tDL=
pkDUt '=yxat=HQ} R u}= "OwW|t xO=iDU= sy R= pkDUt |xat=H OvJ R= xat=H l}
TB "OvwW|t xv}y@ XNWt pUv OvJ |=Q@ l}DvS sD} Qwor= VwQx@ w Qo}Om} R=
=yvDxv VwQ u}= "Ovvm|t CQH=yt =yxat=H u}@ QO |O=Qi= pUv Qy u=}=B QO 'u; R=
x@ R=}v 'xat=HlD |=yVwQ x@ C@Uv xmr@ CU= QDq=@ C=@U=Lt CaQU |=Q=O
CU= umtt CQH=yt |=Q@ O=Qi= ?=NDv= |xwLv "OQ=O |QDsm hOy `@=D |x@U=Lt

%OQ}PBCQwY |irDNt QwYx@
&|iO=YD CQwYx@ CQH=yt |=Q@ O=Qi= ?=NDv= "1
"CQH=yt |=Q@ xat=H Qy OQi u} QDy@ ?=NDv= "2

OwHw =yxat=HQ} R u}@ O=Qi= CQH=yt Q=DN=U |=Q@ |Q=}U@ umtt |=yCr=L
%OwW s=Hv= Q} R |=yVwQ R= |m} x@ Ov=wD|t CQH=yt ,qFt "OQ=O

&�C}OwOLt uwO@ =} pt=m xm@W Q=DN=U� =yxat=HQ} R |t=tD u}@ "1
&|}xkrL Q=DN=U CQwYx@ CQH=yt "2
"x}=Uty |=yxat=HQ} R u}@ CQH=yt "3

|xm@W u=ty =} C}OwOLt uwO@ CQH=yt 'CQH=yt Qw_vtx@ VwQ u} QDpwtat
CQH=yt Qo}O `t=wH x@ |}xat=H Qy R= Ovv=wD|t O=Qi= Q=DN=U u}= QO "CU= pt=m
=yxat=HQ} R Q}=U QH=yt |=yswRwtwQm |=Q@ xJ[wL l} xat=HQ} R Qy |=Q@ "Ovvm
u}= QO =OD@= 'Ovvm CQH=yt xat=H Q} R u}= x@ Ov=p}=t xm |QH=yt O=Qi= xm OQ=O OwHw
x}@WD QwWm Qy CQH=yt |xQ=O= x@ =Q xJ[wL u}= u=wD|t� OvQ}o|t Q=Qk xJ[wL
x@ OwQw |xR=H= w OwW|t ?=NDv= |iO=YD Qw]x@ |OQi 'O=Qi= u}@ R= TBU &�OQm

"O@=}|t =Q xat=H
|=yxm@W Q=vm QO |DQH=yt l}DvS sD} Qwor= ?}mQD R= xO=iDU= ?}DQD u}=x@
"OW=@ |R=Uxv}y@ Q=}at nQR@ p�=Ut |R=Uxv}y@ QO |@U=vt ltm Ov=wD|t '|@Ya
p=Ft wO Qy QO Q=m u=}=B "OwW|t xO}O Q} R |=yp=Ft QO xOWQmP |=yVwQ OQ@ Q=m
"Ovmv Rw=HD sQ=Ryl} R= p@k s=o x@C@Uv s=o Qy uRw C=Q}}eD OYQO xmCU= |v=tR

|OQ@ Q=m |=yp=Ft
|}xr}t25 lJwm pmO l} |xUOvy w `]=kt |@=}xv}y@ p=Ft u}= hOy %1 p=Ft
xOW xO=O u=Wv u; |x}rw= |xUOvy 2 pmW QO xm CU= Cq=kt QO xOWKQ]t
\w@ Qt C=aq]= u}= "CU= xOt; xr�Ut u}= |=yxO=O R}v 4 w 3 pw=OH QO "CU=
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"""x@
wQ}v

p=kD
v=|

=yp
mO|

@=}xv
}y@"|}xr}t25 pmO |=[a= |Ov@xwQo w =yxQo C=YDNt "3 pwOH

=yv; |=yxQo w =[a= xwQo z cm(in) y cm(in) x cm(in) xQo
1(1; 2) X1 508(200) 0 0 �95 25(�37 5) 1
2(1; 4); 3(2; 3); 4(1; 5); 5(2; 6) X2 508(200) 0 0 95 25(37 5) 2
6(2; 5); 7(2; 4); 8(1; 3); 9(1; 6) X3 254(100) 95 25 (37 5) �95 25(�37 5) 3
10(3; 6); 11(4; 5) X4 254(100) 95 25 (37 5) 95 25(37 5) 4
12(3; 4); 13(5; 6) X5 254(100) �95 25 (�37 5) 95 25(37 5) 5
14(3; 10); 15(6; 7); 16(4; 9); 17(5; 8) X6 254(100) �95 25 (�37 5) �95 25(�37 5) 6
18(3; 8); 19(4; 7); 20(6; 9); 21(5; 10) X7 0 0 254(100) �254(�100) 7
22(3; 7); 23(4; 8); 24(5; 9); 25(6; 10) X8 0 0 254(100) 254(100) 8

0 0 �254(�100) 254(100) 9
0 0 �254(�100) �254(�100) 10

"|}xr}t25 pmO |L=Q] |=yxO=O "4 pwOH
|L=Q] |=yQ}eDt

X1;X2;X3;X4;X5;X6;X7;X8 O=a@= Q}eDt
x4 = x5 = �x3 = �x6; x8 = x9 = �x7 = �x10; xUOvy Q}eDt
y3 = y4 = �y5 = �y6; y7 = y8 = �y9 = �y10; z3 = z4 = z5 = z6

|L=Q] Ow}k
VvD O}k

(�t)i � 275 8 Mpa(40 ksi); i = 1; : : : ; 25
j(�c)ij � 275 8 Mpa(40 ksi); i = 1; : : : ; 25

C=yH s=tD QO |}=Hx@=H x@ \w@ Qt O}k
j�ij � 0 89 cm(0 35in); i = 1; : : : ; 6

xUOvy |=yQ}eDt x@ \w@ Qt O}k
50 8 cm(20 in) � x4 � 152 4 cm(60 in); 101 6 cm(40 in) � x8 � 203 2 cm(80 in);

101 6 cm(40 in) � y4 � 203 2 cm(80 in); 254 cm(100 in) � y8 � 355 6 cm(140 in);

228 6 cm(90 in) � z4 � 330 2 cm(130 in);

p = 0 0254 cm(0 01 in)

OwHwt `]=kt CU}r
Ai 2 S = f0 645I(I = 1; : : : ; 26); 18 064; 19 355; 20 645; 21 935gcm2

Ai 2 S = f0 1I(I = 1; : : : ; 26); 2 8; 3 0; 3 2; 3 4gin2; i = 1; : : : ; 25
|Q=PoQ=@

Fx kN(kips) Fy kN(kips) Fz kN(kips) xQo Cr=L
4 454(1 0) �44 537(�10 0) �44 537(�10 0) 1 1

0 0 �44 537(�10 0) �44 537(�10 0) 2
2 227(0 5) 0 0 0 0 3
2 672(0 6) 0 0 0 0 6

O=wt C=YNWt
E = 6 895� 104Mpa(1 0� 104ksi) xD}U}DUq= pwOt
� = 0 0272N=cm3(0 1lb=in3) |r=oJ
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|t=
LQ

u}U
Lw

QwB|
rk?

wka}
'xw=m

|ra "|}xr}t 244 |}=[i pmO x@ \w@ Qt |Q=PoQ=@ Cq=L "6 pwOH
|}=Hx@=H (Kn) |Q=PoQ=@ xQo Cr=L

(mm) R=Ht
z x z x

15 45 �30 10 1 1
15 45 �30 10 2
15 30 �90 35 17
15 30 �45 175 24
15 30 �45 175 25
15 45 �360 0 1 2
15 45 �360 0 2
15 30 �180 0 17
15 30 �90 0 24
15 30 �90 0 25

"x}rw= |xUOvy =@ xU}=kt QO |}xr}t 244 pmO |xDi=} Q}}eD xUOvy "5 pmW

"|}xr}t 72 |}=[i pmO l} |xUOvy "6 pmW

"|}xr}t 244 |}=[i pmO |xUOvy "4 pmW

"`H=Qt Q}=U =@ xU}=kt QO |}xr}t25 pmO |xv}y@ |L=Q] G}=Dv "5 pwOH
u}= VwQ Kaveh[13] Wenyan[12] Wu[11] |=yQ}eDt
Q=DWwv |L=Q]
0 1 0 1 0 1 0 1 A1
0 1 0 1 0 1 0 2 A2
1 1 1 1 1 1 1 1 A3
0 1 0 1 0 1 0 2 A4
0 1 0 1 0 1 0 3 A5
0 1 0 1 0 2 0 1 A6
0 2 0 1 0 2 0 2 A7
0 8 1 0 0 7 0 9 A8

33 0487 36 23 35 47 41 07 X4
53 5663 58 56 60 37 53 47 Y 4
129 9092 115 59 129 07 124 6 Z4
43 7826 46 46 45 06 50 8 X8
136 8381 127 95 137 04 131 48 Y 8
120 1149 124 0 124 94 136 2 (lb) uRw
17157 4 - 18228 59 15589 66 VvD QFm =OL

0 34999995 - 0 3500 0 347 QFm =OL
|}=Hx@=H

pmO u}= |L=Q] QO "CU= xOW Qw_vt 140N=mm2 Q@=Q@ R=Ht |WWm VvD
"CU= xOW xDiQo Q_v QO AISC |xt=vu}}; j@=]t \@=w[ |x}rm

u}= |=Q@ "OyO|t x�=Q= u=mt Q}}eD Ow}k x=Qtyx@ =Q pmO u}= |Q=PoQ=@ 6 pwOH
lD |W@v R= u; |=[a= |L=Q] QO "CU= xOW x�=Q= |Q=PoQ=@ Cr=L wO pmO
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"""x@
wQ}v

p=kD
v=|

=yp
mO|

@=}xv
}y@"=yv; R=Ht Q}O=kt x@ hrDNt Ow}k x@ \w@ Qt Q}O=kt C@Uv "8 pwOH

"`]kt |@=}xv}y@ %pw= Cr=L �hr=
Max(Def)=Defa Max(�c)=�b Max(�t)=�a |Q=PoQ=@ Cr=L

0 9999 0 9999 0 7443 1
0 9121 0 9985 0 8243 2

"xUOvy w `]kt |@=}xv}y@ %swO Cr=L �?
Max(Def)=Defa Max(�c)=�b Max(�t)=�a |Q=PoQ=@ Cr=L

0 9921 1 0000 0 6112 1
1 9987 0 9983 0 7426 2

"OwW|t ?=NDv= QDt|r}t 1300 =D 700 OwOLQO u; C=YDNt w 'u=Um} Y w X
^iL Qw_vtx@ "OwW|t QDt|r}t 5000 =D 2000 x@ OwOLt R}v 77 xQo QO u}vJty
u}vJty "OvwW|t =Hx@=H 29 xQo x@ xHwD =@ R}v 28 w 27 '26 |=yxQo xr�Ut uQ=kD
Q}=U "CU= uQ=kDt CQwYx@ 77 xQo x@ C@Uv 76 w 75 '74 |=yxQo u=mt Q}}eD
p@k x@=Wt pmO |rm sQi =D OvwW|t =Hx@=H =yxQo u}= C}akwt =@ ?U=vDt =yxQo
l} |wQ Q@ Q_=vDt |=yxQo w 77 =D 29 |=yxQo |=DU=Q ,qFt xm u=vJ "Ov=t@ |k=@

"OvQ}o@ Q=Qk CU=Q \N
QO u}vJty "OyO|t x�=Q= jwi Cr=L wO |=Q@ =Q |@=}xv}y@ G}=Dv 7 pwOH
|WWm OwHwt VvD xv}W}@ C@Uv ?}DQDx@ �sQ=yJ =D swO |=yuwDU QO� 8 pwOH
|=v@t Q@ u; R=Ht u=R}t x@ |Q=Wi OwHwt VvD u} QDW}@ C@Uv 'R=Ht u=R}t x@
R=Ht u=R}t x@ OwHwt u=mt Q}}eD u} QDW}@ C@Uv u}vJty w 'Vv=tm Q}_v VvD
OwW|t xOy=Wt "CU= xOW x�=Q= jwi Cr=L wO |=Q@ �xOW xDU=wN |=yxQo QO�
xUOvy� swO Cr=L |=Q@ CU= QmP x@ sRq "CU= xDiQv QD=Qi 1 R= |D@Uv I}y xm
77 xQo C=YDNt w X1 = 1000(mm) =@ Q@=Q@ 29 xQo C=YDNt �`]kt w
|xDi=} Q}}eD |xUOvy 5 pmW "CU= xOt; CUO x@X2 = 3791=8(mm) Q@=Q@

"OyO|t u=Wv =Q |@=}xv}y@ R= TB pmO
'xat=HQ} R 4 ?=NDv= =@ |}xr}t244 pmO QO ,qFt 'xm@W |}=Q=m uO=Ou=Wv |=Q@
xO=O VRwt; xm@W l} 'pUv 10 R= TB 'OvDUy w[a 50 |=Q=O l} Qy xm
G}=Dv �7� pwOH QO "Ow@ Oy=wN =yu=mt Q}}eD w wQ}v pt=W =y|HwQN "CU= xOW
O=OaD xmv}= =@ OwW|t xO}O xm xvwou=ty "CU= xOt; R}v xm@W R= xO=iDU= x@ \w@ Qt
R= xO=iDU= CaQU VwQ u}= QO xm =Hv; R= =t= CU= QDtm swO Cr=L |=yxat=HQ} R
O=OaD =@ OwQ|t QDq=@ R}r=v; x@ \w@ Qt C=@U=Lt `} QUD CyH x@ l}DvS sD} Qwor=
CUOx@ |QD?U=vt xH}Dv 'QDtm u=tR =@ ẁtHt QO =t= pw= Cr=L Q@=Q@ 2 |=ypUv

"CU= xOt;
6 pmW QO xm OW=@|t |}xr}t 72 |Oa@ xU |=B QN x@ \w@ Qt p=Ft u}= %3 p=Ft
|R=Uxv}y@ hOy =Hv}= QO "OwW|t xO}O 9 pwOH QO xr=Ut u}= |=yxO=O "CU= xOt;
Qo}O Q=@ w |rwtat l}DvS ltm x@ Q=@m} xr=Ut =Hv}= QO xU}=kt |rw "OW=@|t `]=kt
C}atH l} pw= VwQ QO "CU= xOW |UQQ@ |D}atH OvJ l}DvS R= xO=iDU= =@
C}atH w 6 =yC}atH Q} R O=OaD swO VwQ QO xm |r=L QO CU= xOW ?=NDv= 250
G}=Dv QO "CU= xOW s=Hv= pUv 100 |=Q@ wO Qy C=@U=Lt "OW=@|t 30 pUv Qy
?}DQD u}= x@ "CU= xOt; CUOx@ l}ORv Q=}U@ wO Qy uRw Q}O=kt xm OwW|t xO}O
QDtm C}atH O=OaD =@ |D}atH OvJ VwQ QO u=wD|t �100� u=Um} Q=QmD O=OaD |=Q@

sOa w xm@W R= xO=iDU= Cr=L wO QO |}xr}t 244 pmO xv}y@ |L=Q] G}=Dv "7 pwOH
"u; R= xO=iDU=

xUOvy w O=a@= O=a@= |L=Q] |=yQ}eDtxm@W =@ xm@W uwO@
0 1923 0 1920 0 1996 A1
1 5394 1 5412 1 4697 A2
0 1920 0 1920 0 1936 A3
1 9535 1 4517 1 6730 A4
0 1921 0 2361 0 1995 A5
2 7436 2 5295 1 9284 A6
0 1920 0 1920 0 1948 A7
2 3047 2 1999 2 0047 A8
0 1920 0 1920 0 1948 A9
0 1920 0 1920 0 1929 A10
1 6681 2 0192 2 2445 A11
1 4300 1 4763 1 4432 A12
0 1920 0 1920 0 1942 A13
0 1920 0 1920 0 1943 A14
3 5407 3 6096 5 3054 A15
0 7132 0 7217 0 8047 A16
0 1920 0 1920 0 1945 A17
0 1920 0 1920 0 1995 A18
0 1920 0 1920 0 1936 A19
2 8875 3 4106 4 9963 A20
0 4344 0 4617 0 6754 A21
0 1920 0 1920 0 1938 A22
0 1920 0 1920 0 1971 A23
0 1920 0 1920 0 1950 A24
0 1920 0 1920 0 1970 A25
0 1920 0 1920 0 1954 A26

4=8919e5 4 9272e5 5 5547e5 (mm3) sHL

6 =Hv}= QO "CU= xOW xO=iDU= 192mm2 =@ Q@=Q@ =[a= `]kt K]U pk=OL =@
QO xr�Ut u}ty "OvW=@|t w[a 50 |=Q=O l} Qy xm CU= xOW ?=NDv= xat=HQ} R
|Qo}O |xt=vu}�; R= KQ] \@=w[ =t= [15]CU= xOW |UQQ@ ,=OOHt |Qo}O C=k}kLD
5 41e5mm3 =@ Q@=Q@ pmO sHL Q=Okt C=k}kLD u}= R= |m} QO "CU= xOW ?=NDv=

[11]"CU= xOt; CUO x@
Q}}eD R}v =Q xR=U |xUOvy s}y=wN@ OwW|t ZQi '`]=kt Q}}eD Q@ xwqa =Hv}= QO
29 xQo OwW|t ZQi '=QH= |=Q@ pmO ?U=vt sQi x@ xHwD =@ Q=m |oO=U |=Q@ "s}yO
|=DU=Q QO |}=Hx@=H u}= u=R}t "OW=@ xDW=O =Q Y wX |=DU=Q QO |}=Hx@=H C}r@=k
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|t=
LQ

u}U
Lw

QwB|
rk?

wka}
'xw=m

|ra "|}xr}t 72 pmO |=Q@ |L=Q] |=yxO=O "9 pwOH
|L=Q] |=yO}k

`]=kt xwQo xQ=tW xwQo |=[a= �j � 0 25in y w x C=yH QO |}=Hx@=H O}k
A1 1; 2; 3; 4 j = 1; :::; 20
A2 5; 6; 7; 8; 9; 10; 11; 12 �25ksi � (��)i � 25ksi i = 1; :::; 72 VvD Ow}k
A3 13; 14; 15; 16 0 1in:2 � Ai; i = 1; :::; 72 =[a= `]kt K]U O}k
A4 17; 18
A5 19; 20; 21; 22 |Q=PoQ=@ |=yxO=O
A6 23; 24; 25; 26; 27; 28; 29; 30
A7 31; 32; 33; 34 Cr=L xQ=tW w[a xQ=tW x(kips) y(kips) z(kips)
A8 35; 36
A9 37; 38; 39; 40 1 1 5 5 �5
A10 41; 42; 43; 44; 45; 46; 47; 48 2 1 0 0 �5
A11 49; 50; 51; 52 2 0 0 �5
A12 53; 54 3 0 0 �5
A13 55; 56; 57; 58 4 0 0 �5
A14 59; 60; 61; 62; 63; 64; 65; 66
A15 67; 68; 69; 70
A16 71; 72 Kr=Yt C=YNWt

104ksi |oDN}Uo pwOt
0 1lp/in:3 |r=oJ

=Q C=@U=Lt sHL u}= xm O}UQ �250� |rwtat l}DvS CkO u=ty x@ �6� 30�
"CU= xOt; 10 pwOH QO `H=Qt Q}=U G}=Dv =@ xU}=kt QO G}=Dv "OyO|t Vy=m Q=}U@

|Q}oxH}Dv
|Wkv 'jQ@ |wQ}v p=kDv= QO =yv; OQ@ Q=m OOaD x@ xHwD =@ wQ}v p=kDv= |=ypmO |R=Uxv}y@
CUQO =yxR=U u}= OQmrta "CW=O Oy=wN Q_v OQwt |xSwQB O=YDk= QO xOvvmu}}aD
w |ki= 's�=k Q=@ xwQo 3 pt=W |rm Qw]x@ xm =Q |r=ta= |=yQ=@ O}=@ wCU= =B QN x@=Wt
�l}DvS sD} Qwor=� |@=}xv}y@ QO xOW xDiQo Q=mx@ VwQ "Ovvm ptLD 'Ow@ Oy=wN |rw]
=@ u; ?}mQD w |SQv= VwQ R= '?wDmt C=k}kLD R= |NQ@ Ovv=t R}v =Hv}= QO "CU=
|R=UTwmat C=}rta hPL R}v w |L=Q] CqwyHt Vy=m Qw_vtx@ |tQv VwQ
Ea=@ xm CU= =yv; =[a= OOaD =ypmO QO xHwD p@=k |xDmv [7]"CU= xOW xO=iDU=
u=wD|t |@Ya |=yxm@W |xO}= R= xO=iDU= =@ "OW Oy=wN l}DvS C=@U=Lt |Ovm
"OQw; CUOx@ |QD?U=vt xH}Dv QDtm u=tR =@ ẁtHt QO =t= 'QDW}@ |=ypUv O=OaD =@
O=OaD =@ |D}atHOvJ l}DvS VwQ QO u=wD|t u=Um} Q=QmD O=OaD |=Q@ u}vJty
Q=}U@ =Q C=@U=Lt sHL u}= xm O}UQ |rwtat l}DvS CkO u=ty x@ QDtm C}atH
"CU= xOW xO=O Q=Qk xm@W |xOyaQ@ C=@U=Lt Ov}=Qi R= |DtUk "OyO|t Vy=m

"OyO|t u=Wv |@ wNx@ =Q xOW xDiQo Q=m x@ VwQ |}=Q=m xOWx�=Q= |=yp=Ft

"`H=Qt Q}=U =@ xU}=kt QO |}xr}t 72 pmO |L=Q] G}=Dv "10 pwOH
xQ=tW Zhou and Erbatur et u}= VwQ u}= VwQ
xwQo Rozvany[16] al.[17] 1 � Q=DWwv 2 � Q=DWwv
A1 1 01 1 04 1 01 1 01
A2 3 46 3 51 3 48 3 48
A3 2 64 2 45 2 68 2 66
A4 3 67 3 36 3 68 3 62
A5 3 27 3 45 3 33 3 37
A6 3 35 3 45 3 34 3 40
A7 0 65 0 66 0 65 0 65
A8 0 65 0 72 0 65 0 65
A9 8 26 8 45 8 20 8 24
A10 3 32 3 21 3 34 3 26
A11 0 65 0 71 0 65 0 65
A12 0 65 0 66 0 65 0 65
A13 12 24 12 32 12 31 12 26
A14 3 33 3 39 3 27 3 30
A15 0 65 0 79 0 65 0 65
A16 0 65 0 66 0 65 0 65
uRw 1690 89 1706 3 1689 53 1689 44

CWwv=B
1. national electric standard committee(NESC)
2. vertical load
3. transversal load
4. longitudinal load
5. feneralized regression neural network
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