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Q}O=kt 'xt=O= QO "Ov=xOW |@=} RQ= OwOLt <=RH= VwQ =@ w pL |r}rLD CQwYx@ CqO=at w
w VRer Q}F-=D w x�=Q= l =N s}rUD w VRer ẁQW |=Q@ |OwQw Gwt |v=QL@ w xv}W}@ |xvt=O

"Ov=xOW |@=} RQ= xOWO=H}= |=yVvD Q@ l =N ẁv
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s=Hv= |Oa@ xU |v=UWm R= xO=iDU= =@ l =N |R=UpOt '|r}rLD VwQ R= xO=iDU= =@
w =yVwQ 'u; =@ l =N \=@DQ= |xwLv w xrwr |R=UpOt |=Q@ um}r &CU= xOW

"CU= xDiQ Q=mx@ |Dw=iDt C=}[Qi
VRer uDiQoQ_vQO =@ l =N w xR=U VvmQOv= |@=} RQ= |=Q@ =yVywSB |NQ@ QO
|R=UpOt |=Q@ |Oa@ xU |v=UWm w xrwr |=Q@ Q}D pOt R= 'xrRrR |] QO xrwr |rw]
V}=tv QO |v=OvJ |}=v=wD pOt u}= um}r [11w10]'CU= xOW xO=iDU= h=Q]= l =N
|=Hx@ xDUwB pOt R= xO=iDU= =@ |Oa@ C=k}kLD QO [12]"CU= xDW=Ov xrwr |ak=w Q=DiQ
x�=Q= |QDpt=m |=ypOt 'h=Q]= l =N |=Q@ |Oa@ xU |v=UWm |Q}oQ=mx@ w Q}D pOt
uOQmQ_vhQY =@ w uQ=kDt '|Oa@ 2 Cr=L QO p}rLD C=k}kLD u}= |xOta QO "OW
QO 'xDiQoCQwY C=ar=]t QwQt T=U=Q@ [14�12]"OW s=Hv= l =N w xrwr u}@ VRer R=
'xrwr |=Q@ xDUwB pOt R= xO=iDU= =@ [15]'xv}tR u}= QO xOWs=Hv= VywSB u} QDpt=m
w xrwr u}@ VRer OwHw w uQ=kD sOa ZQi 'h=Q]= l =N |=Q@ |Oa@ xU |v=UWm
QO VRer |R=UpOt w &CU= xOW xDN=OQB l =N w xrwr sDU}U p}rLD x@ 'l =N
C}ty= w s=Hv= VRer |=Q@ C@=F |}=Q}t ?} Q[ |xOvvmxO=U ZQi =@ VywSB u}=
xO=iDU= x@ xHwD =@ |iQ] R= "CU= xOW x�=Q= xrwr |m}t=v}O MU=B Q@ VRer Q}F-=D w
VwQ u}= G}=Dv |=Q@ |}=yC}OwOLt 'uwiOt |xrwr |R=UpOt |=Q@ xDUwB |Qw�D R=
'=ypvwD w uwiOt |=yxrwr p}rLD |m}ORv p}rOx@ ,=twta xm =Q} R 'CU= xOW O=H}=
&Ovm pOt =Q �"""w 'pvwD 'uwiOt |xrwr pt=W� s}N[ |=yxrwr Ov=wD@ xm |WwQ |x�=Q=
u}= QO "Ovm |L=Q] w p}rLD |=yVwQ VQDUo x@ |}x_Lqt p@=k ltm Ov=wD|t
Q@=Q@ QO xrwr Q=DiQ 'xrwr w l =N |=Q@ |Oa@ xU |v=UWm VwQ R= xO=iDU= =@ VywSB

w hQ=aDt |x}v@= =@ xU}=kt QO |oOQDUo Crax@ |D=}L |=yu=} QW C=U}U-=D
s=ovy QO =yv; |@=QN "OvQ=O |}xS} w C}ty= xat=H R= |a}Uw h}] x@ |v=UQCtON
|=yxR=U |@=QN x@ C@Uv =Q |QD`}Uw s}kDUtQ}e w s}kDUt ?k=wa 'xrRrR ẁkw
C}U=UL hQ=aDt |=yxR=U x@ C@Uv =yv; OQmrta |@=} RQ= =Pr &OQ=O |B QO hQ=aDt
|v}tR wQ |=yxR=U xm Ow@ u}= Q@ QwYD xDWPo QO |rmQw]x@ "OQ=O |QDW}@ C}ty= w

"OvQDQ}PB?}U; xrRrR Q@=Q@ QO |v}tRQ} R |=yxR=U x@ C@Uv
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|L=Q] w p}rLD |=yVwQ KqY= CyH QDxOQDUo C=k}kLD x@ R=}v 'xv}tR u}= QO xm
|}xRQr |=yQ=@ p@=kt QO xv=Q=mx_i=Lt |=yVwQ =@ ,=twta uwiOt |=yxrwr "CU=
w xR=U VvmQOv= 'Kr=Yt |oO}J}B w xUOvy p}rOx@ [6]"OvwW|t |L=Q] w p}rLD
R= xOWx�=Q= C=k}kLD R= |O=OaD QO 'hrDNt C=yH QO |}xRQr G=wt= OwHw w l =N
VwQ wO u}= R= |@}mQD =} w |RQt |=yu=tr= 'OwOLt <=RH= Ovv=t |OOa |=yVwQ
uDiQoQ_vQO =@ l =N w xrwr VvmQOv= |R=UpOt |oO}J}B [8�6]"CU= xOW xO=iDU=
|=yVwQ ha[ \=kv R= xrwr Q=DiQ Q@ QF-wt |=yQDt=Q=B C}U=UL R}r=v; w VRer QF=
|=yxR=U |}xRQr p}rLD |=Q@ xO=iDU= OQwt jiwt |=yVwQ R= |m} [9]"CU= |OOa
xrwr Q=DiQ VwQ u}= QO [9]"CU=|r}rLD VwQ '=ypvwD w =yxrwr Ovv=t uwiOt|}xv=wDU=
Q}F-=D s}kDUt |xOy=Wt p}rOx@ w CU= xOW xDiQo Q_v QO u=UWm CQwYx@ l =N w
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"�2 |x]@=Q� CU= RDrwtry |x} RHD VwQ R= xO=iDU= 'x} w=v |xrO=at pL VwQ

u = r'+r�H (2)

%CU= 3 |x]@=Q |Q=QkQ@ x} RHD VwQ u}= \QW xm
r �H = F (r; �; z; t) (3)

CU= xDU@=w `@=D l} F w |Q=OQ@ w Qr=mU= p}Uv=DB `@=wD H w ' x]@=Q u}= QO xm
QO RDrwtry |x} RHD |x]@=Q p=ta= =@ "CiQo Q_v QO QiY =Q u; Q=Okt u=wD|t xm
CUOx@ 5 w 4 |=yx]@=Q CQwYx@ Gwt |Q=OQ@ w Qr=mU= CqO=at 'x} w=v |=yxrO=at

%Ov};|t

(Cp1 )2r2' = @2'
@t2 (4)

(Cp2 )2r2H = @2H
@t2 (5)

QoW}=tv ?}DQDx@ Cp2 =
p
�p=�p w Cp1 =

p
(�p + 2�p)=�p =yu; QO xm

"OvDUy C=Ot=H QO �S Gwt� |WNQJ w �P Gwt� |]=U@v= G=wt= Q=WDv= CaQU
QO xm Ui |W=aDQ= |xvt=O =@ |}xLiY Gwt CQwYx@ |OwQw Gwt j}kLD u}= QO

"�6 |x]@=Q� CU= xOW xDiQo Q_v QO 'OwW|t QWDvt X � Z |xLiY
ui = Uiei(!t�k

S
l r sin�S cos ��zkSl cos�s) (6)

|OwQw Gwt OOa kSl = !=CS1 w i =
p�1 w |}x} w=R CaQU ! x]@=Q u}= QO

l =N QO |rw] Gwt Q=WDv= CaQU CS1 =
p

(�S + 2�S)=�S u}vJty "CU=
"CU= u; |r=oJ u}vJty w l =N |xtq |=yC@=F ?ULQ@

VvD w u=mtQ}}eD |=yxrO=at "2"3
'6 |xrO=at uOQmQw_vt =@ w 4 Gwt |xrO=at x@ =yQ}eDt |R=U=OH VwQ p=ta= =@

"OvwW|t x@U=Lt 7 |x]@=Q CQwYx@ xrO=at |twta |=y?=wH

upr =

0BBBBBBBBBB@

Ap1(nr Jn(qpl r)�qpl Jn+1(qpl r))+
Ap2 (kpl cos�p)Jn+1(qpsr)+

Ap3 nr Jn(qpsr)+

Bp1 (nr Yn(qpl r)�qpl Yn+1(qpl r))+
Bp2 (kpl cos�p)Yn+1(qpsr)+

Bp3 nr Yn(qpsr)

1CCCCCCCCCCA
8<:cosn�

sinn�

9=;ei(!t�zkpl cos�p)

(7)

up�=

0BBBBBBB@
�nr Jn(qpl r)A

p
1 +

(qpsAp3 +Ap2k
p
l cos�p)Jn+1(qpsr)�

Ap3 nr Jn(qpsr)� n
r Yn(qpl r)B

p
1 +

(qpsBp3 +Bp2 k
p
l cos�p)Yn+1(qpsr)�

Bp3 nr Yn(qpsr)

1CCCCCCCA
8<: 1
�1

9=; (8)

8<: sinn�

cosn�

9=;ei(!t�zkpl cos�p)

\}Lt Q@ sm =L CqO=at |xrRvtx@ x} w=v CqO=at "CU= xOW |@=} RQ= |OwQw G=wt=
l}miD Gwt |xrO=at 2 x@ RDrwtry |x} RHD R= xO=iDU= =@ w CU= xOW xDiQo Q_v QO
l =N \}Lt Q@ sm =L p}Uv=DB CqO=at x@ x} w=v CqO=at p}O@D =@ 'xt=O= QO "Ov=xOW
'Q=DWwv u}= QO "Ov=xOW pL |R=U=OH VwQ R= xO=iDU= =@ pY=L CqO=at 'xrwr w
VRer w xOW ZQi l =N u=UWm \}Lt pN=O QO C}=yv|@ pw] =@ u=UWm |xrwr
C@=F "CU= xOW xDiQo Q_v QO |HRr |}=Q}t pOt R= xO=iDU= =@ l =N w xrwr u}@
uOWQDpt=m x@ QHvt xH}DvQO w xOW Qw_vt |OwQw Gwt |xvt=O `@=D 'VRer |}=Q}t

"CU= xOW [15w11'10]=yVwQ Q}=U x@ C@Uv VwQ u}=
uwiOt |xrwr |R=UpOt |=Q@ |Oa@ xU |v=UWm R= xO=iDU= 'VywSB u}= QO
p}rLD "CU= xOW �=ypvwD� s}N[ |=yxrwr p}rLD |=Q@ |WwQ |xaUwD x@ QHvt
h=Q]= \}Lt =} w xrwr R= CtUk Qy |wQ Q@ G}=Dv w xOW s=Hv= uQ=kDt=v Cr=L QO
|=yxrO=at 'p}rLD '|R=UpOt |v=@t swU w swO VN@ QO xt=O= QO "CU= x�=Q= p@=k
<=RH= VwQ =@ pOt sQ=yJ VN@ QO "CU= xOW xOQw; |RQt \}=QW w u=mtQ}}eD
lR=v Q=OH |=yxrwr R= pw=ODt p=Ft l} sHvB VN@ QO TBU w |@=} RQ= OwOLt
p}rLD pvwD pw=ODt O=a@= =@ s}N[ |xrwr l} w �u=Q}= Civ CmQW pw=ODt O=a@=�
Q=Qk EL@ OQwt Q=DWwv u}= pYL=t w |Q}oxH}Dv sWW VN@ QO ,=D}=yv "CU= xOW

"CU= xDiQo

|R=UpOt "2
"�1 pmW�CU= xOW xDiQo Q_v QO l =N w xrwr pB wm sDU}U 'xr�Ut |R=UpOt |=Q@
|}xLiY |OwQw Gwt ZQat QO l =N\}Lt QOC}=yv|@ pw]x@ xrwr sDU}U u}= QO
l =m]Y= pOt uDiQoQ_vQO =@ h=Q]= l =N w xrwr u}@ VRer \QW w 'xDiQo Q=Qk

"CU= xOW pOt |HRr |}=Q}t pOt R= xO=iDU= =@ w ?trwm |WRer

|r}rLD VwQ "3
x}rw= s}y=it w |v=@t "1"3

|]N u=UWm s=UH= |=Q@ |UQv}= |=ywQ}v ?=}e QO CmQL |m}t=v}O CqO=at
|Q=OQ@ pmW QO x} w=v CqO=at Qo}O CQ=@a x@ =} u=mtQ}}eD |=yxir-wt ?ULQ@

%CU= 1 |x]@=Q CQwYx@
�p
@2u
@t2 = �pr2u + (�p + �p)r(r:u) (1)

"CU= u}UqBq QwD=QB=r2 w xtq |=yC@=F �p w �p 'xrwr |r=oJ �p 'x]@=Q u}= QO
u} QD|twta "CU= xrwr x@ \w@ Qt |=yQDt=Q=B |xOvyOu=Wv 'x]@=Q u}= QO pT} wvQ} R

"uwiOt |xrwr |xUOvy "1 pmW
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} CmQL =} VRer "OyO|t MQ 'OW=@ �pr�jr=b w �przjr=b |OwQw Gwt R=|W=v|WQ@
�l =N VQ@ Ctw=kt� �s R= V=aDQ= R= |W=v |=yVvD Q=Okt xm |v=tR =D |@Uv
hkwDt VRer �s R= =yv; Q=Okt uOWQDtm =@ um}r &Ovm|t =O}B xt=O= 'OW=@ QDW}@
x@ "ODi=|t j=iD= =yQ=@ V=aDQ= l} pw] QO VRer sOa w VRer OvwQ u}= "OwW|t
"OvDU}v |Q=PoQ=@ R= pkDUt sm =L CqO=at pL R= pY=L |=y?=wH 'Qo}O CQ=@a
|DL=Qx@ w ODi=|t j=iD= |vqw] u=tR COt QO VRer sOa w VRer Cr=L ,=v}k}
R= |W=v |WQ@ VvD R= QDtm |r}N |m =m]Y= VvD Qo = "CU}v |v}@V}B p@=k
?trwm |}=Q}t '|HRr |}=Q}t pOt R= xO=iDU= =@ u=wD|t 'OW=@ �|OwQw Gwt� |Q=PoQ=@

[10]"OQm |R=UpOt =Q
VRer |v=tR MQv x@ xDU@=w |m =m]Y= VvD '|m}t=v}O p�=Ut ?re= |=Q@
u=wD|t =Q ẁ[wt u}= "OQm |R=UpOt |HRr |}=Q}t sDU}U =@ =Q u; u=wD|t w CU=

%O=O u=Wv 16 |x]@=Q CQwYx@
�pr� = 4�s

�!U�
( _us� + _ui� � _up�) at r = b

�prz = 4�s
�!Uz

( _usz + _uiz � _upz) at r = b (16)

|m =m]Y= VvD pO=at |}=Q}t C@=F 4�s=�!Uz w 4�s=�!U� u; QO xm
usz + uiz � upz |=yu=mtQ}}eD |xvt=O Uz w U� "OvDUy �przjr=b w �pr�jr=b
CQwYx@ u=wD|t =Q VRer R= |W=v u=mtQ}}eD u}=Q@=v@ "OvDUy usz + uiz � upz w

%CWwv 17 |x]@=Q
us� + ui� � up� = U�ei(!t�zk

p
l cos�p+��) =

1X
n=1

U�
�
n
ei(!t�zk

p
l cos�p+�n)n) sinn�

usz + uiz � upz = Uzei(!t�zk
p
l cos�p+�z) =

1X
n=0

Uz
�
n
ei(!t�zk

p
l cos�p+�z)n) cosn� (17)

��)n Qw]u}ty w CU= VRer R= |W=v u=mtQ}}eD R=i hqDN= �z w �� u; QO xm
u=mtQ}}eD |xvt=O R}v Uz)n w U�)n =Pr "OvDUy n Gwt OOa Qy |=Q@ �z)n w
|xrO=at QO u; uO=OQ=Qk w 17 |xrO=at R= xO=iDU= =@ =Pr "OvDUy n Qy |=Q@ VRer

%CWwv =Q 18 |x]@=Q u=wD|t 16
�pr� =

1X
n=1

�pr�

�
n
ei(!t�zk

p
l cos�p) sinn� =

4i�s
�U�

1X
n=1

U�
�
n
ei(!t�zk

p
l cos�p+��

�
n

) sinn� at r = b

�prz =
1X
n=0

�prz
�
n
ei(!t�zk

p
l cos�p) cosn� =

4i�s
�Uz

1X
n=0

Uz
�
n
ei(!t�zk

p
l cos�p+�z

�
n

) cosn� at r = b

(18)

|x]@=Q CQwY x@ u=wD|t =Q \@=wQ u}= 'cos w sin `@=wD Ot=aD C}Y=N R= xO=iDU= =@
%OQm KqY= 19

�pr�
�
n= 4i�s

�U�
U�
�
ne
i��
�
n ; n = 1; 2; ::: at r = b

�prz
�
n= 4i�s

�Uz
Uz
�
ne
i�z
�
n ; n = 0; 1; 2; ::: at r = b (19)

upz = �i
 

(kpl cos�p)(Ap1Jn(qpl r) +Bp1Yn(qpl r))+

qps (Ap2Jn(qpsr) +Bp2 Yn(qpsr))

!
8<: cosn�

sinn�

9=; ei(!t�zk
p
l cos�p) (9)

'CU= qps =
p

(kps )2 � (kpl )2 cos2 �p w qpl = kpl sin�p =yx]@=Q u}= QO
"OvDUy (S) |WQ@ w (P ) |rw] Gwt O=Oa= kps = !

Cp2
w kpl = !

Cp1
u}vJty

u=t} wv pU@ `@=wD Kn 'In w |k}kL u=twoQ; |=Q@ u=t} wv pU@ `@=wD Yn w Jn
xO=iDU= =@ "Ov=C@=F (k = 1; 2; 3; 4) |=Q@ Gpk w F pk "Ov=|twywt u=twoQ; |=Q@
=Q =yu=mtQ}}eD u}= Q_=vDt VvQm w VvD Q}O=kt u=wD|t VvQm w VvD |=yx]@=Q R=
`@=wD R= xO=iDU= =@ |QU sQi x@ |OwQw Gwt p}O@D =@ "�hr= CUw}B� OQw; CUOx@

%CWwv =Q 10 |x]@=Q u=wD|t pU@

ui = Uiei(!t�zk
S
l cos�S)

1X
n=0

"n(�i)nJn(rkSl sin�s) cosn�

(10)

xH}Dv 13 |r= 11 |=yx]@=Q |}xv=wDU= C=YDNt x=oDUO QO u; |x} RHD =@ w
%OvwW|t

uiz=Uicos�sei(!t�zk
s
l cos�s)

1X
n=0

"n(�i)n cosn�Jn(rqsl ) (11)

uir = Ui sin�sei(!t�zk
s
l cos�s)

n 1X
n=1

"n
2 (�i)n�1[Jn�1(rqsl )�

Jn+1(rqsl )] cos(n�) + "1
2 (�i)1J1(rqsl )

o
(12)

ui� = �Ui sin�sei(!t�zk
s
l cos�s)

1X
n=1

"n(�i)n�1 n
rqsl

Jn(rqsl ) sin(n�) (13)

xrwr \N CtU x@ Gwt Q=WDv= s=ovy QO "CU= u=t} wv ?} Q[ "n \@=wQ u}= QO
pN=O QO |k@=t w Tmavt uwiOt |xrwr K]U x@ |OwQw Gwt R= |DtUk �1 pmW�
Q}F-=D O}=@ =Pr 'OvQF-wt l =N QO wO Qy |DWoQ@ wCiQ G=wt= u}=Q@=v@ "OwW|t QWDvt xrwr
? CUw}B QO |OwQw Gwt R= |W=v |=yVvD Q}O=kt "CiQo Q_v QO =Q wO Qy Ov};Q@

"CU= xOW xO=O

|RQt \}=QW "3"3
%CWwv 14 |x]@=Q CQwYx@ u=wD|t =Q xrwr pN=O |RQt \}=QW

�prr = �pr� = �prz = 0 at r = a (14)

%CU= 15 |x]@=Q CQwYx@ xrwr K]U QO VvD |oDUw}B \}=QW
�prr = �srr + �irr at r = b

�pr� = �sr� + �ir� at r = b

�prz = �srz + �irz at r = b (15)

Q_v QO |]}Lt CyH QO |Qo}O w |rw] CyH QO |m} VRer wO j}kLD u}= QO
VvD R= QDtm l =N |WQ@ Ctw=kt xm |v=tR QO VRer xm CU= xOW ZQi w xDiQo
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"h=Q]= l =N w uwiOt |xrwr |Ov@u=tr= "2 pmW

"OwOLt <=RH= w |r}rLD VwQ |=Q@ �rz |xU}=kt "3 pmW

30 'pw] QDt 100 O=a@= x@ pOt "CU= xOW ZQi xHQO 30 xrwr QwLt =@ |OwQw
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