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d�s
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(�GA)t
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dx = d2v(x;y)
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 = du(x; y)
dy

+ dv(x; y)
dx

(1)

|x}q R= x]kv Qy QO s�=k w |ki= |=yu=mtQ}}eD ?}DQDx@ v(x; y) w u(x; y) xm
jQw |=OD@= QO v(x; y) w u(x; y) 'y 'x |=yC}tm VHvU -=O@t "Ov=xOv@UJ

"Ov=xOW ZQi hr=1 pmW CQwYx@ C} wkD
CUOx@ 2 |x]@=Q R= w CU= 
 |WQ@ VvQm =@ Q_=vDt �(x) |WQ@ VvD

[1]%O};|t

�(x) = Ga
 = Ga
�
du(x; y)
dy

+ dv(x; y)
dx

�
(2)

pw= |x@DQt jDWt "CU= xOv@UJ |x}q |WQ@ |v=UWm ?} Q[ Ga u; QO xm
%O};|t CUOx@ 3 |x]@=Q R= x x@ C@Uv 2 |x]@=Q

d�(x)
dx
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�
d2u(x; y)
dxdy

+ d2v(x; y)
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�
(3)
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y1 = d1
2 (13)

y2 = d2
2 (14)

%CWwv 15 |x]@=Q u=wD|t ?mQt <RH |ki= pO=aD R=
dN1(x)
dx

= dN2(x)
dx

= b2�(x) (15)

%CU= Q=QkQ@ 16 |x]@=Q u; QO xm
N1(x) = N2(x) = N(x) = b2

Z x

0
�(x)dx (16)

M2(x) w M1(x) u}@ |x]@=Q 'C} wkD jQw w RC Q}D QO Q@=Q@ |=y=vLv= ZQi =@
[1]%OwW|t xDWwv 17 |x]@=Q CQwYx@

M1(x)
E1I1

= M2(x)
E2I2

)
8<:M1(x) = RM2(x)

R = E1I1
E2I2

(17)

u=wD|t C} wkD jQw RmQt x@ C@Uv |r}Uv=Qi}O <RH QO pm |WtN Qovr |x@U=Lt =@
[1]%CWwv =Q 18 |x]@=Q

MT (x) = M1(x) +M2(x) +N(x) (y1 + y2 + ta) (18)

20 w 19 \@=wQ R= ?}DQD x@ C} wkD jQw w |vD@ Q}D QO |WtN |=yQovr u; QO xm
[1]%Ov};|t CUOx@

M1(x) = R
R+ 1

�
MT (x)� b2

Z x

0
�(x) (y1 + y2 + ta) dx

�
(19)

M2(x) = 1
R+ 1

�
MT (x)� b2

Z x

0
�(x) (y1 + y2 + ta) dx

�
(20)

%CWwv =Q 22 w 21 \@=wQ u=wD|t 20 w 19 |=yx]@=Q pw= jDWt u}}aD =@
dM1(x)
dx

= V1(x) = R
R+ 1 [VT (x)� b2�(x) (y1 + y2 + ta)]

(21)

dM2(x)
dx

= V2(x) = 1
R+ 1 [VT (x)� b2�(x) (y1 + y2 + ta)]

(22)

%OwW|t pY=L 23 |x]@=Q '10 |x]@=Q QO 12 w 11 \@=wQ |Q=Po|=H =@
d�(x)
dx

= Ga
ta

[� y2
E2I2

M2(x) + 1
E2A2

N2(x) + y2
�G2A2

b2�(x)

� y1
E1I1

M1(x) + 1
E1A1

N1(x)� y1
�G1A1

[q + b2�(x)]

� ta
(EI)t

MT (x)� ta
(�GA)t

dVT (x)
dx

] (23)

[23]%OvwW|t u}}aD8>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>:

�1 = Lfs+x
L


1 = 192E1I1b
5�G1A1L2

r1e = 16
5 (�41 � 2�31 + �1) + 
1(�1 � �21)� 1�

r1e = 48E1I1b
5�G1A1L2 at x = Lp

2
�

�2 = Lfs+x
Lp


2 = 192E2I2b
5�G2A2L2

p

r2e = 16
5 (�42 � 2�32 + �2) + 
2(�2 � �22)� 1�

r2e = 48E2I2b
5�G2A2L2

p
at x = Lp

2
�

(6)

|x]@=Q R= wmvWwt}D |xOWC} wkD |vD@ Q}D QO |r}Uv=Qi}O <RH pm |=vLv= 'u}=Q@=v@
%O};|t CUOx@ 7

d2v(x; y)
dx2 = d�b

dx
+ d�s
dx

= �MT (x)
(EI)t

� 1
(�GA)t

dVT (x)
dx

(7)

'OW=@ xDiQo Q=Qk CN=wvm} |WQ@ |=yVvD ZQat QO xOv@UJ |x}q xmv; ZQi =@
u; u=wD|t w CU= |]N CQwYx@ xOv@UJ |x}q Ct=N[ QO u(x; y) C=Q}}eD

[1]%CWwv 8 |x]@=Q CQwYx@ =Q
du(x; y)
dy

= 1
ta

[u2(x)� u1(x)] (8)

%O};|t CUOx@ 9 |x]@=Q 'x x@ C@Uv 8 |x]@=Q R= |Q}ojDWt =@
d2u(x; y)
dxdy

= 1
ta

�
du2(x)
dx

� du1(x)
dx

�
(9)

|q=@ w |vD@ Q}D u}}=B QO |rw] |=yu=mtQ}}eD ?}DQDx@ u2(x) w u1(x) u; QO xm
|=yx]@=Q |Q=Po|=H =@ "CU= xOv@UJ |x}qCt=N[ Qou=}@ ta wCU=C} wkD jQw

%CWwv =Q 10 |x]@=Q u=wD|t 3 |x]@=Q QO 9 w 7

d�(x)
dx

= Ga
ta

24 du2(x)
dx � du1(x)

dx � ta
(EI)t

MT (x)�
ta

(�GA)t
dVT (x)
dx

35 (10)

'|QwLt |=ypmWQ}}eD C=QF= p=ta= =@ C} wkD jQw |q=@ w |vD@ Q}D u}}=B QO =yVvQm
[1]%OvwW|t u}}aD 12 w 11 \@=wQ CQwYx@ |WtN w '|WQ@

du1(x)
dx

= "1(x) = y1
E1I1

M1(x)� 1
E1A1

N1(x)+

y1
�G1A1

[q(x) + b2�(x)] (11)

du2(x)
dx

= "2(x) = � y2
E2I2

M2(x) + 1
E2A2

N2(x)+

y2
�G2A2

b2�(x) (12)

|vD@ Q}D u}}=B K]U QO |QwLt |=yVvQm ?}DQDx@ "2(x) w "1(x) =yu; QO xm
Qovr w |QwLt |wQ}v ?}DQDx@ Mj(X) w Nj(x) "OvDUy C} wkD jQw |q=@ w
w y1 "(j = 1; 2) OvwW|t OQ=w yj |xrY=i QO xm OvDUy s)=j <RH QO |WtN
*K]U RmQt |xrY=i w u; u}}=B R= |vD@ Q}D *K]U RmQt |xrY=i Qou=}@ ?}DQDx@ y2
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|v=Q
}=u

wO}Q
iw

|Dr
=Oa

OwtL
t %OQm x�=Q= =Q 36 w 35 CqO=at u=wD|t '34

%|rY= Q}D QO
d4v1(x)
dx4 = 1

E1I1
b2�(x) + 1

E1I1
q(x) + b2y1

E1I1
d�(x)
dx
�

1
�G1A1

d2q(x)
dx2 � b2

�G1A1
d2�(x)
dx2 (35)

%C} wkD jQw QO
d4v2(x)
dx4 = � 1

E2I2
b2�(x) + b2y2

E2I2
d�(x)
dx

+ b2
�G2A2

d2�(x)
dx2

(36)

w u; QO 36 w 35 \@=wQ |v} Ro|=H w 28 |x]@=Q sQ=yJ |x@DQt jDWt u}}aD =@
%CWwv =Q 37 |x]@=Q u=wD|t sRq |=y|R=UxO=U

d4�(x)
dx4 � c0

d2�(x)
dx2 + d0�(x) + e0

d�(x)
dx

= g(x) (37)

%Ov};|t CUOx@ 41 |r= 38 \@=wQ R= g(x) `@=D w e0 w d0 'c0 |=yC@=F u; QO xm

c0 = Ea
ta
b2
�

� 1
G1A1

+ 1
G2A2

�
(38)

d0 = Ea
ta
b2
� 1
E1I1

+ 1
E2I2

�
(39)

e0 = Ea
ta
b2
�

y1
E1I1

� y2
E2I2

�
(40)

g(x) = Ea
ta

� 1
�G1A1

d2q(x)
dx2 � 1

E1I1
q(x)

�
(41)

w |rY= Q}D |x} wQu=}t QO =Q s�=k VvD Q@ sm =L p}Uv=Qi}O |xrO=at 37 |x]@=Q
"Ovm|t x�=Q= C} wkD jQw

Q}oQO p}Uv=Qi}O CqO=at x=oDUO |twta |=yMU=B "5
x}wQu=}t |=yVvD Q@ sm =L

x} wQu=}t QO s�=k w |WQ@ |=yVvD Q@ sm =L p}Uv=Qi}O CqO=at u=tRsy |Q}oQ=mx@ =@
|UQDUO sm =L Q}oQO p}Uv=Qi}O CqO=at x=oDUO x@ u=wD|t �37 w 24 |=yx]@=Q�

%�42 |x]@=Q� OQm =O}B8<: d2�(x)
dx2 � a0�(x) + b0 d�(x)

dx = f(x)
d4�(x)
dx4 � c0 d

2�(x)
dx2 + d0�(x) + e0 d�(x)

dx = g(x)
(42)

R= V}B g(x) w f(x) `@=wD w 'e0 w d0 'c0 'b0 'a0 C@=F |=yQDt=Q=B u; QO xm
CqO=at ẁv R= �42 |x]@=Q� Q}oQO p}Uv=Qi}O CqO=at x=oDUO "Ov=xOW h} QaD u}=
44 w 43 \@=wQ QO KQ]t |=yO=tv h} QaD =@ "CU= uotyQ}e *pwtat p}Uv=Qi}O

%CWwv |QDxO=U pmW x@ =Q 42 |x]@=Q u=wD|t

D = d
dx
; D2 = d2

dx2 ; D4 = d4

dx4 ;

� = �(x); � = �(x) (43)

|x]@=Q QO 22 |r= 15 \@=wQ |v} Ro}=H w 23 |x]@=Q R= |Q}ojDWt Q=@l} =@
%CW=O s}y=wN =Q 24 |x]@=Q 'uOQmxO=U R= TB w pY=L

d2�(x)
dx2 � a0�(x) + b0

d�(x)
dx

= f(x) (24)

%Ov};|t CUO x@ 27 |r= 25 \@=wQ R= f(x) `@=D w b0 w a0 C@=F wO 'u; QO xm
a0 = Gab2

ta

�
(y1 + y2)(y1 + y2 + ta)

E1l1 + E2l2
+ 1
E1A1

+ 1
E2A2

�
(25)

b0 = Gab2
�ta

�
y1

G1A1
� y2
G2A2

�
(26)

f(x) = �Ga
ta

�
y1 + y2

E1I1 + E2I2
+ ta

(EI)t

�
VT (x)�

Ga
ta

y1
�G1A1

dq
dx
� Ga

(�GA)t

d2VT (x)
dx2 (27)

u=QoWywSB Qo}O Cq=kt QO p=L x@ =D 27 |x]@=Q QO tT} wv=B =@ xOWQy=_ CQ=@a wO
|x} wQu=}t QO|WQ@VvD Q@ sm =L p}Uv=Qi}O |xrO=at '24 |x]@=Q "CU= xOWv OQ=w

"CU= C} wkD jQw w |vD@ Q}D

|rY= Q}D |x}wQu=}t QO s�=k VvD Q@ sm =L CqO=at "4
C}wkD jQw w

Q=@ QF= Q} R C} wkD jQw w |rY= Q}D u}@ xm s�=k CyH QO |oOW=OH x@ xHwD =@
x} wQu=}t QO s�=k VvD Q@ sm =L p}Uv=Qi}O CqO=at x@ u=wD|t 'O};|t OwHwx@ xOQ=w
xOv@UJ |x}q QO x} wQu=}t s�=k VvD uOt;OwHwx@ ?@U |}=OH u}= "Ci=} CUO
[1]%OwW|t x�=Q= 28 |x]@=Q CQwYx@ xOv@UJ |x}q QO �(x) s�=k VvD "OwW|t

�(x) = Ea
ta

[v2(x)� v1(x)] (28)

s�=k u=mtQ}}eD ?}DQDx@ v2(x) w v1(x) w ?UJ |v=UWm ?} Q[ Ea u; QO xm
pO=aD CqO=at uDWwv =@ "OvDUy C} wkD jQw |q=@ w |vD@ Q}D u}}=B QO xOt;OwHwx@
x@ u=wD|t QDq=@ w 2 |x@DQt CqtH R= |WwBsWJ w 'C} wkD jQw w |rY= Q}D QO

[1]%OQm =O}B CUO 34 |r= 29 \@=wQ
%|rY= Q}D QO

d2v1(x)
dx2 = � 1

E1I1
M1(x)� 1

�G1A1
[q(x) + b2�(x)] (29)

dM1(x)
dx

= V1(x)� b2y1�(x) (30)

dV1(x)
dx

= �b2�(x)� q(x) (31)

%C} wkD jQw QO
d2v2(x)
dx2 = � 1

E2I2
M2(x) + 1

�G2A2
b2�(x) (32)

dM2(x)
dx

= V2(x)� b2y2�(x) (33)

dV2(x)
dx

= b2�(x) (34)

xDU@=w |=yjDWt |Q=Po|=H w '32 w 29 \@=wQ R= |B QO |B |Q}ojDWt Q=@ wO =@
|r= 30 \@=wQ R= s�=k w |WQ@ |=yVvD ?ULQ@ |WtN Qovr w |WQ@ |wQ}v x@
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"""K
rUt

uD@
Q}DQ

Ox}
wQu

=}t
|=y

Vv
Dj}

kOp
}rLD|x]@=Q u}=Q@=v@ 'CU= 46 |x]@=Q u=ty ,=k}kO '52 |x]@=Q |xYNWt |xrO=at

%OQw; CUOx@ 53 |x]@=Q R= u=wD|t =Q �(x) |WQ@ VvD
�(x) = K1e�

pm1x +K2e
pm1x +K3e�

pm2x +K4e
pm2x+

K5e�
pm3x +K6e

pm3x � G(x)
a0

(53)

CUOx@ 54 |x]@=Q R= w CU= xDU@=w xr�Ut |Q=PoQ=@ \}=QW x@G(x) `@=D u; QO xm
%O};|t

G(x) = (D4 � c0D2 + d0)f(x)� b0Dg(x) (54)

|x]@=Q� Q}oQO p}Uv=Qi}O CqO=at R= l} Qy QO 53 w 50 |x]@=Q wO |Q=Po|=H =@
CqO=at x=oDUO pL R= "O};|tCUOx@ pwyHtVW w xrO=atVW|y=oDUO '�44

%Ci=} CUO 55 |x]@=Q x@ u=wD|t Qw@ Rt8<:K2j�1 = b0C2j�1pmj
mj�a0

K2j = � b0C2jpmj
mj�a0

j = 1; 2; 3 (55)

xDWwv 56 |x]@=Q CQwYx@ C6 |r= C1 |=yC@=F ?ULQ@ �(x) |x]@=Q s=Hv=QU
%OwW|t

�(x) =
b0C1
p
m1

m1 � a0
e�
pm1x � b0C2

p
m1

m1 � a0
e
pm1x+

b0C3
p
m2

m2 � a0
e�
pm2x � b0C4

p
m2

m2 � a0
e
pm2x+

b0C5
p
m3

m3 � a0
e�
pm3x � b0C6

p
m3

m3 � a0
e
pm3x � G(x)

a0
(56)

"OvDUy 44 Q}oQO p}Uv=Qi}O |xrO=at |=yMU=B 56 w 50 \@=wQ

|RQt \}=QW "6
|rm |RQt \}=QW u}}aD "1"6

C} wkD jQw |=OD@= QO |WtN Qovr w '|WQ@ |wQ}v '|QwLt |wQ}v uO=OQ=Qk QiY =@
|Q=PoQ=@ ẁv R= pkDUt xm 57 |x]@=Q QO \wrNt |RQt\}=QW x@ u=wD|t (x = 0)

%OQm =O}B |UQDUO 'OvDUy Q}D8>>>><>>>>:
b0 �(x)jx=0 + d�(x)

dx

���
x=0

= ff + gg

�c0 �(x)jx=0 + d2�(x)
dx2

���
x=0

= hh+mm

e0 �(x)jx=0 � c0 d�(x)
dx

���
x=0

+ d3�(x)
dx3

���
x=0

= nn+ rr

(57)

%Ov};|t CUOx@ 58 |x]@=Q R= rr w nn 'mm 'hh 'gg 'ff u; QO xm8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

ff = �Gata
�

y1
E1I1 + ta

(EI)t

�
MT (x)jx=0

gg = � Ga
�ta

�
y1

G1A1 � ta
(GA)t

�
q(x)jx=0

hh = Ea
ta

�
1

E1I1

�
MT (x)jx=0

mm = Ea
�ta

�
1

G1A1

�
q(x)jx=0

nn = Ea
ta

�
1

E1I1

�
VT (x)jx=0

rr = Ea
�ta

�
1

G1A1

�
dq(x)
dx

���
x=0

(58)

%u}=Q@=v@8<:D2� � a0� + b0D� = f(x)

D4� � c0D2� + d0� + e0D� = g(x)
(44)

x@ u=wD|t '44 |x]@=Q QO Q}oQO p}Uv=Qi}O CqO=at x=oDUO R= � pt=a hPL =@
%Ci=} CUO 45 |x]@=Q

(D6 � (a0 + c0)D4 + (a0c0 + d0 � b0e0)D2 � a0d0)�

= (D2 � a0)g(x)� e0Df(x)| {z }
F (x)

(45)

%CU= 46 |x]@=Q CQwYx@ 45 |x]@=Q |xYNWt |xrO=at
�6 � (a0 + c0)�4 + (a0c0 + d0 � b0e0)�2 � a0d0 = 0 (46)

%CWwv =Q 47 |xrO=at u=wD|t m = �2 h} QaD =@
m3 � (a0 + c0)m2 + (a0c0 + d0 � b0e0)m� a0d0 = 0 (47)

CUO 48 |x]@=Q j@] u; |xS} w Q}O=kt x@ u=wD|t 47 |xYNWt |xrO=at pL R=
%Ci=}8>>>><>>>>:

m1 =
h
a0+c03 � 3p2n23n1 + n3

3 3p2
i

m2 =
h
a0+c03 + (1+i

p3)n2
3 3p4n3

� (1�ip3)n3
6 3p2

i
m3 =

h
a0+c03 + (1�ip3)n2

3 3p4n3
� (1+i

p3)n3
6 3p2

i (48)

%Ov};|t CUOx@ 49 |x]@=Q R= n3 w n2 'n1 w i =
p�1 u; QO xm8>>>>>>><>>>>>>>:

n1 = 2a30 � 3a20c0 � 3a0c20 + 2c30 + 18a0d0 � 9c0d0+

9a0b0e0 + 9b0c0e0

n2 = �a20 + a0c0 � c20 + 3d0 � 3b0e0

n3 = 3
q
n1 +

p
n21 + 4n32

(49)

%O};|t CUOx@ 50 |x]@=Q R= �(x) s�=k VvD |x]@=Q 'u}=Q@=v@
�(x) = C1e�

pm1x + C2e
pm1x + C3e�

pm2x + C4e
pm2x

+C5e�
pm3x + C6e

pm3x � F (x)
a0d0

(50)

%OwW|t u}}aD 51 |x]@=Q R= w OQ=O |oDU@ Q}D |Q=PoQ=@ |xwLv x@ F (x) u; QO xm
F (x) = (D2 � a0)g(x)� e0Df(x) (51)

Q}oQO p}Uv=Qi}O CqO=at x=oDUO R= � hPL =@ Q=@ u}= w 'q=@ VwQ x@=Wt |WwQ =@
%OQm x�=Q= =Q 52 |x]@=Q u=wD|t �44 |x]@=Q�

(D6 � (a0 + c0)D4 + (a0c0 + d0 � b0e0)D2 � a0d0)�

= (D4 � c0D2 + d0)f(x)� b0Dg(x)| {z }
G(x)

(52)
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|v=Q
}=u

wO}Q
iw

|Dr
=Oa

OwtL
t 'GFRP |D} wkD |=yjQw '=yQ}D Kr=Yt |m}v=mt w |UOvy |=y|oS} w Qo}O "CU=

xOW GQO '1 pwOH QO xOWx�=Q= p=Ft wO QO xOv@UJ |x}q w '|Oqwi wCFRP
[6�4w2'1]"Ov=xOW pL Cw=iDt |r}rLD |=yVwQ =@ Qw@ Rt p=Ft wO 'u}= R= V}B "CU=

1 p=Ft "1"7
Q=@ QF= CLD |Oqwi w 'CFRP 'GFRP |=yjQw =@ xOWC} wkD KrUt uD@ Q}D
s�=k w|WQ@ |=yVvD 6|r= 4 |=ypmW QO "OQ=O Q=Qk �UDL�CN=wvm} |xOQDUo
|=Q@ ?}DQDx@ �0 � x � 0 025Lp pw] QO� jQw |=yDv= |m}ORv QO x} wQu=}t
xOt; CUO x@ G}=Dv "CU= xOW sUQ |Oqwi jQw w 'CFRP jQw 'GFRP jQw
|}=Qosy [1]nvD w C}tU= |r}rLD pL =@ Q=DWwv u}= QO xOWx�=Q= |r}rLD VwQ R=
C=QF= R= |W=v xm CU=yjQw |=yDv= VN@ QO =yMU=B |xOta Cw=iD "OvQ=O |@ wN
QO =t= 'Ov=xOW OQ=w xOWx�=Q= |r}rLD VwQ QO C=QF= u}= "CU= |WQ@ |=ypmWQ}}eD
xOy=Wt =yQ=Owtv QO CkO =@ "CU= xOWv p=ta= [1]nvD w C}tU= |r}rLD |=yMU=B
x} wQu=}t s�=k VvD 'C} wkD |=yjQw |=yDv= R= |y=Dwm |xrY=i QO xm OwW|t
|=ypmWQ}}eD R= |W=v 's�=k VvD QO Ctqa Q}}eD u}= "OyO|t Ctqa Q}}eD
x} wQu=}t QO |WQ@ |=yVvD ?@Ux@ C} wkD jQw QO xOt;OwHwx@ |i=[= |WtN
Q}F-=D |WQ@ |=ypmWQ}}eD R= s�=k |=yVvD R= V}@ x} wQu=}t |WQ@ |=yVvD "CU=
|WQ@ |=yVvD V}=Ri= QO |tyt Vkv |WQ@ |=ypmWQ}}eD QF= 'u}=Q@=v@ "OvQ}PB|t

"GFRP jQw =@ RC Q}D QO x} wQu=}t s�=k w |WQ@ |=yVvD `} RwD "4 pmW

"CFRP jQw =@ RC Q}D QO x} wQu=}t s�=k w |WQ@ |=yVvD `} RwD "5 pmW

jQw ẁQW |x]kv QO w CU= |rm 57 |x]@=Q QO xOt;CUOx@ |RQt \QW xU
"CU= Q}D Q@ OQ=w |Q=PoQ=@ ẁv R= pkDUt C} wkD

X=N |RQt \}=QW u}}aD "2"6
QO s�=k w '|WQ@ |=yVvD u}}aD |=Q@ 'Q=DWwv u}= QO xOt;CUOx@ \@=wQ OvJ Qy
'CU= |OQ@ Q=m |Q=PoQ=@ ẁv Qy |=Q@ wCU=|rmC} wkD jQw =@|rY= Q}D |x} wQu=}t
"OwW|t xDN=OQB 3�UDL� CN=wvm} |xOQDUo Q=@ Cr=L |UQQ@x@ xt=O= QO =t=
�xv=owO w OQivt RmQtDt |=yQ=@� |Q=PoQ=@ Qo}O Cr=L wO |r}rLD |=yMU=B u}}aD
s�=k w |WQ@ |=yVvD x@ \w@ Qt |RQt \}=QW 'p=L Qy x@ "CU= |UQQ@ CLD
=} w |WQ@ |=ywQ}v uOw@XNWt =@ u=wD|t =Q |Q=PoQ=@ *Cr=L Qy QO x} wQu=}t
QO "OQw; CUOx@ RmQtDt |=yQ=@ QF= pLt QO =} w xv=yO \Uw QO |WtN |=yQovr
=}� Q}D |xv=yO \Uw QO |WQ@ VvD xm CU= sRq CN=wvm} |xOQDUo Q=@ Cr=L

%�59 |x]@=Q� OwW QiY Q@=Q@ �C} wkD jQw \Uw
�(x)j

x=
Lp
2

= 0 (59)

CN=wvm} |xOQDUo Q=@ Cr=L QO C6 |r= C1 |=yC@=F u}}aD "3"6
u=wD|t u}=Q@=v@ 'OUQ|t QiY x@ s�=k VvD xm CU= u; Q@ ZQi x nQR@ Q}O=kt |=Q@
x=oDUO p}mWD =@ wQu}= R= "OvDUy C4 = C6 = 0 |=yC@=F xm CiQo xH}Dv
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1. reinforced concrete(RC)
2. �bre reinforced polymer(FRP)
3. uniform distributed load(UDL)
4. glass �bre reinforced polymer(GFRP)
5. carbon �bre reinforced polymer(CFRP)
6. aluminium(AL)
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R22 = hh(m22 +
p
m3 m(3=2)

2 +m3m2 +m(3=2)
3
p
m2 +m23)

R23 = hh(m21 +
p
m3 m(3=2)

1 +m3m1 +m(3=2)
3
p
m1 +m23)

R24 = hh(m21 +
p
m2 m(3=2)

1 +m2m1 +m(3=2)
2
p
m1 +m22)

(A-9)8>>>><>>>>:
R25 = d0(c20 +m2m3)(f12 +R1)

R26 = d0(c20 +m1m3)(f12 +R2)

R27 = d0(c20 +m1m2)(f12 +R3)

(A-10)

8>>>><>>>>:
R28 = d0(m2 +m3)(f12 +R1)

R29 = d0(m1 +m3)(f12 +R2)

R30 = d0(m1 +m2)(f12 +R3)

(A-11)

8>>>><>>>>:
R31 = e0(ff + gg) +R10

R32 = e0(ff + gg) +R11

R33 = e0(ff + gg) +R12

(A-12)

8>>>><>>>>:
R34 = (�Ctem2m3 � d0(mmm22 +R16 �R19 +R22))b0

R35 = (�Ctem1m3 � d0(mmm21 +R17 �R20 +R23))b0

R36 = (�Ctem1m2 � d0(mmm21 +R18 �R21 +R24))b0

(A-13)8>>>><>>>>:
R37 =c0(b0(d0(R13 +R31)� Ctepm2m3)�R28)

R38 =c0(b0(d0(R14 +R32)� Ctepm1m3)�R29)

R39 =c0(b0(d0(R15 +R33)� Ctepm1m2)�R30)

(A-14)

8>>>><>>>>:
W4 = (d0e0(hh+mm)b20 +R25 +R34 +R37)a20

W5 = (d0e0(hh+mm)b20 +R26 +R35 +R38)a20

W6 = (d0e0(hh+mm)b20 +R27 +R36 +R39)a20

(A-15)

8>>>><>>>>:
R40 = d0(e0f12 �R19)

R41 = d0(e0f12 �R20)

R42 = d0(e0f12 �R21)

(A-16)

8>>>><>>>>:
R43 = Cte

p
m2m3(m2 �pm3m2 +m3)

R44 = Cte
p
m1m3(m1 �pm3m1 +m3)

R45 = Cte
p
m1m2(m1 �pm2m1 +m2)

(A-17)

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

R46 = d0e0(f11(
p
m2 +

p
m3)(m2 +m3) +

p
m2m3

(f12 + (ff + gg)(m2 +
p
m3m2 +m3)))

R47 = d0e0(f11(
p
m1 +

p
m3)(m1 +m3) +

p
m1m3

(f12 + (ff + gg)(m1 +
p
m3m1 +m3)))

R48 = d0e0(f11(
p
m1 +

p
m2)(m1 +m2) +

p
m1m2

(f12 + (ff + gg)(m1 +
p
m2m1 +m2))) (A-18)

CUw}B
%OQw; CUO x@ Q} R \@=wQ ltm x@ u=wD|t =Q C5 w C3 'C1 |=yC@=F

8>>>>>>>>>><>>>>>>>>>>:

q = UniformDistributedLoad (UDL):

f11 = �Ga2ta
�

y1+y2
E1I1+E2I2 + ta

(EI)t

�
qLp

f12 = �Gata
�

y1+y2
E1I1+E2I2 + ta

(EI)t

�
q

g11 = �Eata 1
E1I1 q

Cte = �a0g11 + e0f12

(A-0)

8>>>><>>>>:
R1 = (ff + gg)(m2 +m3)

R2 = (ff + gg)(m1 +m3)

R3 = (ff + gg)(m1 +m2)

(A-1)

8>>>><>>>>:
R4 = (ff + gg)m2m3

R5 = (ff + gg)m1m3

R6 = (ff + gg)m1m2

(A-2)

8>>>><>>>>:
R7 = (ff + gg)c20 + (�R1 + b0(hh+mm))c0

R8 = (ff + gg)c20 + (�R2 + b0(hh+mm))c0

R9 = (ff + gg)c20 + (�R3 + b0(hh+mm))c0

(A-3)

8>>>><>>>>:
R10 = hh(m2 +

p
m3m2 +m3) +m2 mm

R11 = hh(m1 +
p
m3m1 +m3) +m1 mm

R12 = hh(m1 +
p
m2m1 +m2) +m1 mm

(A-4)

8>>>><>>>>:
R13 = (

p
m2 +

p
m3)(

p
m3 mm+ nn+ rr)

R14 = (
p
m1 +

p
m3)(

p
m3 mm+ nn+ rr)

R15 = (
p
m1 +

p
m2)(

p
m2 mm+ nn+ rr)

(A-5)

8>>>><>>>>:
W1 = d0(R4 +R7 � b0(R10 +R13))a30

W2 = d0(R5 +R8 � b0(R11 +R14))a30

W3 = d0(R6 +R9 � b0(R12 +R15))a30

(A-6)

8>>>><>>>>:
R16 = R13(m2 +m3)

R17 = R14(m1 +m3)

R18 = R15(m1 +m2)

(A-7)

8>>>><>>>>:
R19 = e0(

p
m2m3(ff + gg) + f11(

p
m2 +

p
m3))

R20 = e0(
p
m1m3(ff + gg) + f11(

p
m1 +

p
m3))

R21 = e0(
p
m1m2(ff + gg) + f11(

p
m1 +

p
m2))

(A-8)
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8>>>><>>>>:
R49 = d0(c0 �m2)(c0 �m3)(R4 + f12(m2 +m3))

R50 = d0(c0 �m1)(c0 �m3)(R5 + f12(m1 +m3))

R51 = d0(c0 �m1)(c0 �m2)(R6 + f12(m1 +m2))

(A-19)8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

R52 = (Cte
p
m2m3c20 + (R40 �R43)c0�

Ctem2m3(m2 +m3) +R46)b0

R53 = (Cte
p
m1m3c20 + (R41 �R44)c0�

Ctem1m3(m1 +m3) +R47)b0

R54 = (Cte
p
m1m2c20 + (R42 �R45)c0�

Ctem1m2(m1 +m2) +R48)b0

(A-20)

8>>>><>>>>:
W7 = (�Cte e0

p
m2m3b20 +R52 +R49)a0

W8 = (�Cte e0
p
m1m3b20 +R53 +R50)a0

W9 = (�Cte e0
p
m1m2b20 +R54 +R51)a0
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W10 = (b0Cte� d0f12)
p
m2m3((c0 �m2)
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p
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8>>>><>>>>:
Z1 = (a0 �m1)(W1 �W4 +W7 +W10)

Z3 = �(a0 �m2)(W2 �W5 +W8 +W11)

Z5 = (a0 �m3)(W3 �W6 +W9 +W12)

(A-23)

8>>>><>>>>:
S1 = a20b0d0(

p
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(A-25)8>>>><>>>>:
M1 = S1(S4a20 + S5 + S6 + S7 + S8)

M3 = S2(S4a20 + S5 + S6 + S7 + S8)

M5 = S3(S4a20 + S5 + S6 + S7 + S8)

(A-26)

8>>>><>>>>:
C1 = Z1

M1

C3 = Z3
M3

C5 = Z5
M5
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Abstract
This paper introduces an exact method to calculate in-
terfacial shear and normal stresses in strengthened rein-
forced concrete (RC) beams by �ber reinforced polymer
(FRP) sheets or steel plates (e.g. a so�t plate). As
the combination of maximum interfacial shear and nor-
mal stresses is localized at the end of the so�t plate, the
debonding phenomena initiates at that position and may
produce a sudden failure of the structure. The e�ects of
shear deformations are perfectly considered in the RC
beam, adhesive layer and so�t plate. Thus, the com-
posite RC beam is assumed as a Timoshenko beam. Ap-
plication of shear deformations in the Timoshenko beam
ends in a pair of simultaneous fourth-order and second-
order ordinary di�erential equations. These equations

in engineering literature are called coupled di�erential
equations. These coupled equations are solved in an an-
alytical form, without omitting any part of them. In a
strengthened Timoshenko RC beam, the shear curvature
should be added to the bending curvature. The Timo-
shenko beam assumption makes it possible to use this
solution for both ordinary beams and short-span beams
(while considering the shear deformations). In order to
reduce the shear rigidity, especially in short-span beams,
the equivalent 
exural rigidity should be used instead of
the actual 
exural rigidity. Disregarding this reduction
coe�cient leads to incorrect results in short-span beams
with a span-to-depth ratio less than �ve, and to an in-
accurate solution in ordinary beams. In beams with a
sandwich-like construction, the increase in de
ection due
to the shear deformation e�ect may be as great as 50
percent. An increase in the deformation before debond-
ing causes a signi�cant rise in the interfacial shear and
the normal stresses, particularly between sandwich lay-
ers. The present paper helps to realize the e�ects of
interfacial stresses on the behavior of strengthening RC
structures by FRP sheets or steel plates. Finally, the
concordance of the obtained and existing results proves
that the accuracy of the proposed approach towards pre-
dicting interfacial shear and normal stresses is quite ac-
ceptable.

Key Words: interfacial shear and normal stresses, sof-
�t plates (FRP sheet or steel plate), RC beam, coupled
di�erential equations.
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