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u}= |m}t=v}O p}rLD syt OQ=wt w p�=Ut R= |m} 'xrRrR p@=kt QO sw=kt |=yxR=U KQ] |=Q@
R= uwRi=RwQ |xO=iDU= x@ xHwD =@ "CU= |v=tR xJN} Q=D VwQ =} KQ] h}] T=U=Q@ =yxR=U

|=yCW=ov?=DW O}rwD '=yxR=U MU=B |x@U=Lt |=Q@ |v=tR xJN} Q=D |m}t=v}O p}rLD
Cq=mW= w C}OwOLt R}v w xrRrR |xOWC@F |=yOQwmQ Ow@tm Crax@ ?U=vt *|awvYt
|}=v=wD R= xO=iDU= =@ Q=DWwv u}= QO "OUQ|t Q_v x@ |QwQ[ |Qt= xRwQt= '=yu; QO OwHwt
u} QDy@ sD} Qwor= x=Qtyx@ C*rw}*w p}rLD R= xO=iDU= =@ u}vJty w |@Ya |xm@W |Q}oO=}
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|x}=B u} QDy@ Cm =B C*rw}*w ?}=Q[ u; |HwQN w 'CaQU x@W MU=B h}] u; |OwQw xm

|=yCW=ov?=DW |xm@W VRwt; =@ pOt u}= QO "CU= u; =@ Q_=vDt CW=ov?=DW
=@ Twmat VwQx@ xOW|iQat sD} Qwor= ltmx@ =yu; MU=B h}] w u=Q}= QO xOWC@F
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"GRNN |xm@W 'x}=B u} QDy@ sD} Qwor=

xtOkt "1
j]=vt QO |}=yCW=ov u}vJ R= xO=iDU= 'CU= lOv= Q=}U@ Qo}O j]=vt QO |OQwmQ
j]=vt QO xrRrR |xOWC@F |=yOQwmQ Ow@tm x@ xHwD =@ "CU}v ?U=vt hrDNt
x=oDN=U \}=QW =@ |@=NDv= CW=ov?=DW uOw@ ?U=vDt CQwQ[ w 'u=Q}= hrDNt
|=yOQwmQ CU= sRq 'xrRrR u=tR COt w MU=B h}] w |Uv=mQi |=wDLt Q_v R=

"Ovvm C}a@D x=oDN=U KQ] h}] u}= R= R}v |awvYt
uO}UQ R= p@k u; `} RwD |xwLv w |}xRQr G=wt= O}rwD |xO}J}B Q=mwR=U x@ xHwD =@
CW=ov?=DW CN=U |=Q@ Ov=wD|t u=tR x@ xDU@=w |UQQ@ 'Q_v OQwt x=oDU}= x@
|awvYt |=yOQwmQ O}rwD |=Q@ |irDNt |=yVwQ p=L x@ =D "OW=@?U=vt |awvYt
x} Qwi p}O@D xv}tR u}= QO "CU= X=N |} wor= R= xDiQoQ@ s=OmQy xm xOW x�=Q= xrRrR
|=yVWwm xDWPo |=yp=U QO "OQ=O =Q =yOQ@ Q=m u} QDxOQDUo w u} QDsyt R= |m}
|=ypOt QO �|}x@ Q[ lHwt� C*rw}*w p}rLD VwQ R= xO=iDU= |=Q@ R}v |Q=}U@
|xm@W R= |O=} R u=QoVywSB R}v w 'xOW s=Hv=nv=wy � CQ@r}yp}O@D w u=tR Q@|vD@t
R= xO=iDU= XwYNQO xm OwW|t Qw;O=} "Ov=xDiQo xQy@ OQwt u}= QO |awvYt |@Ya

|v=wD=v '=yxR=U |L=Q] w p}rLD |=Q@ MU=B h}] VwQ |xOta Cq=mW= R= |m}
'OQ=wt R= |Q=}U@ QO "CU= xR=U Q=DiQ w MU=B OQwtQO |v=tR C=aq]= u}t-=D R= u;
uQ=kD sOa uwJty �� X=N |OQ=wt QO =Q |m}t=v}O p}rLD |L=Q] |=yxt=vu}};
|=yxR=U |=Q@ �� xQ}e w `=iDQ= QO |DNU w sQH CN=wvm} `} RwD sOa 'uqB QO
'|}xDUy jQ@ |=yx=owQ}v p}@k R=� syt |=yxR=U |L=Q] QO "Ov=xDUv=O sRq X=N
pt=m p}rLD T=U=Q@ |}=yv KQ] ,qwtat �xQ}e w |r@=m |=ypB 'Ovr@ |=yxR=U '=yOU
|=yCW=ov?=DW OwHw sOa Crax@ w 'p}rO u}tyx@ "OwW|t x}yD |v=tR xJN} Q=D
|m}t=v}O p}rLD R= xO=iDU= |=}=Rt w wU l} R= C=aq]= Ow@tm w |i=m w ?U=vt
|Q=}U@ QO |awvYt CW=ov?=DW |QU l} |x}yD 'Qo}O |wU R= |v=tR xJN} Q=D
QO xOWC@F |=yCW=ov?=DW xm u}= x@ xHwD=@ u}vJty "CU= |QwQ[ OQ=wt R=
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*p}rLD |=Q@ |OvtCQOk Q=R@= ?Um x@ Crw} w p}rLD |xv}tR QO Q}N= |=yVWwm
u=wvax@ Crw} w p}O@D Qwy_ =@ "CU= xOW |Uv=mQi |=wDLt QO C=W=aDQ= *|v=tR
*QD?U=vt w QDj}kO *s=Hv= Q}N= |=yp=U QO Tv=mQi � u=tR p}rLD |=Q@ |wk |Q=R@=
VwQ uwJty Crw} w p}rLD "OW umtt =DU}=Q}e |=yTv=mQi |xRwL QO =y|UQQ@
[9]"CU=yp=vo}U VR=OQB |=Q@ O}it |Q=R@= xm CU= x}=B |[=} Q VwQ l} x} Qwi
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C=}�RH w ?} QkD |xN=W wO x@ p=vo}U 'Crw} w p}rLD QO "Ovm|t O=H}= p=vo}U
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R}v =Q C=}�RH 'Cm =B Crw} w p}rLD QO "OQ=O OwHw p=vo}U |Q=PoOm =} x} RHD |=Q@
VwQ 2n R= V}@ x@ |UQDUO Q=m u}= pY=L "OQm x} RHD C=@} QkD Ovv=ty u=wD|t
x} RHD R= |}xWwo Crw} w |x} RHD Ck}kL QO "CU= p=vo}U |Q=PoOm |=Q@ Cw=iDt
ltmx@ p=vo}U l} |x} RHD R= |}xvwtv 2 pmW QO "CU= Cm =B Crw} w VwQx@

"CU= xOW xO=O u=Wv Cm =B Crw} w p}O@D
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R= [3]"CU= xDiQo CQwY |D=ar=]t R}v |awvYt CW=ov?=DW O}rwD QO |@Ya
|awvYt |=yCW=ov?=DW O}rwD |=Q@ R}v |@Ya |=yxm@W w Crw} w p}rLD ?}mQD

[6�4]"CU= xOW xO=iDU= MU=B h}] =@ Q=oR=U
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"OQ=O |oDU@ Qo}O pt=wa w G=wt= VQDUo |xwLv 'xrRrR RmQt R= xrY=i 'pUo
OW s=Hv=Ci=Qm}=@\UwD|awvYt |=yCW=ov?=DW O}rwD |=Q@ =yVqD u}rw=
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|}xRQr C=mQL |UQQ@ |=Q@ =DU}=Q}e w =DU}= hrDNt |iO=YD |=ypOt |awvYt
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x@ Q[ 'Q=Hiv= 'xrRrR Ovv=t|}=yxO}OB xrRrR w xR=U|UOvyt QO xm u}= x@ xHwD =@ "CU=
|wQ}B |Y=N s_v R= =yu; Q=DiQ w OvwW|t ?wULt |k=iD= |=yxO}OB <RH O=@ w
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w |m} R}iw�S |=ypOt x@ xm OQ=O OwHw |irDNt |=yVwQ R}v xrRrR |awvYt

"OvwW|t s}UkD |awvYt Vwy R= xO=iDU= =@ |}=ypOt w [8]|iO=YD |=ypOt
|=ypOt 'Ov=xDi=}v \U@ Rwvy l} R}iw�S |=ypOt |Q_v pwY= xm =Hv; R=
R}v |awvDt |=ywor= =ypOt u}= |=v@tQ@ w OvQ=O |QDW}@ OQ@ Q=m xRwQt= |iO=YD
=yOQ@ Q=m u} QDxOQDUo w u} QDsyt R= |m} x} Qwi p}O@D xv}tR u}= QO "Ov=xOW x�=Q=
Ov=xOW xHwDt u=QoVywSB Q}N= |=yp=U QO xJQo = 'OQ=O xrRrR |UOvyt QO =Q
�� |]NQ}e |=ysDU}U w =DU}=Q}e |=yp=vo}U OQwtQO xS} wx@ �� p}O@D u}= xm
xOv}; |=y|L=Q] QO xm u; x@ xHwD =@ 'Qo}O |wU R= "CU= |}=yC}OwOLt |=Q=O
|=yQ=@ =@ xyH=wt QO xm |}=yu=tDN=U XwYNx@ �� |v=tDN=U |=yxR=U |=Q@
C=Q}}eD QO u; |Q}oxR=Ov= w |Uv=mQi |=wDLt |UQQ@ �� OvDUy =DU}=Q}e |m}t=v}O
h}] Ovv=wD|tv |}=yvDx@ |Uv=mQi p}rLD w |v=tR p}rLD w 'O@=}|t CQwQ[ u=tR
xO=iDU= |=Q@ xDWPo |=yp=U QO 'Ovvm u=}@ |DUQOx@ =Q |m}t=v}O |=yQ=@ |=DU}=Q}e
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"Cm =B Crw}w p}O@D R= xO=iDU= =@ s@ |xrRrR CW=ov?=DW |x} RHD "3 pmW

'Cm =B Crw} w `@=D Qy =@ p=vo}U |rN=O ?Q[ j} Q] R= x(t) p=vo}U Cm =B Crw} w
%O};|t CUO x@ 7 CQ=@a j@=]t

cij(k) =
1Z
�1

x(t) ij;k(t)dt (7)

u}t=j QO Cm =B Crw} w x} RHD ?}=Q[ R= |QU u}t=i |xOvyOu=Wv cij(k) u; QO xm
xij(t) p=vo}UCm =BCrw} w |wDLt "CU= |}=Hx@=H QDt=Q=B u}t=k w T=}kt QDt=Q=B
CQwYx@  ij;k Cm =B Crw} w `@=D ?}=Q[ R= |]N ?}mQD l} |xr}Uwx@ u=wD|t =Q

%O=O V}=tv Q} R

xij(t) =
1X
�1

cij(k) ij;k(t) (8)

%CU= V}=tv p@=k 9 CQ=@a CQwYx@ x(t) |rY= p=vo}U 'x} RHD Q=@ j R= TB xm

x(t) =
2jX
i=1

xij(t) (9)

Crw} w p}O@D R= xO=iDU= =@ s@ |xrRrR CW=ov?=DW x} RHD '3 pmW QO p=Ft |=Q@
"CU= xOW xO=O u=Wv Cm =B

x}=B u} QDy@ sD} Qwor= "2"3
VwQ "OvDUy |}=yC}OwOLt |=Q=O Crw} w p}rLD w x} Qwi p}rLD VwQ wO Qy
Crw} w p}rLD w 'OQ=O OvtVwQ ?w=vDt |=yp=vo}U |=Q@ |@ wN G}=Dv x} Qwi p}rLD
?U=vt OQ=O x=Qtyx@ xDUw}B=v w |v=yo =v |=yxrk xm =DU}=Q}e |=yp=vo}U |=Q@
`@=wD =@ |Q=}U@ |=ysD} Qwor= w CU= xOW s=Hv= R}v |Qo}O |=y|UQQ@ "CU=
VwQ w x}=B u} QDy@ sD} Qwor= pt=W =yVwQ u}= [13]"CU= xOW x}yD |r}rLD
xO=iDU= =yCm =B Crw} w R= x}=B u} QDy@ |UQQ@ sD} Qwor= "CU= |k}@]D |xr=@vO

"Ovm|t

j@=]t S p=vo}U xm OQ=O OwHw u=mt= u}= Cm =B Crw} w R}r=v; QO p=Ft |=Q@
"OwW |R=UR=@ Q} R CQ=@a

S = A(1) +A(6) +D(6) +D(3) (1)

Crw} w VwQ QO xm OW=@ |t VwQ u}= =@ p=vo}U x} RHD |=y xvwtv R= |m} u}=
"CU}v umtt pwtat

VwQ u}= QO xHwD ?r=H |xr�Ut xOW |Q=PoOm C=aq]= u}= R= |m} ?=NDv=
xO=iDU= pt=m |R=UR=@ |=Q@ QPou}}=B w QPo q=@ |=yQDr}i R= Cm =B Crw} w QO "CU=
OvDUy =yCrw} w R=|k=@]v= =} xS} w|]N C=@}mQD =yCm =BCrw} wCk}kL QO "OwW|t
"OvQ=OQwNQ@ RmQtD w |Q=wHty 'Ot=aD C}Y=N R= =yCrw} w uwJty =ypOt u}= w
QO w OvwW|t x@U=Lt |DWoR=@ sD} Qwor= =} pt=a =@ |]N C=@}mQD QO ?}=Q[
h} QaD u}vJ ( ij;k(t)) Cm =B Crw} w `@=D "OQ=O OwHw |QDsm |oO}J}B VwQ u}=

%OwW|t

 ij;k(t) = 2�j=2 i(2�jt� k) (2)

|=yQDt=Q=B i = 0; 1; ::: "OvDUy |}=Hx@=H w T=}kt ?}DQDx@ k w j u; QO xm
"CU= j = k = 0 =@  ij;k(t) |=vatx@ T} wvQ} R uwO@  i(t) w u=Uwv

T=}kt `@=D R}v (i = 0; 1; j = k = 0) |=Q@ Cm =B Crw} w `@=D wO u}rw=
%OvwW|t xOv=wN 3 |x]@=Q pmWx@  (t) QO=t Crw} w `@=D w '(t)

 0(t) = '(t); '1(t) =  (t) (3)

h} QaD 4 \@=wQ CQwYx@ i = 2; 3; ::: T=}kt |=Q@ Cm =B Crw} w Qo}O `@=wD
%OvwW|t

'2i(t) =
X
k

h(k) ij;k(t);

 2i+1(t) =
X
k

(�1)kh(�k + 1) ij;k(t) (4)

%CW=O s}y=wN u}=Q@=v@ w
'2i(t) =

p2X
k

h(k) i(2t� k);

'2i+1(t) =
p2X

k

(�1)kh(�k + 1) i(2t� k) (5)

Qo =
g(k) = 1p2 h (t);  (2t� k)i = (�1)kh(�k + 1)

%R= Ow@ Ovy=wN CQ=@a jwi C=Q=@a x=ov;
'2i(t) =

p2X
k

h(k) i(2t� k);

'2i+1(t) =
p2X

k

g(k) i(2t� k) (6)

"CU= �Crw} w� QPo q=@ QDr}i g(k) w �T=}kt� QPou}}=B QDr}i h(k) x]@=Q u}= QO
?}=Q[ [12]"OvwW|t xOv=wN GwORt Ot=aDt |=yQDr}i 'g(k) w h(k) 'QDr}i wO u}=

67



"""xr
RrR

|a
wvY

tC
W=o

v?=
DWO

}rwD
|=Q@

u}w
v|

WwQC}U=UL w 'OvwQ|t Q=m x@ `@=wD ?} QkD |=Q@ ,qwtat =yxm@W u}= "Ov=VRwt; QO Q_=v
|x}=B =@ `@=D Q=DiQ p}rOx@ xm OvQ=O =DU}=Q}e |=y|OwQw =@ p�=Ut x@ C@Uv |QDsm
sD} Qwor= "OvQ=Ov QQmt VRwt; x@ |R=}v =yxm@W u}= "CU= u; u=yvB u=m} |a=aW
|WRwt; OvwQ RHx@ "CU= xOW =v@ |]N Q}e uw}UQoQ |x} Q_v T=U=Q@ GRNN

|xm@W Q=DN=U R= |}xvwtv "CU= RBF VwQ uwJty u; C=mv |x}k@ 'swO |x}q
"CU= xOt;QO V}=tv x@ 5 pmW QO GRNN
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