
h}
QWu

=Qta
|U

Ovyt
12

�3
"X

'2|
xQ=t

W'
29

�2
|xQ

wO

O
ri

gi
na

lA
rt

ic
leQO |WNQJ Q=DN=U |R=UOvv=ty |=]N C=Q}F-=D |UQQ@

DNS s}kDUt |R=Ux}@W VwQ =@ p=v=m QO u=} QH p}rLD
�|QDmO |wHWv=O� �|@HQ s=yr=

�Q=}Wv=O� QwBv=}w� =[QOtLt
|Uw] u}Or=Q}YvxH=wN x=oWv=O 'u=Qta |UOvyt |xOmWv=O

l}D=QO=wm |r=QoDv= ?}=Q[ ?} QkD QO =]N p}rLD '1hW}@J w x} Qwi |=y|QU |=Q@
|i}]x@W |=yOm O=H}= |=Q@ "CU= umtt 2|R=UOvv=ty p}rLD |xO=U x=Q R= u}Uw=o
uw}UqwtQi R= xO=iDU= Cq=}U l}v=mt p�=Ut QO =]N u}= hPL =@ Q=O}=B w ?U=vt
|R=UOvv=ty |=ywor= Q}F-=D |UQQ@ x@ Q=DWwv u}= QO "OwW|t O=yvW}B �2/3 uwv=k�

w |rw] |=DU=Q QO |R=UOvv=ty hPL '4s�=k |=DU=Q QO |R=UOvv=ty hPL '3hwPLtQ}e
QO |R=UOvv=ty |=]N hPL QO 6�pt=m � =DU=Q 3 QO |R=U Ovv=ty hPL w '5|[Qa

Q} w=v CqO=at s}kDUt pL =@ u=} QH p}rLD "CU= xOW xDN=OQB p=v=m l} u=} QH
Q=DN=U w Q}eDt |v=tR s=o sD} Qwor= w |i}]x@W VwQ x@ DNS Q}PB=vsm =QD TmwDU=�

V}=Ri= seQ|ra OyO|t u=Wv xrY=L G}=Dv "CU= xOW s=Hv= |}=H@=H xrtH |WNQJ
w |rw] |=DU=Q QO |R=UOvv=ty hPL |LqY= |=ysD} Qwor= QO C=}rta C=aiO O=OaD
V}=Ri= x@ QHvt =yVwQ u}= R= xO=iDU= '�pt=m � =DU=Q 3 QO |R=UOvv=ty hPL w |[Qa
|oDiW; COW Q}O=kt Cw=iD "OwW|t �33 OwOL QO |D=@U=Lt |=yxv} Ry Vy=m w CkO

COW Q}O=kt hqDN= xm|r=L QO 'OwW|t OQw;Q@ �5 5 |xv}W}@ R}v VwQ 2 u}= u=}t
"CU= Q@=Q@ 9 =D 7 u}@ jwi |=ywor= w hwPLtQ}e |R=UOvv=ty VwQ QO |oDiW;

=@ xDi=}Ow@y@ |=yVwQ xm OW |Q}oxH}Dv 'xOWx@U=Lt |oDiW; Q}O=kt x@ xHwD =@ C}=yvQO
"OvQ=O |QD?wr]t OQmrta |O=YDk= Q_vt R= |R=UOvv=ty hPL

rajabi@dena.kntu.ac.ir
kavianpour@ kntu.ac.ir

u=} QH '� |i}]x@W VwQ 'DNS s}kDUt |OOa |R=Ux}@W %|O}rm u=oS=w
"Q}eDt |v=tR s=o '|R=UOvv=ty |=]N 'p=v=m

xtOkt "1
|=yVwQ Q}=U x@ C@Uv |QDq=@ Q=}U@ CkO |i}]x@W w |i}] |=yVwQ =Q} R
uOQmxv}tm VwQ x@ xHwD =@ xm OvQ=O |irDNt `=wv= |i}] |=yVwQ "OvQ=O |OOa
"|i}]x@W =@ |@}DQD VwQ w u}mQr=o VwQ %R= OvDQ=@a =yu; u} QDpwtat 'xOv=t}k=@ `@=D
?=NDv= xm OwW|t xO=iDU= |irDNt |U=U= `@=wD R= |i}] |=yVwQ QO u}vJty
xO=iDU= ?w=vDt |RQt\}=QW QO "OvwW|t u}}aD xr�Ut |xUOvy x@ xHwD =@ xv}y@ `@=D
'?=NDv= u} QDy@ '?w=vDtQ}e \}=QW =@ |y=vDt |=yxOwOLt QO w x} Qwi |=y|QU R=

"CU= hW}@J |}xrtHOvJ
s=v x@ |}xO}OB x@ |i}]x@W VwQ w u}mQr=o VwQ u=}t |rY= Cw=iD
xQ=W= O}=@ xO}OB u}= R= |}xO=U h} QaD |=Q@ "OwW|t xO=O O=vDU= �|R=UOvv=ty�
u=wva =@ k:n=2 =@ exp(ikx) x} Qwi C=@}mQD |}x]kv N |xm@W l} QO xm OQm
x=Dwm w Ovr@ Gwt OOa u=}t OwW|t xDio Cr=L u}= QO w OvwW|t Qy=_ x=Dwm Gwt

[4]"OQ}o|t CQwY |R=UOvv=ty
xm|r=L QO 'CU= |oOW`]k |=]N x@ OwOLt OwHwt |=]N u}mQr=o VwQ QO
OwHw |oOW`]k w |R=UOvv=ty |=]N wO Qy u=tRsy �|@}DQD� |i}]x@W VwQ QO

C=k}kLDCyH OvtWRQ= |Q=R@= x@ s}kDUt |OOa |R=Ux}@W 'Q}N= p=U 25 pw] QO
|awvDt |=y|UQQ@ w CU= xOW p}O@D xQ=OH QO QwYLt |xDiW; |=yu=} QH QO
xQ=w}O QO QwYLt|oDiW; |Q=DN=U |=y|oS} w u}vJty w |Q=t; |=y|oS} w uwt=Q}B
l} R= |Qw@a u=} QH |xQ=OH QO QwYLt |=yu=} QH u} QDxO=U R= |m} "CU= s=Hv=
=yQ=@ R}v uwvm =D w [1]'OW |R=UpOt 1987 p=U QO Q=@ u}rw= xm CU= K]Ut p=v=m
u=wD|t ,qFt "CU= xOW |R=Ux}@W Cw=iDt ROrwv} Q O=Oa= =@ w hrDNt |=yVwQ x@
2304�1025�2048 O=a@= x@ |}xm@W QO w}mwD x=oWv=O QO |}=yVywSB x@
|OOa |R=Ux}@W u}vJty w [2]'Re� = 2320 |m =m]Y= ROrwv} Q OOa w
|}xm@W QO Re� = 2000 |m =m]Y= ROrwv} Q O=Oa= QO p=v=m u=} QH s}kDUt
[3]"OQm xQ=W= =B wQ= QO DEISA |xUU-wt QO 6144�633�4608 O=a@= x@
'CU= |i}] |=yVwQ R= xO=iDU= s}kDUt |OOa |R=Ux}@W |=Q@ xw}W u} QDpw=ODt

pw�Ut xOvU} wv �
"1390 12 14 VQ}PB '1390 5 15 x}LqY= '1389 9 9 Ci=} QO %M} Q=D



""QO
|W

NQJ
Q=DN

=U|
R=UO

vv=ty
|=]

NC
=Q}F- =D

|U
QQ@p}Uv=Qi}O CqO=at pL QO |L]U OvJ |x} Qwi p}rLD QO |R=UOvv=ty Q}F-=D |UQQ@

p}rLD QO |R=UOvv=ty |=]N =} w [10]'10|}xm@W OvJ |=ysD} Qwor= VwQ =@ |}xQ=B
[11]"OQm xQ=W= |Oa@ wO 11|=ylHwt |=[iQ} R

p=U QO 'p}Uv=Qi}O CqO=at pL Q@ |R=UOvv=ty |=]N Q}F-=D |UQQ@ |xt=O= QO
?} Q[ =@ |Oa@ l} |]N Gwt |xrO=at QO |R=UOvv=ty QF= K} QWD x@ R}v 1994
[12]"OW xDN=OQB u=O}t pw@kp@=k pL ZQi =@ VQ}PB p@=kQ}e |=y=]N O=H}= w Q}eDt
Qwr}D TmDQw p}rLD |xv}tR QO |D=k}kLD 1991 w 1983 |=yp=U QO u}vJty
|=yVwQ R= xO=iDU= =@ w Cw=iDt ROrwv} Q O=Oa= =@ w |Oa@ xU Cr=L QO 12u} Qo�
|=yQ=DN=U x@ xHwD =@ w |i}]x@W w u}mQr=o R= sa= |i}] w OwOLt hqDN= |OOa
uQ=kDt Q=DN=U '13|WNQJ Q=DN=U pt=W |]NQ}e CQ=@a |R=UxDUUo pwtat
Q@ |R=UOvv=ty Q}F-=D w OW s=Hv= 16|}=Qo =w Q=DN=U w '15|r=kDv= Q=DN=U '14|i=QLv=
|]NQ}e CQ=@a |R=UxDUUo |=ywor= QO u=} QH p}rLD QO |oDiW; |=yQDt=Q=B
[14w13]"OW x�=Q= �|R=UOvv=ty uwO@� u}mQr=o VwQ =@ xU}=kt QO |i}]x@W VwQ x@
|OOa |R=Ux}@W VwQ x@ u=} QH p}rLD R= pY=L G}=Dv |}=yVQ=Ro QO u}vJty
w |WNQJ |=yQ=DN=U QO PS |i}]x@W w u}mQr=o VwQ R= xO=iDU= =@ s}kDUt
u=}@ x@ R}v 1996 p=U QO [16w15]"CiQo Q=Qk |UQQ@ w EL@ OQwt |i=QLv= uQ=kDt
hrDNt |=yQ=DN=U QO |R=UOvv=ty C=Q}F-=D R= pY=L G}=Dv u=}t Cw=iD |r}rLD
|=Q@ w OW xDN=OQB TmwDU= Q} w=v CqO=at |i}]x@W C=@U=Lt QO |}=H@=H CQ=@a
AwQDwR}= |xDiW; u=} QH w RQoQ@ |xrO=at QO |R=UOvv=ty |=]N |UQQ@ x@ xvwtv
|OOa |xvwtv 1997 p=U QO 'xt=O= QO [17]"OW xQ=W= LES VwQ x@ Q}PBsm =QD
CQ=@a Cw=iDt |=yQ=DN=U =@ OwOLt <=RH= w LES VwQ x@ p=v=m |xDiW; u=} QH
VwQ QO |i=QLv= uQ=kDt Q=DN=U w |WNQJ Q=DN=U xS} wx@ |}=H@=H |]NQ}e
|=]N Q}F-=D R}v xRwQt= [18]"OW x�=Q= xrY=L G}=Dv QO |R=UOvv=ty Q}F-=D w LES

xQ=wty LES VwQ x@ p=v=m |xDiW; u=} QH p}rLD Cw=iDt \}=QW QO |R=UOvv=ty
[20w19]"CU= xDiQo Q=Qk Q_v Ot

|xr�Ut l} QO Qo = xm OQ=O OwHw |k]vt Oy=wW ?r]t u}= |=Q@ ?}DQD u}O@
w OW=@ xDW=O OwHw C=@U=Lt QO |i=m CkO |R=UOvv=ty OwHw seQ|ra swrat
|LqY=Cr=L QO MU=B Ovv=ty xrY=L G}=Dv 'OW=@ R} Q |i=m |xR=Ov= x@ xm@W O=a@=
'Q@Dat |OOa |=yxOy=Wt x@ xHwD =@ u}vJty "Ow@ Oy=wN |R=UOvv=ty hPL
'|WNQJ Q=DN=U Ovv=t CqO=at |R=UxDUUo |=Q@ ?U=vt |=yQ=DN=U R= xO=iDU=
|NQ@ KqY= ?Hwt |}=Qo =w Q=DN=U w |r=kDv= Q=DN=U '|i=QLv= uQ=kDt Q=DN=U
R= u=wD|t |R=UOvv=ty hPL uwO@ C=@U=Lt QO w OwW|t |v=tR |=y|Q=O}=B=v
|i}] |=yVwQ |=yOQ@ Q=m |NQ@ QO xm CU= sRq QmPD u}= "OQm xO=iDU= =yu;
C}OwOLt p}rOx@ |Ov@Vt uOQmR} Q QO |i=m CkO p=ta*= 'xDiW; ,qt=m u=} QH Ovv=t
|=yu=} QH QO |Ov@Vt |xm@W O=a@= xm|DQwY QO "CU= pmWt |QDw}Bt=m Q=R@=
Q}F-=D 'OW=@ xDW=O OwHw lJwm |=yT=}kt |UQQ@ |}=v=wD xm OW=@ |}xvwox@ xDiW;
=@ ,qwtat 17|R=UOvv=ty |=y=]N xD@r= "OQ}o|t Q=Qk xHwD OQwt `@]r=@ |R=UOvv=ty
w OvwW|t u}at |QDW}@ CkO =@ pw= C=kDWt 'O@=}|t V}=Ri= wor= |x@DQt V}=Ri=
?}=Q[ Q@ |QDW}@ Q}F-=D 'QDq=@ Ot=U@ =@ |=yOwt QO |R=UOvv=ty p@=kDt QF= wQ u}= R=
|Q=O}=B=v Cra j}kO uOw@ swrat=v seQ|ra Cio u=wD|t C}=yvQO "CW=O Oy=wN
\@=wQ QO |SQv= |=k@ ^iL 'uOQmQDr}i |SD=QDU= 3 |R=UOvv=ty |=]N `iQ |=Q@
xOW O=yvW}B |v=mt w |v=tR |R=UxDUUo QO q=@ Q=}U@ CkO w 'xOW|R=UxDUUo
p@=k |}=tv |=Qoty |i}] pOt =@ |@ wN x@ u=} QH u=O}t xm|DQwY QO xD@r= "CU=
|=yQ=DN=U x@ |R=}v w OwW|t =[Q= |}q=@ ?} QkD =@ |SQv= |=k@ 'OW=@ xOW p}rLD

"CU}v |R=UOvv=ty |LqY=

Q=DN=U p}rOx@ |i}]x@W VwQ QO |]NQ}e CqtH |x@U=Lt QO =]N u}= "OQ=O
|LqY= |=yxw}W |NQ@ =@ xm OwW|t Qy=_ CmQL |xR=Ov= |x]@=Q |xOWxDUUo
QO xS} wx@ |@}DQD VwQ QO |i=[= |R=UOvv=ty |=]N C}ty= "OvwQ|t u}@ R=
xOw@ pOH w EL@ OQwt xQ=wty |R=UpOt QO |i}] VwQ G=wQ |}=OD@= |=yp=U
p�=Ut QO w CkO Q@ |R=UOvv=ty Q}F-=D |xOQ=w ẁ[wt wO X=N Qw]x@ w CU=
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%CWwv u=wD|t R}v 4 |x]@=Q CQwYx@ =Q 3 |x]@=Q `k=w QO w OQ=O Cw=iD xOWx=Dwm
INu = PNu+RNu (4)

`]k x} Qwi |QU w ?=}uwQO |}xrtH OvJ u=}t hqDN= xm RNu |=]N 'u; QO xm
%�5 |x]@=Q� OwW|t xDN=vW |R=UOvv=ty |=]N |xrRvtx@ 'CU= xOW

RNu =
N=2�1X
k=�N=2

0B@ +1X
m=�1
m6=0

ûk+Nm

1CA�k (5)

"|R=UOvv=ty |xO}OB "1 pmW

hPL w |R=UOvv=ty =@ x]@=Q QO |awvDt C=k}kLD R}v Q}N= p=U OvJ QO
|@}mQD |=yVwQ [21]'PS |i}]x@W VwQ Ovv=t Cw=iDt |OOa |=yVwQ QO u;
xOW s=Hv= [23]18�CCD� |@}mQD |xOQWi hqDN= VwQ [22]'LES w RANS

Q=W@; Ovv=t u=} QHhrDNt |=ywor= QO |R=UOvv=ty |=]N `iQ Q}F-=D u}vJty "CU=
Q}PBsm =QD u=} QH w '|a@ Qt Cm =O 'p=v=m Q}PB=vsm =QD u=} QH [24]'19utRDrw@ l@Wt

"CU= xOW |UQQ@ [25]20p=@ `]kt R= |Qw@a
pkDUt |UQQ@ x@ xOWxQ=W= C=k}kLD QO uwvm =D 'xOWQmP ?r=]t x@ xHwD =@
�DNS� s}kDUt |OOa |R=Ux}@W QO =]N u}= hPL w |R=UOvv=ty s-=wD Q}F-=D
QO 2/3 uwv=k Q}F-=D u}vJty "CU= xOWv xDN=OQB |i}]x@W VwQ x@ p=v=m u=} QH
QO |R=UOvv=ty hPL |=ywor= QO hrDNt |=y=DU=Q QO |R=UOvv=ty |=]N hPL
|R=UOvv=ty hPL w '|[Qa w |rw] |=DU=Q QO |R=UOvv=ty hPL 's�=k |=DU=Q
=@� pwtat \}=QW QO OvJ Qy xmv; ut[ "CU= xOWv |UQQ@ �pt=m � =DU=Q 3 QO
Q=DN=U Q@ |i=QLv= uQ=kDt |wor= xm CU= xOW XNWt �C@=F |v=tR s=o R= xO=iDU=
u=Wv [26]�2012� p=U QO |WywSB =@ j@=]t |rw [18w17'15]'OQ=O u=LHQ |WNQJ
|=DU=Q QO 2/3 uwv=k R= xO=iDU= w Q}eDt |v=tR s=o R= xO=iDU= CQwY QO xm OW xO=O
=Pr "OvQ=Ov |Dw=iD |i=QLv= uQ=kDt w |WNQJ |=yQ=DN=U QO G}=Dv CkO 'z w x

VwQ R= xO=iDU= =@ p=v=m |xDiW; u=} QH R= pY=L G}=Dv |UQQ@ x@ j}kLD u}= QO
hPL Q}F-=D w OwW|t xDN=OQB Q}eDt |v=tR s=o sD} Qwor= =@ |WNQJ |wor= w DNS

OQm} wQ =@ Cw=iDt |=y=DU=Q QO 2/3 uwv=k hrDNt |=ywor= =@ |R=UOvv=ty |=]N
"OwW|t x�=Q= |D=@U=Lt |xv} Ry |xv}W}@ Vy=m

xr�Ut h} QaD "2
|R=UOvv=ty |=]N hPL |=Q@ hQ=aDt |xw}W 2 |rmQw]x@ 'OW xDio xmu=vJ
Qy xD@r= xm 21|W}=t}B VwQ w =yR=i |}=H@=H VwQ %R= Ov=CQ=@a xm 'OQ=O OwHw
hPL |=Q@ =yR=i |}=H@=H VwQ "OvQ=O =Q |Oa@ xU w wO Cr=L x@ \U@ |}=v=wD wO
u}= QO "OW x�=Q= 1971 p=U QO uwUQDB w n =RUQ)= \UwD R}v |R=UOvv=ty CQ=@a
CQwY |m} R}i |=[i QO � |xR=Ov= x@ xOW=H@=H |xm@W |wQ Q@ Cq}O@D VwQ
|}xv} Ry =@ |]NQ}e |xrtH x@ \w@ Qt xOW|R=UOvv=ty C=@}mQD xvwou}O@ w OQ}o|t
VwQ |xv} Ry R= QDW}@ xD@r= xm 'OwQ|t u}@ R= 22|WJ}B |xDUUo p=QoDv= Q@=Q@ wO
xO=iDU= =@ |R=UxDUUo QO |R=UOvv=ty |xwLv x@ VN@ u}= QO [8]"CU= |W}=t}B
VwQ QO |R=UOvv=ty |=]N hPL w OQwNQ@ |xw}W w hW}@J w x} Qwi \U@ R=
|}xawtHt N K}LY OOa Qy |=Q@ Qo = "OwW|t xDN=OQB 2/3 uwv=k =} w |W}=t}B

%�1 |x]@=Q� OwW xDiQo Q_v QO \=kv u}= R=
xj = 2�j

N
j = 0; :::; N � 1 (1)

?}=Q[ x=ov; 'OvDUy x} Qwi\U@ QO xm@W |=yxQo =} \=kv |xrRvtx@ =yxj 'u; QO xm
|xm@W \=kv x@ xHwD =@ [0; 2�] |xR=@ QO u \rDNt `@=D |xOWxDUUo |x} Qwi

%�2 |x]@=Q� OvwW|t u=}@ KQW u}= x@ jwi
~uk = 1

N

N�1X
j=0

u(xj) e�ikxj �N=2 � k � N=2� 1 (2)

%R= CU= CQ=@a x]kv Qy QO u ?=}uwQO |D=FrFt |}xrtHOvJ
INu(x) =

N=2�1X
k=�N=2

~uke�ikx
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""QO
|W

NQJ
Q=DN

=U|
R=UO

vv=ty
|=]

NC
=Q}F- =D

|U
QQ@=@ "CU= s `@=D |xDUUo |x} Qwi ?} Q[ ~sk xD@r= "CU= xj = 2�j

N =yu; QO xm
%CW=O s}y=wN =Q 14 |x]@=Q xDUUo p}O@D Ot=aD |x]@=Q R= xO=iDU=

~sk =
X

m+n=k

ûm�̂n +
X

m+n=k�N
ûm�̂n = ŝk +

X
m+n=k�N

ûm�̂n

(14)

p=QoDv= Qo = "CU= |R=UOvv=ty |=]N CQ=@a 'CU=Q CtU swO |xrtH 'u; QO xm
u}mQr=o|i}]VwQ =@p}Uv=Qi}O |xrO=at 'OwWpY=L x]@=Qu}= R=|WJ}B |xDUUo
u}= QO [5]"CU= xOW xO}t=v|i}]x@W VwQ wor= u}= "CU= xOWv xOR?} QkD K}LY
w 3FFT ?Q[pY=L pO=at |}xv} Ry x@ |WJ}B |xDUUo p=QoDv= CQ=@a VwQ
s=Hv= (15=2)N log2(N) ?Q[pY=L =@ R}v C=}rta pm "OwW|t x@U=Lt N
R}v |Oa@ xU w wO Cr=L x@ |WJ}B |xDUUo p=QoDv= |x@U=Lt s}taD "OwW|t
R= xO=iDU= '|R=UOvv=ty |=]N hPL |xw}W O}rm "OwW|t s=Hv= ?}DQD u}ty x@
M � 3N=2 xm |]QW x@ 'CU= x]kv N |=H x@ x]kv M =@ xDUUo p}O@D
=Q 15 \@=wQ Qo = "OwW|t xO=iDU= |oOW`]k =} |W}=t}B R= VwQ u}= QO "OW=@

%s}vm ZQi

yj = 2�j
M

�uj =
M=2�1X
k=�M=2

�uk eikyj

��j =
M=2�1X
k=�M=2

��k eikyj (15)

%CW=O s}y=wN =Q 16 |x]@=Q u}=Q@=v@
�sj = uj �j (16)

%�17 |x]@=Q� s} Q=O j = 0; :::;M � 1 |=Q@ w

�uk =

8<:ûk jkj � N=2
0 otherwise

(17)

xmv}= x@ xHwD =@ 'OvDUy yj = 2�j
M \=kv QO u Q}O=kt �sj w �uj '��j |=yCQ=@a

?}=Q[ u=ty �uk ?}=Q[ ?}DQD u}O@ "OvDUy xj = 2�j
N \=kv QO u Q}O=kt uj

Qo = u}vJty "Ov=xOW xOv=WwB QiY =@ Q}O=kt |i=[= Gwt O=Oa= |=Q@ xm OvDUy ûk
%OW=@ Q=QkQ@ 18 |x]@=Q

�sk = 1
M

M�1X
j=0

�sj e�ikyj k = �M2 ; : : : ; M2 � 1 (18)

%CW=O s}y=wN =Q 18 |x]@=Q u}=Q@=v@
�sk =

X
m+n=k

�um��n +
X

m+n=k�M
�um��n (19)

CQwY u=vJ M ?=NDv= w CU= syt jkj � N=2 |=Q@ �sk Q}O=kt =Hv}= QO xm
xm =Hv; R= "OwW hPL k Q}O=kt u}= |=Q@ CU=Q CtU swO |xrtH xm OQ}o|t
umtt Cr=L u} QD?U=vt=v QO 'OvDUy QiY jmj > N=2 Q}O=kt |=Q@ ~�n w ~um

=Q 6 |x]@=Q u}=Q@=v@ 'CU= Ot=aDt u � PNu |oOW`]k |=]N =@ CQ=@a u}=
%CW=O s}y=wN

ku� INuk2 = ku� PNuk2 + kRNuk2 (6)

|oOW`]k R= |W=v |=]N R= QDnQR@ xQ=wty `k=w QO '|@=}uwQO R= |W=v |=]N =Pr
w u Owt u}t)=k x@ u |Q@H |@=}uwQO Owt u}t)=k ?}DQD u}O@ "CU= x} Qwi |QU
Cr=L u}=Q@=v@ [9]"OQ=O |oDU@ 'CU= QDnQR@N R= u=WHwt OOa xm |}=yOwt |xty
xm CU= |}=yOwt s=tD w Owt u}t)=k x@ |oDU@ u |Q@H |@=}uwQO R= Owt u}t)=k
|xOW|@=}uwQO \=kv |=Q@ |R=UOvv=ty |=]N "CU= N R= QDnQR@ u; Gwt OOa
|x]@=Q =@ Q@=Q@ u `@=D hW}@J \U@ ?}DQD u}ty x@ "OQ=O |QDxO=U u=}@ hW}@J

%CU= 7

u(x) =
1X
k=0

ûkTk(x); ûk = 2
�ck

1Z
�1

u(x)Tk(x)w(x) dx (7)

|R=UxDUUo R= pY=L \@=wQ x@ xHwD =@ "CU= Tk(x) = cos k� 'u; QO xm
=yu; uRw w �CGL� wD=@ wr Tw=o hW}@J Cr=L QO QDQO=wm \=kv 'hW}@J \U@

%�8 |x]@=Q� R= Ov=CQ=@a ?}DQDx@
xj = cos �j

N
j = 0; : : : ; N � 1

wj =

8<: �
2N j = 0; N
�
N j = 1; :::; N � 1

(8)

pY=L \=kv =@ x@=Wt R}v wD=@ wr Tw=ohW}@J \=kv QO |R=UOvv=ty |=]N Q=DN=U
|}xrtHOvJ QO Ot=aD C}Y=N x@ xHwD =@ "CU= 6 |x]@=Q QO x} Qwi |QU \U@ R=

%CW=O s}y=wN =Q 9 |x]@=Q k = 0; :::; N |=Q@ hW}@J

(Tk; Tl)N =

8<:(Tk; Tl)N if l = 2mN � k;m � 0
0 otherwise

(9)

%O};|t CUO x@ 10 |x]@=Q '3 |x]@=Q =@ x@=Wt =Pr w

~uk = ûk +
+1X

j=2mN�k
j>N

ûj (10)

w |]NQ}e p�=Ut pL |=Q@ u}mQr=o |i}] VwQ QO |tD} Qwor= |rY= Q=DN=U
?Q[pY=L |x@U=Lt |=Q@ |WJ}B |xDUUo p=QoDv= Q}eDt ?}=Q[ =@ p�=Ut =}
xO=iDU= u w � |=Q@ p}O@D VwQ QO |D=@U=Lt Ci=}yQ "CU= s(x) = u(x)�(x)

|m} R}i |=[i x@ ûm; �̂n p}O@D |=Q@ �DFT� |x} Qwi |xDUUo Twmat p}O@D R=
"CU= ŝk |x@U=Lt |=Q@ DFT R= xO=iDU= TBU w jwi ?Q[pY=L O=H}= |=Q@

%OvwW|t |iQat 13 |r= 11 |=yx]@=Q CQwYx@ xDUUo Cq}O@D =Pr
uj =

N=2�1X
k=�N=2

ûkeikxj j = 0; :::; N � 1

�j =
N=2�1X
k=�N=2

�̂k eikxj (11)

sj = uj �j j = 0; : : : ; N � 1 (12)

~sk = 1
N

N�1X
j=0

sj e�ikxj ; k = �N2 ; : : : ;
N
2 � 1 (13)
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QwBv=
}w=m

=[Q
OtL

tw
|@H

Qs=
yr= QO CaQU |=Q@ |RQt \}=QW u}vJty "OwW|t =[Q= |v}}=B y = a; b w |}q=@

%CU= xOW xDiQo Q_v QO 23 \@=wQ QO ?w=vDt \}=QW CQwYx@ x w z |=yCyH
utot(x; y; z+Lz;t) = utot(x; y; z; t);

utot(x+Lx; y; z;t) = utot(x; y; z;t) (23)

|Oa@ xU CaQU u=O}t C=}} RH |xty 'x}rw= \}=QW O}rwD QO u=O}t p}rLD QO
"CU= xOW O=H}= l} QLD l} u}vJty w CaQU |iO=YD u=O}t l} O=H}= =@ x}rw=
?}DQD u}O@ "OvwW|t s}UkD |v=Uwv w C@=F VN@ 2 x@ R}v u=O}t pm Q=Wi w CaQU
%�24 |x]@=Q� CU= Q@=Q@ |v=Uwv CaQU w x}=B CaQU `tHpY=L =@ CaQU u=O}t
utot(x;t) = U(y) ex + u(x;t) (24)

|v=Uwv Q=Wi w x |=DU=Q QO Q=Wi |]N CQ=@a `tHpY=L =@ R}v pm Q=Wi u=O}t
%�25 |x]@=Q� CU= Q@=Q@

ptot(x;t) = xdP
dx

(t) + p(x;t) =
Y
x

(t)x+ p(x;t) (25)

Q=Wi u=}O=Qo w x}=B Q=Wi u=O}t u=}O=Qo `tH pY=L =@ Q=Wi u=O}t u=}O=Qo u}vJty
%�26 |x]@=Q� CU= Q@=Q@ |v=Uwv

rptot(x;t) = dP
dx

(t) ex +rp(x; t) =
Y
x

(t)ex +rp(x; t) (26)

%�27 |x]@=Q� CW=O s}y=wN 21 |x]@=Q QO 26 w 24 \@=wQ |Q=Po|=H =@
@u
@t

+rp = �r2u� utot � rutot +
�
� @

2U
@y2 ��x

�
ex (27)

utot � rutot |]NQ}e |xrtH p}rLD QO 'OW xQ=W= R}v u}= R= V}B xmu=vJ
u=Um} C=}[=} Q QO |oDUw}B Q_vx]kv R= xm OwW|t xO=iDU= |Dw=iDt |=ysQi R=
=@ "OvyO|t RwQ@ OwN R= |Dw=iDt C=}YwYN |R=UxDUUo CQwY QO |rw 'CU=
xO=iDU= |WNQJ Q=DN=U R= [26]xOW s=Hv= VywSB QO xOWVQ=Ro G}=Dv x@ xHwD

%CU= Q@=Q@ 28 |x]@=Q =@ |]NQ}e |xrtH 'xw}W u}= QO xm CU= xOW
(r� utot)� utot + 1

2r � (utotutot) (28)

QO sQi u}= "OwW|t xO=iDU= uoty |xDiW; u=} QH |R=Ux}@W QO |WNQJ sQi
x@ C@Uv u; |OOa |x@U=Lt w CU= OvtxQy@ |Q=O}=B X=wN R= |i}]x@W p}rLD

"CU= |QDtm C=}rta OvtR=}v (u:r)u OQ=Ov=DU= sQi

CqO=at |R=UxDUUo "4
|v=mt |R=UxDUUo "1"4

xO=iDU= R}v DNS QO Ovv=wD|t |D=LqY= =@ CFD QO KQ]t |=yVwQ |xty ,=@} QkD
|OOa |R=Ux}@W QO u=wD|t =Q |OOa |=yVwQ R= |oQR@ |xQDUo =Pr w OvwW
xO=iDU= |Q=Ri=CNU C=v=mt= C}OwOLt x@ xHwD =@ j}kLD u}= QO "OQ@ Q=mx@ s}kDUt
|ki= |=yCyH QO |R=UpYivt u; QO w CU= xOw@ Q_v Ot 25|i}]x@W VwQ R=
|xQ=w}O Q@ Owta CyH QO w x} Qwi |QU \U@ =@ ?w=vDt |RQt \}=QW x@ xHwD =@
x@ xHwD =@ CaQU `@=wD R= l} Qy |=Q@ u}=Q@=v@ "OwW|t s=Hv= hW}@J |QU \U@

?=NDv= =@ C}=yvQO w CU= M � 3N
2 � 1 =} w �N2 � N

2 � N
2 � 1�M

"�20 |x]@=Q� OwW|t pY=L |R=UOvv=ty uwO@ ?}=Q[ QwmPt |xvwox@ M
ŝk = �sk k = �N2 ; :::;

N
2 � 1 (20)

R= xm CU= (45=4)N log2(1 5N) p}O@D VwQ u}= |=Q@ C=}rta C=aiO O=OaD
'K[=w p}qO x@ =v@ "CU= QDW}@ �50 ,=@} QkD |R=UOvv=ty hPL uwO@ |rwtat VwQ
pt=a |=H x@ Qo = "OwW|t xO}t=v (3=2� rule) �3/2 uwv=k� |y=o xw}W u}=
M ?=NDv= =@ |R=UOvv=ty hPL |xw}W 'OW=@ TQDUO QO 2FFT pt=a '3FFT

R= "OwW|t =QH=M � 3N
2 �1 |x]@=Q |=[Q= \QW =@ 2 u=wD u} QDlJwm Q=Qk R=

O=} (2=3� rule) �2/3 uwv=k� =} w �Truncation� |WQ@ VwQ s=v =@ xw}W u}=
|=]N pQDvm QO xOWxDiQ}PB |wor= |xrRvtx@ VwQ u}= xRwQt= |rmQw]x@ [8]"OwW|t
xOW xO=iDU= hrDNt Cq=L QO DNS VwQ x@ p=v=m u=} QH p}rLD QO |R=UOvv=ty

[28w27]"CU=

u=} QH u=O}t "3
?rY |xQ=w}O wO u}@ p=}U "CU= xOW x�=Q= 2 pmW QO u=} QH |rm |xUOvy
ZQi =@ x |=DU=Q QO p=}U "OQ=O u=} QH y = a w y = b C=YDNt =@ 24um =U
u=O}t "Ovm|t CmQL U(y) = 1 � y2 |xrO=at =@ |wtyU |x}=B u=} QH OwHw
u; QO xm CU= 
 = [0; Lx] � [a; b] � [0; Lz] pmW x@ u=} QH |D=@U=Lt
z w x |=DU=Q QO xOWxDiQo Q_v QO ?w=vDt C=yH hQat Lz = 2� w Lx = 4�
u=} QH u=O}t |m} R}i O=a@= "CU= OL=w 2 Q@=Q@ R}v b�a p=v=m `=iDQ= w CU= u=} QH
|m =m]Y= ROrwv} Q OOa "CU= 128�65�128 \=kv |xm@W l} R= pY=L
u=} QH p}rLD QO |v=mt |R=UxDUUo sRqCkO xmCU= 175 =@ Q@=Q@ ,=OwOL xrY=L

"OR=U|t xOQw;Q@ =Q =DU=Q 3 Qy QO s}kDUt |OOa |R=Ux}@W VwQ x@
?w=vDt |RQt\}=QW =@ Q}PB=vsm =QDTmwDU=� Q} w=v CqO=atpt=W sm =L CqO=at
CQwYx@ xm OvDUy sQH w CmQL |xR=Ov= |}=k@ CqO=at w z w x |=DU=Q QO

%OvwW|t u=}@ 22 w 21 |=yx]@=Q
@utot
@t

+ utot � rutot = �rptot + �r2utot (21)

rutot = 0 (22)

pm Q=Wi ptot(x; t) w 'u=} QH u=O}t pm CaQU utot(x; t) 'CqO=at u}= QO
|xQ=OH QO u = 0 VRer sOa |RQt \QW CaQU |=Q@ "CU= u=} QH u=O}t QO

"p=v=m QO u=} QH |D=@U=Lt u=O}t l}D=tW pOt "2 pmW
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""QO
|W

NQJ
Q=DN

=U|
R=UO

vv=ty
|=]

NC
=Q}F- =D

|U
QQ@�36 |x]@=Q� \U@ u}= ZQi =@ p=L "OvDUy C@=F C w |]N QwD=QB= L 'u; QO xm

%n+ 1 s=o QO |v=tR jDWt |=Q@
dy
dt

����
t=tn+1

' 1
�t

 
�0yn+1 �

J�1X
q=0

�qyn�q
!

(36)

pmW x@ N |]NQ}e CQ=@a \U@ |=Q@ �0; �1; :::; �J�1 ?}=Q[ ZQi w
�q '�q VwQ u}= QO "OwW|t s=Hv= xrLQt 3 |] Nn+1 =

PJ�1
q=0 �qN

n�q

'� = 11 6 %R= OvDQ=@a QwmPt ?}=Q[ VwQ u}= QO xm OvDUy |OOa ?}=Q[ � w
[30]"�0 = �3 w �1 = 1 5 '�2 = �1 3 '�0 = 3 '�1 = �3 '�2 = 1

G}=Dv p}rLD w x�=Q= "5
OwHw ZQi =@ um =U ?rY |xQ=w}O wO u}@ p=}U u=} QH p}rLD 'j}kLD u}= QO
Q}PB=vsm =QD TmwDU=� Q} w=v CqO=at s}kDUt pL R= xO=iDU= =@ |wtyU |x}=B u=} QH
xDiQo CQwY z w x |=DU=Q QO ?w=vDt |RQt \}=QW w |i}]x@W VwQ x@
QO |WywSB QO xOWQmP Q=}at x@ xHwD =@ u=} QH p}rLD |=Q@ sRq u=tR "CU=
x}rw= ROrwv} Q O=Oa= w �|v=tR s=o 12000� T = 300 s Q@=Q@ [31]'2001 p=U
"CU= xOW xDiQo Q_v QO � = 1=4000 x}rw= C_re pO=at ReL = 4000
|xm@W w CU= 
 = [0; 4�] � [�1; 1] � [0 2�] u=} QH |D=@U=Lt u=O}t
xrY=L |m =m]Y= ROrwv} Q OOa "CU= xOW ?=NDv= 128�65�128 |Ov@Vt
|R=Ux}@W VwQ x@ u=} QH p}rLD QO |v=mt |R=UxDUUo sRq CkO Re� = 175
w �|i}]x@W� |@}DQD VwQ =@ |v=mt |R=UxDUUo "CU= xOQm xOQw;Q@ =Q s}kDUt
|=y|R=UpYivt QO x} Qwi |QU \U@ R= xO=iDU= w |WNQJ Q=DN=U QO '�t�w=D
CqO=at pL "CU= xOW s=Hv= xQ=w}O Q@ Owta CyH QO h}W}@J \U@ w |ki=
xOWx�=Q= VwQ R= xO=iDU= w RDwtry |}=yv CqO=at w w=D K}LYD uOQm^=Lr =@ w=D
VwQ =@ |v=tR |R=UxDUUo [29]"CU= xOW s=Hv= 1987 p=U QO |WywSB QO
xOW s=Hv= |WNQJ VwQ =@ |]NQ}e |xrtH |v=mt |R=UxDUUo w SBDF3
sD} Qwor= R= |v=tR s=o V}=Ri= u=mt= w C=@U=Lt Vy=m CyH QO u}vJty "CU=
|xOwOLt uDiQoQ_vQO =@ ?}DQD u}O@ "CU= xOW xO=iDU= Q}eDt |v=tR |=ys=o =@
|v=tR s=o Qy QO Q}}eD u=mt= 0 6 =D 0 4 |xR=@ QO CFL Cv=Qwm OOa Q}}eD R=Ht
w dt = 1=2(dtmin + dtmax) x}rw= |v=tR s=o VwQ u}= QO "OwW|t O=H}=
|v=tR s=o V}=Ri= u=mt= w CU= dtmin = 0 001 |v=tR s=o |xR=@ u}}=B |xv=Qm
u=} QH p}rLD Cq=L |xU}=kt w |UQQ@ [27]"OQ=O OwHw dtmax = 0 1 u=R}t x@
|=DU=Q QO |R=UOvv=ty 's�=k |=DU=Q QO |R=UOvv=ty '|R=UOvv=ty %*hPL uwO@
|Ov@`tH w xDiQo CQwY =DU=Q 3 Qy QO |R=UOvv=ty w 'u=} QH |[Qa w |rw]

"CU= xOW x�=Q= sRq
Q=Owtv u}= QO "CU= xOW x�=Q= uu |oDiW; COW Q}O=kt C=Q}}eD '3 pmW QO
|R=UOvv=tyhPLwhwPLtQ}e|R=UOvv=ty|=yVwQu=}t|}x_Lqtp@=kC=Q}}eD
|[Qa w|rw] |=DU=Q QO |R=UOvv=ty hPL |=yVwQ w wUl} R= s�=k |=DU=Q QO
QO Q=Owtv |xrk QO hqDN= |xv}W}@ "OwW|t xOy=Wt |R=UOvv=ty pt=m hPL w
|R=UOvv=ty hPL w hwPLtQ}e |R=UOvv=ty VwQ u=}t y = 8; 57 C}akwt 2
y = 1 03E � 02; 1 05E � 02 Q@=Q@ ?}DQDx@ |[Qa w |rw] |=DU=Q QO
R}v |Q=t; Q}O=kt Q}=U QO hqDN= w h=QLv= "CU= �Q@=Q@ 7 81 '5 27 OwOL QO�
5 w 4 |=ypmW QO u�rms w �� 'ww |oDiW; COW xvwtv |=Q@ xm OQ=O OwHw
|wor= x@ hwPLtQ}e |R=UOvv=ty VwQ G}=Dv =ypmWu}= j@=]t "CU= xOW x�=Q=

xO=iDU= =@ z w x |=DU=Q QO |i}] |=[i x@ |m} R}i |=[i R= CaQU u=O}t p}O@D
%CW=O s}y=wN =Q 29 |x]@=Q x} Qwi p}O@D R=

u(x; y; z) =
Nz=2X

kz=�Nz=2+1
Nx=2X

kz=�Nz=2+1
û (kx; y; kz) e2�i(kxx=Lx+kzz=Lz) (29)

x} Qwi \U@ ?}=Q[ =yû 'z w xCyH QO \=kv O=OaD ?}DQD x@ Nz w Nx u; QO xm
R= |a@=D OwN R}v û w CU= z w x C=yH QO pL u=O}t pw] ?}DQDx@ kz w kx w

%OwW|t h} QaD 30 |x]@=Q CQwYx@ h}W}@J p}O@D R= xO=iDU= =@ xm CU= y

û(kx; y; kz) =
NyX
n=0

~u(kx; n; kz)Tn(y) (30)

u}= ?}=Q[ ~u w x]w@ Qt y QO h}W}@J |}xrtHOvJ CqtH Tn(y) 'u; QO xm
xm@W 'z w x |=yCyH QO "OvDUy y CyH QO \=kv O=OaD Ny w =y|}xrtH OvJ

%CU= xOW xDiQo Q_v QO 31 |x]@=Q j@=]t CN=wvm} CQwYx@
xl = lxL

Nx
� Nx

2 + 1 � l � Nx
2

zm = mzL
Nz

� Nz
2 + 1 � l � Nz

2 (31)

QO s)=m |x]kv |xrY=i zm w x CyH QO s)=l |x]kv |xrY=i xl 'u; QO xm
CQwYx@ CyH u}= QO \=kv =Pr 'y 2 [�1; 1] xmv}= x@ xHwD =@ "CU= z CyH

%CU= y CyH QO s)=n |x]kv yn xm OvwW|t h} QaD 32 |x]@=Q

yn = cos
�
n�
Ny

�
n 2 (0; Ny) (32)

|v=tR |R=UxDUUo "2"4
|=yVwQ x@ w 26|WRer |xw}W 2 ?r=k QO |v=tR |R=UxDUUo QO |irDNt VwQ
QO xOWx�=Q= G}=Dv x@ xHwD =@ Q=DWwv u}= QO "OvwW|t |Ov@xDUO 27l}D}rwvwt =} pB wm
|R=UxDUUo R= xO=iDU= CQwYx@ l}D}rwvwt |xw}W [29]'1987 p=U QO |WywSB
Qrw= wQUB |v=tR |R=UxDUUo w K} QY CqtH |=Q@ l} |x@DQt Qrw= wQW}B |v=tR
s=v x@ xm sD} Qwor= u}= QO "CU= xOw@ Q_v Ot |vt[ CqtH |=Q@ xU |x@DQt
33 |x]@=Q CQwYx@ CmQL |xR=Ov= |xrO=at Qo = 'CU= QwyWt 28SBDF3

%OwW |U} wvR=@
@u
@t

+rq = �r2u�N(u) +
�
� @

2U
@y2 ��x

�
(33)

|WNQJ Q=DN=U =@ utot:rutot |]NQ}e |xrtH w q , p+1=2u:u 'u; QO xm
%CU= 34 |x]@=Q CQwYx@

N(u) , (r� u)� u+ U @u
@x

+ � @U
@y

ex (34)

%CW=O s}y=wN =Q 35 |x]@=Q x} Qwi p}O@D R= TB
@~u
@t

+ ~r~q = ~L~u� gN(u)+ ~C (35)
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QwBv=
}w=m

=[Q
OtL

tw
|@H

Qs=
yr= �3 33 Q@=Q@ ww u=} QH ZQa QO |oDiW; COW w �4 20 Q@=Q@ �� u=} QH

"CU=
hPL hrDNt |=yVwQ |xOWQmP |=ywor= QO CFL Cv=Qwm OOa C=Q}}eD
|v=tR s=o Q}}eD u=mt= x@ xHwD =@ "CU= xOW x�=Q= 6 pmW QO w C@F R}v |R=UOvv=ty
|=DU=Q QO [0 4; 0 6] |xOwOLt QO Cv=Qwm OOa C=Q}}eD pQDvm 'u=} QH p}rLD QO

"OQ}o|t CQwY |WNQJ |wor= pL |Q=O}=B pQDvm
u}ov=}t CaQU p}iwQB Q=Owtv |xU}=kt R= '|HvUCLY |=Q@ xt=O= QO
|x}q w RwmU} w |x}q Q} R |=Q@ xOWT=}kt |@ QHD w |r}rLD u}v=wk =@ |D=@U=Lt
CaQU Qo = [30]"CU= xOW xO=iDU= 7 pmW QO xQ=OH uwv=k x@ swUwt |rN=O

%O}; CUOx@ 37 |x]@=Q R= u� |m =m]Y=

u� ,
s
� dU
dy

����
y=0

(37)

=yCaQU w O=a@= |xQ=w}O 'T=}kt QO "CU= u}ov=}tCaQU p}iwQB U(y) 'u; QO xm
|x]@=Q 's}v=O |t xmu=vJ "OwW|t |iQat U+ , U=u�; y+ � yu�=� Q@=Q@

%CU= Q=QkQ@ 38
U+ = y+ y+ � 10
U+ = 2 5 ln y+ + 5 y+ � 30 (38)

QO =yVwQ |xty QO u}ov=}t CaQU R= pY=L G}=Dv OwW|t xOy=Wt 7 pmW QO
"OQ=O |v=wNsy xQ=OH uwv=k =@ RwmU} w |x}q Q} R |x}L=v

"|R=UOvv=ty hPL hrDNt |=yVwQ QO CFL Cv=Qwm OOa C=Q}}eD "6 pmW

"xQ=OH uwv=k Q=Owtv "7 pmW

"uu |oDiW; COW Q}O=kt C=Q}}eD "3 pmW

"�� w ww |oDiW; COW Q}O=kt C=Q}}eD "4 pmW

"u�rms ROrwv} Q VvD Q}O=kt C=Q}}eD "5 pmW

QO |R=UOvv=ty hPL VwQ G}=Dv w l}ORv s�=k |=DU=Q QO |R=UOvv=ty hPL
"CU= QDl}ORv =DU=Q 3 QO |R=UOvv=ty hPL |wor= x@ |[Qa w |rw] |=DU=Q
hPL VwQ w hwPLtQ}e |R=UOvv=ty VwQ u=}t QO �� hqDN= |xv}W}@
QO ww |=Q@ w Q@=Q@ 7 57 OwOL QO |[Qa w |rw] |=DU=Q QO |R=UOvv=ty
|R=UOvv=ty |wor= u=}t u�rms QO hqDN= |xv}W}@ "CU= Q@=Q@ 9 6 OwOL
u}= "CU= Q@=Q@ 5 9 OwOL QO w pt=m |R=UOvv=ty hPL VwQ w hwPLtQ}e
QO |R=UOvv=ty hPL w hwPLtQ}e |R=UOvv=ty |=yVwQ u=}t Cw=iD |xv}W}@
"CU= �28 7 w �28 6 Q@=Q@ ?}DQDx@ ww w �� |oDiW; COW |=Q@ s�=k |=DU=Q
3 QO |R=UOvv=ty hPL VwQ wO u=}t |oDiW; COW Q}O=kt Cw=iD u}ov=}t
|oDiW; COW Q}O=kt QO |[Qa w |rw] |=DU=Q QO |R=UOvv=ty hPL w =DU=Q
s�=k |=DU=Q QO |oDiW; COW Q}O=kt QO '�5 51 Q@=Q@ uu u=} QH |=DU=Q QO
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""QO
|W

NQJ
Q=DN

=U|
R=UO

vv=ty
|=]

NC
=Q}F- =D

|U
QQ@"|R=UOvv=ty hPL hrDNt |=yVwQ QO |oDiW; |=yQDt=Q=B "1 pwOH

Q=}at h=QLv= |WQ@ CaQU xR}r=tQv |SQv= lqyDU= =QH= u=tR VwQ
OQ=Ov=DU= xQ=w}O (u+U) (u+U) (s)

0 0562293 0 022878842 2 34815 0 180093 37806 hwPLtQ}e
0 0570894 0 023974805 2 48476 0 180216 28405 s�=k |=DU=Q QO
0 079093 0 038283535 4 79667 0 186678 21890 �pt=m ��=DU=Q xU QO
0 078393 0 037786725 4 69873 0 186004 22600 |[Qa w |rw] |=DU=Q QO

|wor= 'u}at |Ov@Vt w XNWt O=a@= =@ u=} QH u=O}t R= xO=iDU= CQwY QO "1
|=Q=O |LqY= |=yVwQ Q}=U =@ xU}=kt QO |R=UOvv=ty |=]N hPL uwO@
10 =D 6 OwOL QO |oDiW; |Q=t; Q}O=kt QO C=Q}}eD u}= "OvDU}v |i=m CkO
QO u}ov=}t CaQU |tD} Q=or Q=Owtv R= xrY=L G}=Dv "CU= xOW OQw;Q@ Q@=Q@
QO "CU= Q=O=vat Cw=iD u}= Qov=}@ R}v |rN=O w |r=kDv= |x}L=v QO =yVwQ u}=
|xR}r=tQv |SQv= QO �100 h=QLv= |xv}W}@ R}v |oDiW; |=y|oS} w Q}=U u=}t

"CU= xOW pY=LxOW x@U=Lt pm
xO=iDU= =@ u=} QH |=Q@|v=tR |Q=O}=B \QW |Q=QkQ@ CQwY QO|DL|DkO|@ u}=
R=Ht |xOwOLt QO Cv=Qwm OOa pQDvm w Q}eDt |v=tR |=ys=o =@ sD} Qwor= R=
|=yVwQ QO ?U=vt CkO x@ |@=}DUO |=DU=Q QO u}=Q@=v@ "OwW|tv pY=L
|QwQ[ s�=k |=DU=Q QO |R=UOvv=ty hPL w |R=UOvv=ty |=]N hPL uwO@
V}=Ri= C=a@D =@ xm 'OwW s=Ok= xm@W uOQmR} Q w O=a@= Q}}eD x@ C@Uv =D CU=

"CU= xH=wt |D=@U=Lt |xv} Ry w u=tR
|R=UOvv=ty |=]N hPL xm O=O u=Wv j}kLD u}= R= xrY=L G}=Dv u}vJty "2
hPL uwO@ |wor= =@ x@=Wt |DqmWt =@ R}v |}=yvD x@ s�=k |=DU=Q QO
|=]N Vy=m CyH QO |U=U= C=LqY= w CU= xH=wt |R=UOvv=ty |=]N

"OwW|tv O=H}= |R=UOvv=ty
Q}F-=D hPL w |W}=t}B |xw}W R= xO=iDU= CQwY QO xm OyO|t u=Wv |UQQ@ u}= "3
xOWO}}-=D |OOa w |@ QHD G}=Dv =@ xrY=L G}=Dv z w x |=DU=Q QO |R=UOvv=ty
=DU=Q 3 QO |R=UOvv=ty hPL |wor= CkO xD@r= "OQ=O |@U=vt Q=}U@ j@=]D
2 u=}t |oDiW; |Q=t; Q}O=kt Cw=iD u}ov=}t "OwW|t |@=} RQ= QDW}@ |mOv=
3 u}@ ,=OwOL |[Qa w |rw] |=DU=Q 2 w =DU=Q 3 QO |R=UOvv=ty hPL VwQ
2 QO |oDiW; COW |Q=t; Q}O=kt Cw=iD 'G}=Dv u}= x@ xHwD =@ "CU= OYQO 5 =D
|R=UOvv=ty |=]N Q}F-=D Qo}O CQ=@a x@ w CU}v x_Lqt p@=k xOWQmP VwQ

"CU}v xHwD p@=k s�=k |=DU=Q QO
QO u=} QH p}rLD u=tR C=@U=Lt s=Hv= u=tR x@ \w@ Qt G}=Dv x@ xHwD =@ u}vJty "4
OwOL QO '=DU=Q 3 QO |R=UOvv=ty hPL |LqY= sD} Qwor= R= xO=iDU= CQwY
O=OaD V}=Ri= seQ|ra VwQ u}= ?U=vt |}=Q=m u}@t xm O@=}|t Vy=m �33
Gwt O=Oa= |=Q@ ûk ?}=Q[ uOWQiY p}rOx@ xr�Ut u}= "CU= C=}rta C=aiO
hPL |xDi=}Ow@y@ |=yVwQ =Pr 'CU=yVwQ u}= QO |v=tR s=o Qy QO |i=[=
sD} Qwor= =@ |R=UOvv=ty pt=m hPL w |[Qa w |rw] |=DU=Q QO |R=UOvv=ty
|D=@U=Lt |xv} Ry QO |} wHxiQY w =QH= u=tR Vy=m x@ QHvt Q}eDt |v=tR s=o
O=Oa= =@ w QDnQR@ |=yu=O}t QO u=} QH p}rLD QO |QD?U=vt |wor= w OvwW|t

"CU= OwHwt |Q=Ri=CNU |=yC}OwOLt x@ xHwD =@ QDq=@ ROrwv} Q

|rN=O |x}q |xOwOLt u}vJty w |r=kDv= |x}L=v QO xU}=kt u}= xm|r=L QO
hPL w |[Qa w |rw] |=DU=Q QO |R=UOvv=ty hPL |=yVwQ xm OyO|t u=Wv
VwQ 2 QO G}=Dv |rw &Ovvm|t Q=DiQ |tD} Q=or |wor= j@=]t |R=UOvv=ty pt=m

"OQ=O |Q=O=vat Cw=iD Q=Owtv =@ Qo}O
'xQ=w}O |WQ@ CaQU 'C=@U=Lt s=Hv= u=tR x@ \w@ Qt G}=Dv '1 pwOH QO
"CU= xOW x�=Q= R}v CaQU OQ=Ov=DU= Q=}at h=QLv= w 'lqyDU= 'pm |xR}r=tQv |SQv=
|xOWxR}r=tQv |SQv= w OQ=Ov=DU= Q=}at h=QLv= |x@U=Lt |=Q@ 40 w 39 |=yx]@=Q

"CU= xOW xO=iDU= |}x_Lr CaQU R= pY=Lvuut 1
N

T1X
i=T0

1
LxLyLz

�
LxZ
0

bZ
a

LzZ
0

(ui � uimean) � (ui � uimean) dx dy dz (39)

T1X
i=T0

1
LxLyLz

LxZ
0

bZ
a

LzZ
0
ui � ui dx dy dz (40)

|SQv= 'xQ=w}O |WQ@ CaQU Q}O=kt xm OwW|t XNWt 1 pwOH x@ xHwD =@
|R=UOvv=ty |=yVwQ QOCaQU OQ=Ov=DU= Q=}at h=QLv= w 'lqyDU= 'pm |xR}r=tQv
=yQDt=Q=Bu}= w OQ=O |QDW}@Cy@=Wt s�=k |=DU=Q QO|R=UOvv=tyhPL whwPLtQ}e
|R=UOvv=typt=mhPL w|[Qa w|rw]|=DU=Q QO|R=UOvv=tyhPL|=ywor= QO
OwOL QO |SQv= Q=Okt QO =yQDt=Q=B Cw=iD u}= |xv}W}@ "OvQ=O QDl}ORv |Q}O=kt R}v
w =DU=Q 3 QO |R=UOvv=ty hPL w hwPLtQ}e |R=UOvv=ty |=yVwQ u=}t �96
ut[ "OwW|t OQw;Q@ �3 OwOL QO VwQ 2 u}ty u}@ lqyDU= QO u; |xv}tm
|=ywor= R= QDW}@ Q=}U@ |R=UOvv=ty |=]N hPL uwO@ VwQ QO =QH= u=tR xmv;

"CU= xOw@ |LqY=

|Q}oxH}Dv "6
u=} QH QO |R=UOvv=ty |=]N hPL |=ywor= w |R=UOvv=ty Q}F-=D VywSB u}= QO
VwQ QO |i}]x@W |wor= =@ u=} QH p}rLD "CU= xOW |UQQ@ Q}PB=vsm =QD p=v=m l}
|}=H@=H xrtH R= |WNQJ Q=DN=U w Q}eDt |v=tR s=o sD} Qwor= w s}kDUt |R=Ux}@W
OwW|t xOy=Wt |rm Qw]x@ xOWx�=Q= G}=Dv w =yQ=Owtv x@ xHwD =@ "CU= xOW s=Hv=

%xm
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QwBv=
}w=m

=[Q
OtL

tw
|@H

Qs=
yr=

=yCWwv=B
1. Chebyshev
2. dealised
3. no dealiasing
4. dealiase Y
5. dealiase XYZ
6. dealiase XZ
7. blow up
8. general circulation model
9. aliased
10. multigrid
11. wavelets
12. Taylor-Green vortex
13. rotational
14. skew-symmetric
15. convection
16. divergence
17. aliasing
18. combined compact di�erence (CCD)
19. cascaded lattice Boltzmann
20. airfoil
21. padding
22. convolution sum
23. alias
24. pouisule 
ow
25. pesodu spectral
26. splitting method
27. Monolithic
28. third order backwards di�erence scheme
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h tities vary from 96% in total normalized energy to 3%
in dissipation. Compared to the NoDealiasing scheme,
modi�ed DealiasXYZ reduces the computational time
around 33%. Therefore, from a practical standpoint, the
choice between the costly, ordinary, and de-aliased rota-
tional form reduces to the last one, if the �nal decision
rests on economics.
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Abstract
The objective of this work is to perform aliased and de-
aliased direct numerical simulation of a turbulent chan-
nel 
ow with a variable time-stepping algorithm. The
time advancement is carried out by an implicit 3rd or-
der backward di�erent scheme for linear terms, and ex-
plicit forward Euler for nonlinear terms (SBDF3), in
T=300s (about 12000 time step). A � pseudo spec-
tral method is employed on 128�65�128 computational
grids in 
=[0.4�]�[-1.1]�[0.2�]. The Fourier series in
stream-wise and span-wise directions and Chebychev poly-
nomial expansion in a normal direction are employed.
The friction Reynolds number is Re�=175 and initial
viscosity is set to �=1/4000. The e�ect of aliasing er-
rors is examined in the NoDealiasing scheme. Also, the
product's aliasing errors are eliminated by truncating
the Fourier coe�cients of the velocity and the prod-
uct, using the so-called \2/3 rule", in three schemes of:
DealiasY 'DealiasXZ and DealiasXYZ. A comparison
of turbulence intensities is made over the interval from
T0 = 100 to T1 = 300. The results of turbulence statis-
tics, wall-shear velocity, standard deviation, overall CPU
time and total normalized energy of instantaneous ve-
locities have also been collected. Also, the results of the
mean velocity pro�le are compared to the scaling laws
for viscous and inertial layers in all schemes. The present
results of turbulence strength show signi�cant discrep-
ancies between the results of NoDealiasing and DealiasY
schemes and the DealiasXZ and DealiasXYZ schemes at
the other side. Alsom there are no considerable di�er-
ences between DealiasXZ and DealiasXYZ results. The
di�erences between computed values of turbulent quan-




