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xQwO |wQq=@ |R=Ux}@W |=Q@ jtasm ?; |OOa pOt
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|UQQ@ |=Q@ jtasm ?; |]NQ}e CqO=at |=v@tQ@ OwOLt sHL pOt l} xar=]t u}= QO
l} R= Q[=L pOt "CU= xDi=} xaUwD Ovr@ |xOvvmWQ}e w xOvvmW G=wt= |wQq=@ w Q=WDv=

�MUSCL� Q=DU}=B u}v=wk |=Q@ CUOq=@ |=wvm} |wor= x=Qtyx@ |RmQt K} QY |wor=
u=}O=Qo VwQ =@ CU= QDU@ |i=QowB wD C=QF= |xOvQ}oQ@ QO xm xtWJ CQ=@a "Ovm|t xO=iDU=

RQt xm 'pL=U \N |@=}u=mt |=Q@ u}vJty "OwW|t C=@U=Lt OQ=w �SGM� K]U
|=Q=O 'xrY=L |wor= "OwW|t h} QaD xS} w sD} Qwor= l} 'OwQ|t Q=tWx@ xr�Ut lQLDt
QO xOt; OwHw x@ |=y|oDUw}B=v CU= QO=k w xOw@ u=tR w u=mt QO wO |x@DQt R= |DkO

|}xt=vQ@ \UwD C=@U=Lt |t=tD "Ovm Q}NUD QF-wt Qw]x@ =Q Gwt CUmW QF= Q@ u=} QH jta
|R=Ux}@W |=yMQt}v "OQ}PB|t CQwY 'xOW xDWwv 90 uQDQi \}Lt QO Qw_vt u}tyx@ xm
?=wH =@ |WN@C}=[Q ji=wD 'O=R; K]U |}=Hx@=H |v=tR xJN} Q=D w O=R; K]U |xOW

"OvyO|t u=Wv |y=oW}=tR; |=yxO=O R}v w OwHwt |r}rLD
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taleb@shirazu.ac.ir

sHL VwQ 'OQivt Gwt |wQq=@ 'jtasm ?; |]NQ}e CqO=at %|O}rm u=oS=w
"uwRwt |wor= 'lwW Q}NUD ' �FORCE� pw= x@DQt |RmQt |OOa |wor= 'OwOLt

xtOkt "1
OwHw |U=U= VwQ Q=yJ 'jtasm ?; |]NQ}e CqO=at |OOa pL |=Q@
"4 &OwOLt |=RH= VwQ "3 &OwOLt Cq[=iD VwQ "2 &=yxYNWt VwQ "1 %OQ=O
xYNWt \w]N xm CU= C} Rt u}= |=Q=O =yxYNWt VwQ "OwOLt sHL VwQ
Qw_vtx@ 1979 p=U QO Q=@u}rw= |=Q@ VwQ u}= "OvQ=O |vWwQ |m} R}i |=vat
u}kkLt '1995 p=U QO 'u; R= TB [4]"OW xDiQo Q=m x@ G=wt= |wQq=@ |UQQ@
?; |]NQ}e CqO=at |D=YNWt pmW pL x@ OwOLt Cq[=iD VwQ ltmx@
xO=iDU= OQivt G=wt= |wQq=@ w Q=WDv= |R=UpOt |=Q@ u; R= w OvDN=OQB jtasm
j@=]t |D=@U=Lt \=kv uOQmsm w uOwRi= =@ |rL=U lQLDt \N =yv; pOt QO "OvOQm
'1991 p=U QO xOWx�=Q= |OOa pOt [5]"OW |R=Ux}@W |rL=U \N C}akwt =@
u}= QO "OwQ|t Q=tWx@ jtasm ?; CqO=at OwOLt |=RH= p}rLD |xvwtv u} QDRQ=@
xR=Ov= |=k@ |xrO=at QO |awvYt CHRr CQ=@a l} |xr}Uwx@ Gwt CUmW 'pOt
|y=oW}=tR; |=yxO=O =@ pOt |HvU=w sRrDUt CQ=@a u}= u}}aD "OW OQ=w CmQL

[6]"Ow@
|Oa@ wO pOt l} 1u=t} Q j}kO |xOvvmpL R= xO=iDU= =@ 2006 p=U QO
OQivt Gwt |wQq=@ u; ltmx@ w OWx�=Q= jtasm ?; CqO=at |=Q@ OwOLt sHL
2001 |=yp=U QO xOWx�=Q= |Oa@ wO |=ypOt [7]"CiQo Q=Qk |UQQ@ OQwt xOvvmW
\UwDt Q=W ẁv R= u=t} Q |@} QkD |xOvvmpL R= =yv; |xaUwD QO xm 2007 w
hrDNt |=y|oS} w |R=Ux}@W x@ QO=k |@ wNx@ 'xOW xO=iDU= 2�WAF� Q=OuRw

|t=vwU G=wt= |rL=U C=Q]N R= uDU=m QO Ovr@ G=wt= |wQq=@ |v}@V}B |}=v=wD
?}yt G=wt= |U=U= |=yCrYN |R=Ux}@W Qw_vtx@ "Ovm|t =i}= |D=}L |Wkv
xO=iDU= OQwt |ivt w C@Ft OQivt G=wt= R= |@}mQD =} OQivt G=wt= ,qwtat '|t=vwU
h}YwD QO |}xOQDUo OQ@ Q=m jtasm ?; |]NQ}e CqO=at uwvm =D "OvQ}o|t Q=Qk
|=ypOt `k=w QO "Ov=xDW=O Q=O?}W pL=wU |wQ OQivt G=wt= |wQq=@ w pt=mD
|}=yQDU@ |wQ xOvvmWQ}e G=wt= CmQL |R=Ux}@W x@ QO=k =yvD |wQq=@ |r}rLD
l =D '�1958� uBUv} Qo w Q} Qm Q}_v |v}kkLt "OvDUy xO=U |=y|i=QowB wD =@
Q}e CqO=at Q@ CW=ov p=ta= =@ �1986� T}m qwv}U w �1972� nv=wy w
VwQx@ xm OvOQw; CUO x@ |]N CqO=at R= |y=oDUO 'jtasm ?; |]N
CmQL |=y|oO}J}B R= |W=v |[=} Q CqmWt p}rOx@ [3�1]"Ow@ pL p@=k |r}rLD
u}=Q@=v@ "CU= umttQ}e Gwt CUmW OQwtQO |Q_v ,qt=m |Di=}yQ |x�=Q= 'p=}U
"CU= xDiQo Q=Qk u}kkLt R= |Q=}U@ xHwD OQwt xQ=wty xr�Ut u}= |OOa pL
p@k |D=@U=Lt |=yxQo R= |NQ@ 'Gwt |wQq=@ |OOa |R=UpOt QO xm =Hv; R=
'Qo}O u=}@x@ w pL |x}L=v pw] u}}aD 'OvDUy lWN =yv; x@ Gwt uO}UQ R=
?wULt xOta |rmWt |v=tR s=o Qy QO Q+D � lWN lQLDt RQt |@=}u=mt

"OwW|t
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pOt%R= CU= CQ=@a 'OvDUy
@U
@t

+ @F (U)
@x

= S(U) (1)

CQ=@a S(U) w |OOa Q=W Q=OQ@ F (U) 'Q=DU}=B |=yQ}eDt Q=OQ@ U u; QO xm
%OvwW|t h} QaD u}vJ w OvwW|t xO}t=v xtWJ

U =

"
h

hu

#
; F (U) =

"
hu

hu2 + 1
2gh

2

#
;

S(U) =

" 0
�g dB

dx h

#
: (2)

jta h = h(x; t) 'u=tR t 'Gwt Q=WDv= |=DU=Q x 'Vv=Qo ?=DW g jwi h} QaD QO
|Q}o\UwDt |ki= CaQU u = u(x; t) w QDU@ R=QD B = B(x) 'QDU@ |wQ ?;
Cr=L QO 1 |xrO=at "�1 pmW� OvDUy Gwt Q=WDv= |=DU=Q QO jta QO xOW

%OwW|t xDWwv u}vJ xDUUoxt}v
@U
@t

= �Fi+(1=2) � Fi�(1=2)

�x
+ Si (3)

x@ xm R}v Fi�(1=2) w Fi+(1=2) w CU= |D=@U=Lt pwrU |xR=Ov= �x u; QO xm
w x = xi+(1=2) \=kv QO |OOa Q=W x@ ?}DQDx@ Ov=swUwt |rwrU u}@ |=yQ=W
u}tND |=Q@ xO=iDU= OQwt VwQ 'xt=O= QO "�2 pmW� Ovvm|t xQ=W= x = xi�(1=2)

"OwW|t u=}@ p}YiDx@ |OOa Q=W

Q=DU}=B u}v=wk |=Q@ CUOq=@ |=wvm} |wor= "3
�MUSCL�

xR=Ov= w �h� jta |=yxO=O \ki '|v=tR *s=o Qy |=OD@= QO OwOLt sHL VwQ QO
|r=L QO u}= "CU= OwHwt |D=@U=Lt pwrU Qy RmQt QO �hu� u=} QH CmQL
RQt QO u=} QH |=yQ}eDt u}}aD sRrDUt pL OQ@W}B '3 |x]@=Q j@=]t xm CU=
Q=DU}=B u}v=wk |=Q@ CUOq=@ |=wvm} |wor= R= xar=]t u}= QO "CU=ypwrU u}@

uwO@ pmW� OQivt Gwt l} |wQq=@ w Q=WDv= x@ \w@ Qt |=yQDt=Q=B h} QaD "1 pmW
"�CU= T=}kt

\=kv "�x |xR=Ov= =@ |}=ypwrU ltmx@ pL xvt=O |v=mt |R=UxDUUo "2 pmW
"OvyO|t u=Wv =Q =ypwrU RmQt QBwD \=kv w |rwrU u}@ |=yRQt |r=NwD

l}miD VwQ R= pOt wO u}= "OvDUy |wQq=@ w Q=WDv= Ov}=Qi |] Ovr@ G=wt=
|Oa@l} |xrO=at wO x@ jtasm ?; |Oa@ wO CqO=at p}O@D Qw_vtx@ '3OvtCyH

[9w8]"Ov=xOQ@ xQy@
CU= x=Qty Gwt s�=k |xy@H |Q}opmW =@ xm Gwt CUmW |xO}OB O=ONQ
\ki |D=@U=Lt pOt l} "CU= x=Qty |DqmWt =@ |OOa |R=Ux}@W Q_vx]kv R=
lwW |R=Ux}@W x@ QO=k|@ wNx@ xmCU=?U=vt xOvvmW G=wt= p}rLD |=Q@|t=ovy
|=Q=O *|OOa |=ywor= QDW}@ "OW=@ |OOa u=Uwv O=H}= uwO@ Gwt CUmW R= |W=v
Q=DU}=B Cr=L QO jtasm ?; CqO=at pL |=Q@ uwvm =D xm '4lwW Q}NUD *C}Y=N
R= |O=} R |=yxvwtv "Ov=xOW |L=Q] CqO=at uoty Cr=L |=Q@ 'Ov=xOW O=yvW}B
OQ@ Q=m xm CW=O xHwD O}=@ [10]"CU= xOW VQ=Ro �2001� wQwD ?=Dm QO =ywor= u}=
Gwt 'lwW Gwt Q=WDv= Q}_v |OQ=wt x@ =yvD uoty Cr=L QO jtasm ?; CqO=at
QO w s}kDUt VwQl} "CU= OwOLt |ki= QDU@ |wQ Q@ OUCUmW Gwt w 5lQDW)=
CqO=at R= |y=oDUO x@ =yv; l}miD uotyQ}e CqO=at pL |=Q@ xO=U p=L u}a
u}= [10]"CU= |rwtat p}Uv=Qi}O |xrO=at OvJ =} l} w uoty |xrO=at l} pt=W
"OyO|t CUO x@ |i}a[ ,=D@Uv G}=Dv |t�=Ox@W =} |t�=O |=yu=} QH OQwtQO VwQ
l} |R=Ux}@W QO l}miD VwQ u}= R= xO=iDU= =@ xm O=O u=Wv u=oOvQ=ov |x@ QHD
x@ O=R; K]U QO |m} R}iQ}e C=W=WDe= |QU l} 'Q=wty=v QDU@ =@ um =U ?; uRNt
|}xY}kv u}vJ "OvwW|t QWDvt ?; K]U |wQ Q@ u=tR CWPo =@ xm O};|t OwHw
'C}Y=N u}= "OwW|t xO=O C@Uv C C}Y=N x@ swUwt |oS} w |=[Q= sOa x@
"Ovm|t u}t[D s�=O u=} QH p�=Ut QO =Q |OOa Q=W u=}O=Qo w xtWJ CQ=@a uR=wD
pOt \UwD C C}Y=N |=[Q= C}ty= uwt=Q}B EL@ =@ u}kkLt '2008 p=U QO
|xaUwD QO QwmPtC}Y=N x@ xHwD sOa xm OvDW=O u=}@ Ovr@ Gwt |wQq=@ |D=@U=Lt
Q}e G=wt= R= |}xawtHt O=H}= x@ OQ=wt R= |NQ@ QO CU= umtt |OOa pOt l}
*|rY= Gwt `=iDQ= |=oQR@ x@ |a=iDQ= |=Q=O xm OwW QHvt |OOa ,=iQY w |m} R}i
VwQ R= xm '2000 p=U QO xOWx�=Q= |wQq=@ pOt 'xvwtv u=wvax@ [11]"Ov=xar=]t OQwt

[12]"CU}v 6uwRwt 'CU= xOQm xO=iDU= xtWJ CQ=@a |=Q@ l}miD
|OOa |wor= QO xtWJ CQ=@a uOv=Hvo |=Q@ QFwt |O}ytD 1994 p=U QO
|=Q@ u; R= 'VwQ u}= |R=Uxv}y@ =@ 1999 p=U QO u; R= TB [13]"OW `=O@= 7wQ
u}= VwQ p=L u}= =@ [14]"OW xO=iDU= |t�=O |=yu=} QH pt=W hrDNt p�=Ut pL

"CU= xO}J}B Q=}U@ u}kkLt
|]NQ}e CqO=at |=Q@ OwOLt sHL |OOa |wor= l} |xaUwD x@ xar=]t u}=
QO 8�SGM� K]U u=}O=Qo VwQ =@ xtWJ CQ=@a u; QO xm OR=OQB|t jtasm ?;
|Q}op=QoDv= |=Q@ =Dwm�nv=Q xU x@DQt |xv}y@ |wor= R= w xOW xO}v=Hvo C=@U=Lt
xvwoI}y x@ R=}v uwO@ xOWx�=Q= |wor= "CU= xOW xO=iDU= xDUUoxt}v CqO=at |v=tR
x=Qty =]N w |aU =@ ,qwtat u; u}}aD xm |awvYt CHRr Q}_v �� |i=[= CQ=@a
=Q C C}Y=N xm O=O u=Wv u=wD|t w CU= lwW Q}NUD C}r@=k |=Q=O �� CU=
x@ R=}v xvwoQy uwO@ pOt u}= u}vJty "CU= uwRwt 'Qo}O u=}@ x@ w Ovm|t <=[Q=
K]U |wQ Ovr@ G=wt= Q=WDv= |v}@V}B x@ QO=k '|y=oW}=tR; |=yxO=O =@ |HvU=w

"CU= Q=O?}W

sm =L CqO=at "2
w Q=WDv= Ov}=Qi |UQQ@ |=Q@ |Q=}U@ u}kkLt uwvm =D 'OW xQ=W= QDV}B xm Qw]u=ty
9Q=DU}=B pmW "Ov=xOQm xO=iDU= jtasm ?; |]NQ}e CqO=at R= Ovr@ G=wt= |wQq=@
CmQL xR=Ov= w sQH |=k@ u}v=wk Qou=}@ `k=w QO xm 'jtasm ?; |]NQ}e CqO=at
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"(SGM) K]U u=}O=Qo VwQ |=v@t Q@ O=R; K]U R=QD CN=UR=@ "3 pmW

|x@U=Lt x@ �DGM� VwQ R= |W=v |=]N 'Qo}O u=}@x@ "O};|tv CUO x@ pwrU
|=Q@ "O};|t CUO x@ xr�Ut |=Q@ CUQO=v |@=wH w Ot=Hv=|t |OOa Q=W CUQO=v
VwQx@ xm '2001 p=U QO u}kkLt |O=yvW}B VwQ R= j}kLD u}= QO 'xY}kv u}= `iQ
|=Hx@ VwQ u}= T=U=Q@ [15]"OwW|t xO=iDU= 'CU= swUwt �SGM� K]U u=}O=Qo
x@ xO=O CN=UR=@ |=v@t u=wvax@ pwrU RmQt QO O=R; K]U R=QD 'u=} QH jta Q}eDt

%OQm h} QaD u}vJ u=wD|t =Q O=R; K]U R=QD "�hr=3 pmW� OwQ|t Q=m
�(x; t) = h(x; t) +B(x) (9)

�+
i+(1=2) Q}O=kt =OD@= 'CmQL xR=Ov= QO xO=iDU= OQwt OvwQ x@=Wt |OvwQ R= |wQ}B =@
jta Q}O=kt 10 |x]@=Q ltmx@ TBU w �?3 pmW� Ov};|t CUO x@ ��i+(1=2) w

"OwW|t x@U=Lt pwrU RQt QO u=} QH
h�i+(1=2) = ��i+(1=2) �Bi+(1=2)

h+
i+(1=2) = �+

i+(1=2) �Bi+(1=2) (10)

?@U xOWO=} VwQ "CU= x = xi+(1=2) RQt QO QDU@ R=QD Bi+(1=2) u; QO xm
xHwD O}=@ "OwW|t pwrU RQt QO jta |@=}uwQ@ R= |W=v |=]N Q}otWJ Vy=m
w SGM R= pY=L |=y?=wH '3 |xrO=at QO xtWJ CQ=@a ?=}e QO xm CW=O

"Ow@ Oy=wN u=Um} DGM

|OOa |wor= ltmx@ pwrU RQt QO |OOa Q=W u}tND "5
(FORCE)

Q=W |x@U=Lt 'pwrU Qy RQt QO CmQL xR=Ov= w jta |=yQ}eDt u}}aD R= hOy
xOW O=yvW}B |vwo =vwo |=yVwQ uwvm =D Qw_vt u}= |=Q@ "CU= |rwrU u}@ |OOa
pw= x@DQt |RmQt |OOa |wor= R= |OOa Q=W u}tND Qw_vtx@ xar=]t u}= QO "CU=

T=U=Q@ [10]"OwW|t xO=iDU= 'OW O=yvW}B Q}r uw\UwD Q=@u}rw= xm '10�MUSCL�
=@ pwrU RQt QO =yQ}eDt Q}O=kt '11=yxO=O CN=UR=@ x@ swUwt |xrLQt QO VwQ u}=
CQwY |}xvwox@ |@=}uwQ@ u}= p=ta= "Ov};|t CUO x@ pwrU RmQt Q}O=kt |@=}uwQ@
O=H}= uwO@ u=} QH |=y|oDUw}B=v w OwW pQDvm ?=wH |v=Uwv CrYN xm OQ}PB|t
|]NQ}e |xOvvmOwOLtl} R= =yxO=OCN=UR=@ |=Q@ "OwW Q}NUD |OOa lqyDU=
QO xOW |R=UR=@ |=yxO=O x@ ?U=vt |OOa lqyDU= =D OwW|t xO=iDU= 12?}W
O=H}= R= 'pL |}=wvm} ^iL ut[ 'VwQ u}= R= xO=iDU= =@ "OwW xOwRi= pwrU RQt
"OwW|t |Q}owrH O=} R u=}O=Qo =@ |L=wv |m}ORv QO |m} R}i Q}e w O}OW |=yu=Uwv

%CW=O s}y=wN s=i pwrU QO CmQL xR=Ov= |=Q@ T=U= u}tyQ@
(hu)�i+(1=2) = (hu)i + 1

2�i(hu);

(hu)+
i+(1=2) = (hu)i+1 � 1

2�i+1(hu): (4)

|R=UR=@ |=yQ}eDt Q}O=kt |xOvyOu=Wv ?}DQDx@ - w + |=yT} wvq=@ TB u}= R=
u=}O=Qo 4 |x]@=Q QO "Ow@ Ovy=wN Q_v OQwt RQt AJ CtU w CU=Q CtU QO xOW

"OwW|t xO=O 5 |x]@=Q j@] CmQL |xR=Ov=
�i(hu) = 	i �

�
�i+(1=2)(hu) + �i�(1=2)(hu)

2
�

(5)

pwrU wO QO CmQL xR=Ov= QO VQB �i�(1=2)h(u) w �i+(1=2)(hu) u; QO xm
"OvwW|t h} QaD 6 |x]@=Q ?r=k QO w xOw@ Qw=Ht

�i+(1=2)(hu) = (hu)i+1 � (hu)i;

�i�(1=2)(hu) = (hu)i � (hu)i�1: (6)

[10]"CU= Superbee ?}W |]NQ}e |xOvvmOwOLt 	 '5 |x]@=Q QO

	i =

8>>>>>>><>>>>>>>:
0 ri � 0;
2ri 0 � ri � 1

2 ;

1 1
2 � ri � 1;

min(ri; 2
1+ri

; 2) otherwise:

(7)

Q@=Q@ 8 |x]@=Q j@] w CU= |r=wDt pwrU wO QO CmQL xR=Ov= C@Uv ri u; QO xm
%=@ CU=

ri =
�i�(1=2)(hu)
�i+(1=2)(hu)

(8)

(SGM) K]U u=}O=Qo VwQ "4
Q=m x@ CmQL xR=Ov= |=Q@ p@k CtUk QO xJv; x@=Wt |WwQ =@ u=} QH jta CN=UR=@
pmW |=Q@ \ki VwQ u}= "OwW|t xO}t=v 13�DGM� jta u=}O=Qo VwQ 'CiQ
|wQq=@ |R=UpOt QO p=L Qyx@ "CU=?U=vt �S(U) = 0 |va}� CqO=at uoty
RQt QO ?; jta =Q} R 'OwW ^=Lr CqO=at QO QDU@ ?}W C=QF= O}=@ OQivt G=wt=
O=R; K]U |v=tR C=Q}}eD u}vJty w QDU@ |i=QowB wD Q}F-=D CLD |D=@U=Lt pwrU Qy
|=Q@ CkO |q=@ |x@DQt =@ |WwQ R= Qo = |DL '|Dr=L u}vJ QO "OQ=O Q=Qk u=} QH
RQt QO u=} QH jta |ak=w C=Q}}eD 'OwW xO=iDU= pwrU RQt QO ?; jta CN=UR=@
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wQq

=@|
R=Ux

}@W
|=Q@

jta
sm?

;|
OOa

pOtQ=}at p=ta= =@ C=@U=Lt |Q=O}=B 'CU= K} QY |} wor= =Dwm � nv=Q |wor= xm =Hv;
%OwW|t u}t-=D |v=tR s=o Q=Okt |wQ Q@ �CFL� |wr � V} QOQi � Cv=Qwm

�t = Cn min
i

�x
juij+pghi ; 0 < Cn � 1 (16)

|v=tR s=o l} QO xm Ovm|t u=}@ 16 |x]@=Q "CU= Cv=Qwm OOa Cn u; QO xm
"Ovm |] =Q |v=mt s=o l} pw] R= V}@ |Di=Ut O}=@v Gwt
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pL=U \N =Q} R &CU= pL=U \N C}akwt u}}aD R= |W=v CqmWt QDW}@ 'jtasm
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pw] QO [19w11]"OwW|t h} QaD ?; |xv}tm jta l} |OOa |wor= QO '2006 w
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|R=QD QO xm |}=yxQo � lWN pL=U Q@ `k=w |=yxQo |t=tD x@ x}rw= jta u=wvax@
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