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xO=iDU= =@ xO=U |=yx=ox}mD |wQ Q@ s}N[
u=mtQ}}eD p}Uv=DB `@=wD R=

�Q=}Wv=O� =}v|�=wv s=Qy@
p@=@ |v=wQ}Wwv |DavY x=oWv=O 'u=Qta |UOvyt |xOmWv=O

C=LiY O=R; V=aDQ= j}kO pL 'u=mtQ}}eD p}Uv=DB `@=wD R= xO=iDU= =@ 'Q=DWwv u}= QO
x�=Q= xO=U |x@r Q=yJ |wQ Q@ C@=F |rw x=wNrO Ct=N[ =@ uoty AwQDwR}= |r}]DUt
=@ xLiY O=R; V=aDQ= |xYNWt |xrO=at u; ltm x@ w u=mtQ}}eD p}Uv=DB `@=D w xOW
w =yQ}eDt |R=U=OH VwQ x@ 2 w 4 |x@DQt R= sm =L |}xQ=B p}Uv=Qi}O |xrO=at wO pL

C}OwOLt OwHw sOa 'VywSB u}= |xOta |oS} w "CU= xOt; CUOx@ |RQt \}=QW p=ta=
Qw_vt x@ "CU= s}N[ w |@Uv s}N[ 'lR=v C=LiY |=Q@ u; Q=@Da= w Ct=N[

xm '|r}rLD |=yQ=m Q}=U R= xOt;CUOx@ G}=Dv =@ VywSB u}= R= pY=L G}=Dv '|HvUQ=@Da=
pw= |x@DQt |WQ@ pmWQ}}eD |=yx} Q_v Q@ |mDt |@Uv s}N[ C=LiY x@ \w@ Qt ,=DOta
Oa@ uwO@ Ot=U@ Ct=N[ V}=Ri= =@ xm OyO|t u=Wv G}=Dv "CU= xOW xU}=kt xOw@ QDq=@ w

"CU= x=Qty |QDW}@ COW =@ |W=aDQ= QDq=@ |=yOwt QO Vy=m u}= Q=Okt xm Vy=m

navayi@nit.ac.ir

'u=mtQ}}eD p}Uv=DB `@=D 's}N[ |r}]DUt C=LiY 'j}kO pL %|O}rm u=oS=w
"|v=UWm |Oa@xU |xr�Ut 'O=R; V=aDQ=

xtOkt "1
x@ xm OW x�=Q= [6]'CU= |rkDUt ?} Q[ |=Q=O l} Qy xm 'pw@k p@=k |[Qi `@=wD
R}r=v; |=Q@ |@} QkD pw=ODt |=yVwQ R= |m} w CU= xOW QwyWt 3RD} Q� |r}=Q VwQ
'C=LiY |WtN |Qw�D Ovv=ty "CU= C=LiY |=Q@ u; `@D x@ w =yxR=U |W=aDQ=
|=yjQw x@ O=R; V=aDQ= =} |m}t=v}O p}rLD |xRwL QO xDiQoCQwY |=yQ=m |xOta
X=YDN= 'Ovm|t Q_vhQY |v=QwO |UQv}= R}v w |WQ@ |=ypmWQ}}eD R= xm 'lR=v
|=ypmW =@ lR=v C=LiY C=W=aDQ= |wQ |O=} R |=y|UQQ@ "CU= xOW xO=O
=yv; ?re= xm &CU= xDiQo CQwY Cw=iDt |Q=PoQ=@ R}v w '|y=ox}mD \}=QW 'hrDNt
?mQt lR=v C=LiY |=Q@ w [14�7]'pwtat lR=v C=LiY |=Q@ OvtWRQ= |=yQ=m QO
'|WQ@ |=yVvQm R= uOQmQ_vhQY =@ "Ov=xOW xU}=kt w QwQt [20�15]'|J} wOv=U w
xm OvwW|t QDxv=Q=mx_i=LtQ}e |}=yxR=U u}vJ QO C=LiY O=R; V=aDQ= |=yMU=B
|x�=Q= R= Oa@ "Ovm|t QDW}@ C=LiY p�=Ut QDj}kO pL x@ C@Uv =Q =yC}U=UL
|=yQ=m R= |O=} R O=OaD '|@Uv s}N[ C=LiY |=Q@ 5QvU} Q w 4u}rOv}t |=y|Qw�D
|x@DQt |WQ@ |Qw�D Q@ |mDt |@Uv s}N[ |=yjQw V=aDQ= p}rLD QO xOWs=Hv=
Ow@y@ Qw_vt x@ u}rOv}t � QvU} Q pw= |x@DQt |Qw�D QO "OW u}rOv}t � QvU} Q pw=
k |WQ@ K}LYD ?} Q[ R= Ct=N[ QO C@=F |WQ@ VvD `} RwD R= |W=v G}=Dv
w [21]QvU} Q \UwD w Cw=iDt ?} Q[ u}= |=Q@ |O=yvW}B Q=Okt "OwW|t xO=iDU=
x@ w v uwU=wB ?} Q[ x@ xDU@=w 6|v=v \UwD w �2

12 w 5
6 Q@=Q@ ?}DQD x@ [22]u}rOv}t

[23]"CU= xOW O=yvW}B k = 20(1+v)
24+25v+v2 sQi

|=yx=ox}mD |wQ|r}]DUtu}rOv}tC=LiYO=R;V=aDQ= |Qo}O|=yVywSB QO

Q}_v |UOvythrDNt |=yxN=WQ} R QO u=W`}Uw OQ@ Q=m p}rOx@ |r}]DUt |=yjQw
u}= p}rLD "CU= xOw@ u=QoWywSB w u=L=Q] xHwD OQwt xQ=wty l}v=mt w u=Qta
QO =yv; |Oa@ wO Q=DiQ p}rO x@ '|m}D=DU= Cr=L QO |DL 'sm Ct=N[ =@ =yxR=U
uOWxi=[= R}v w xR=UCt=N[V}=Ri= =@|oO}J}B u}= "CU= QDxO}J}B =yQ}D =@ T=}k
QDW}@ ?D=Qt x@ =yv; O=R; V=aDQ= Q=DiQ |UQQ@ =} w |m}t=v}O p}rLD QO u=tR QDt=Q=B
QF= |oO}J}B w |WQ@ VvQm C}ty= p}rOx@ s}N[ |=yxR=U 'Qo}O hQ] R= "OwW|t
h} QaD s}N[ C=LiY |=Q@ "CU= u=QoWywSB xHwD OQwt u=vJty '\@=wQ QO u;
(t) Ct=N[ C@Uv =yVywSB |NQ@ QO xm |Qw]x@ 'OQ=Ov OwHw |at=H w j}kO
|iQat lR=v |xLiY t

L = 1
50 � 1

10 |xR=@ |=Q@ (L) xLiY Oa@ u} QDlJwm x@
G}=Dv CkO '|WQ@ |=yVvQm R= uOQmQ_vhQY seQ|ra =yu; QO xm 'CU= xOW
\UwD ( tL < 1

50 ) =y=We V=aDQ= |Ov@pwtQi [3�1]"CU= pw@k p@=k xOt;CUOx@
|Oa@ wO p�=Ut V=aDQ= XwYN QO =yQ=m u}rw= <RH u=wD|t =Q �1766� 1Qr} w=
OvJ u}}aD =@ R}v syORwv uQk p}=w= QO "O=O s}taD C=LiY |=Q@ 2|rwvQ@ xm 'CUv=O
O=H}= C=LiY V=aDQ= |UQQ@ QO |OH |xR}ov= '|a@ Qt jQw l} O=R; V=aDQ= Owt
|xR=U l} |a}@] Ot=U@ |=Q@ pL |rm VwQ Qo}O |k}kLD QO u}vJty [4]"OW
R= |}xawtHt ZQi =@ |r}=Q VwQ u}vJty [5]'OW |iQat |r}=Q \UwD x=wNrO

pw�Ut xOvU} wv �
"1391 10 24 VQ}PB '1391 10 11 x}LqY= '1390 11 18 Ci=} QO %M} Q=D
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Op

L

"C=YDNt |=yQwLt O=ODt= QO u=mtQ}}eD =@ |r}]DUt |xLiY "1 pmW
"OQm u}}aD t

L C@Uv Qy |=Q@ Ct=N[ QO C}OwOLt

|Qw�D "2
x=ox}mD |wQ Q@ O=R; V=aDQ= p=L QO |]N Q=DiQ =@ OQou=Uty |r}]DUt |xLiY
?}DQD x@ x; y; z |=yQwLt u; QO xm 1 pmW j@=]t u} RDQ=m C=YDNt QO xO=U
=Q 'CU= a; b; t O=a@= |=Q=O w xOw@ xLiY Ct=N[ w 'ZQa 'pw] O=ODt= QO
p}Uv=DB `@=wD ?UL Q@ OQou=Uty x=wNrO \}Lt l} u=mtQ}}eD "s} Q}o|t Q_v QO
C}a@D 1 \@=wQ R= |tUH |=ywQ}v ?=}e QO ~F (x; y; z; T ) w ~�(x; y; z; T )

[44]%Ovvm|t8>><>>:
~u(x; y; z; T ) = ��1 @2 ~F

@x@z � @ ~�
@y

~v(x; y; z; T ) = ��1 @
2 ~F

@y@z + @ ~�
@x

~w(x; y; z; T ) = �2r2
xy ~F + @2 ~F

@z2 � �3 @
2 ~F
@t2

(1)

'x w y 'z |=yQwLt CyH QO ?}DQD x@ =yu=mtQ}}eD ~u w ~v ' ~w 'x]@=Q u}= QO xm
%O};|t CUOx@ 3 w 2 |=yx]@=Q R= �1 w �|r}Uv=Qi}O QwD=QB=� r2

xy 'u=tR Q}eDt T
r2
xy = @2

@ x2 + @2

@ y2 (2)

�1 = �+ �
�

; �2 = �+ 2�
�

; �3 = �
�

(3)

"OvDUy |tHL sQH � w xtq ?}=Q[ � w � =yv; QO xm
[44]%O};|t CUOx@ 4 |x]@=Q R= Cr=L u}= QO sm =L p}Uv=Qi}O CqO=at( r21r22 ~F = 0
r22 ~� = 0 (4)

%Ov};|t CUO x@ 6 w 5 \@=wQ R= u; QO =yQwD=QB= xm
r21 = @2

@x2 + @2

@y2 + @2

@z2 � 1
C21

@2

@t2 (5)

r22 = @2

@x2 + @2

@y2 + @2

@z2 � 1
C22

@2

@t2 (6)

Q@ 8 w 7 \@=wQ R= xm 'OvDUy |WQ@ w |tHL G=wt= CaQU c21; c22 '\@=wQ u}= QO
%OvDUy u=}@ p@=k xtq ?}=Q[ ?UL

C21 = �+ 2�
�

(7)

C22 = �
�

(8)

|Oa@xU |Qw�D l} w [24]'O=R; |x@r wO w xO=U |R=wt |x@r wO |wQ R}v w xO=U
|r}]DUt ?mQt uoty s}N[ C=LiY O=R; V=aDQ= |xar=]t Qw_vt x@ |v=UWm
|WQ@ |Qw�D R= xO=iDU= =@ R}v |WywSB QO [25]"CU= xOW x�=Q= xO=U x=ox}mD |wQ Q@
C=LiY Vv=tm w |Q=O}=B [27]'Qo}O |WywSB QO [26]xOW O=yvW}B 'QDq=@ |x@DQt
|xO=iDU= OQwt |Qw�D xm OvDiQo xH}Dv w OvOQm |UQQ@ =Q ?mQt w AQDwDQ= 'AQDwR}=
V=aDQ= u}vJty "CU= pw= |x@DQt |WQ@ |Qw�D x@ C@Uv |QDW}@ CkO |=Q=O =yv;
\=kv w |UQQ@ hrDNt |=y|Qw�D w RD} Q � |r}=Q VwQ x@ |r}]DUt C=LiY O=R;
C=ar=]t R}v |}=yVywSB QO [31w28]" CU= xDiQo Q=Qk xHwD OQwt =yv; Cwk w ha[
\}=QW =@ |r}]DUt u}rOvt C=LiY |W=aDQ= Q=DiQ |UQQ@ Qw_vt x@ |at=H ,=D@Uv
|W=aDQ= Q=DiQ u}vJty w [34�32]'OW s=Hv= |rN=O w |}x@r umtt |y=ox}mD hrDNt
j}kO |x]@=Q [35]"OW |UQQ@ |QwLt V=aDQ= CLD |r}]DUt u}rOvt C=LiY
|=Q@ 8u}rOv}t |xLiY |Qw�D w 7hwyJQ}m C=LiY |Qw�D |W=aDQ= Ot=U@ u}@
=@ C=LiY |a}@] Ot=U@ OQw;Q@ CyH xO=U x=ox}mD |wQ Q@ |r}]DUt C=LiY
R= |}xawtHt R= xO=iDU= =@ |WywSB QO u}vJty [36]"OW x�=Q= QDxO}J}B |xUOvy
OQwt s}N[ |@Uv C=LiY O=R; V=aDQ= RD} Q� |r}=Q VwQ x@ wmvWwt}D Q}D `@=wD
|x@DQt |WQ@ |Qw�D T=U= Q@ p}rLD VwQ sy |v=QoWywSB [37]"CiQo Q=Qk |UQQ@
|=Q@ X=N Cr=L QO w |[Qa OQou=Uty C=LiY O=R; V=aDQ= p}rLD |=Q@ pw=
V=aDQ= u}rOvt |Qw�Dltm x@ sy|WywSB QO [38]"OvOQm x�=Q= =Q OQou=Uty C=LiY
Q=m G}=Dv w CiQo Q=Qk |UQQ@ OQwt hrDNt |}x@r \}=QW =@ |r}]DUt C=LiY O=R;

[39]"OW xU}=kt u=QoWywSB |[a@ |OOa w |r}rLD |=yQ=m =@
p�=Ut pL QO u=mtQ}}eD p}Uv=DB `@=wD XwYN x@ p}Uv=DB `@=wD R= xO=iDU=
p}Uv=DB `@=wD R= |}xOWxDN=vW |xawtHt "CU= QF-wt w =Q=m Q=}U@ |Oa@ xU |v=UWm
`@=wD Qo}O w 'Q@ wv � I} wwmB=B 'wq 'u}mQr=o 'lUv}Uw@ %R= Ov=CQ=@a u=mtQ}}eD
QO [40]"OvDUy pwYL p@=k QoOm} R= w OvQ=O x]@=Q sy =@ xm u=mtQ}}eD |xOWxDN=vW
C=LiY pL |=Q@ Q@ wv � I} wmB=B |Oa@ xU|v=UWm pLl}vwtQ=y `@=wD R}v|WywSB
pL 'lJwm C}=yv|@ |=ypmWQ}}eD R}r=v; =@ sy |v=QoWywSB [41]"OW xDiQo Q=mx@
p=tQv w|WQ@ |q=@ |x@DQt|Qw�Dltm x@ =Q s}N[AwQDwR}= u=UWm |xLiYVtN
C=}[Qi |=H x@|v=UWm |Qw�D |Oa@ xU|v=@t |Q}oQ=mx@ =@ =} w [42]'OvOQw;CUOx@
[43]"OvO=Os}taDs}N[C=LiY|m}D=DU=p}rLD|=Q@ =Q xOWO=}VwQ 'xLiYpw=ODt
=Q p}Uv=DB `@=wD |xawtHt Q=yJ uOw@pt=m w |}=Dm} R}v |Qo}O QoWywSB
|rm Cr=L QO |QwLt uQ=kD \QW uwO@ |rm |xr�Ut l} |=Q@ V}=yOQ@ Q=m QO
u=O}t Qy |=Q@ xDi=}<=kDQ= wq pL xm O=O u=Wv w [40]'OQm x�=Q= |}xv=wDU= C=YDNt
p�=Ut |=Q@ wq pL R= QD|rm =Pr w OwW |iQat Ov=wD|t p�=Ut |x}rm |=Q@ u=mtQ}}eD
O=R; VNQJ =@ =Q u=mtQ}}eD |=yu=O}t Ov=wD|t \ki xm 'CU= |QwLt uQ=kDtQ}e
`@=wD s}taD =@ xm |O=k |QOvmU= p}Uv=DB `@=wD "Ovm |iQat Ct=N[ QwLt pwL
|m}t=v}O x@ |m}D=DU= Cr=L R= |@v=H OQou=Uty |=y\}Lt Q@ sm =L p}Uv=DB
|a}Uw Qw]x@ C}=yv|@ xt}v w C}=yv|@ |=y\}Lt p}rLD QO '[44]CU= xOW |iQat
|r}]DUt C=LiY|WtN p}rLD QO p}Uv=DB `@=wD u}= [47�45]"CU= xOW xDiQo Q=mx@

[48]"OW xOQ@ Q=mx@ C}kiwt =@ 2011 p=U QO Q=@ u}rw= |=Q@ |[Qa OQou=Uty
CqO=at j}kO pL '|O=k |QOvmU= p}Uv=DB `@=wD R= xO=iDU= =@ VywSB u}= QO
Q@ C@=F Ct=N[ =@ |r}]DUt AQDwR}= C=LiY O=R; V=aDQ= |v=UWm |Oa@ xU
'sm =L p}Uv=Qi}O CqO=at `=vk= ut[ xm 'CU= xOW x�=Q= xO=U |=yx=ox}mD |wQ
xm CU= u; QO xOWx�=Q= VwQ |xOta |oS} w "Ovm|t C}=aQ ,=k}kO =Q |RQt \�=QW
Ct=N[ QO u=mtQ}}eD =} VvD |[Qi `} RwD Q}_v |Y=N |xOvwWxO=U ZQi uwO@
uwO@ =Q xLiY O=R; V=aDQ= Ot=U@ u=wD|t VQ@ K}LYD ?} Q[ p=ta= =} w xLiY

34



=}v|
�=wv

s=Qy
@ |Y=N |UOvy \}=QW xO=U x=ox}mD =@ |r}]DUt C=LiY |=Q@ 1 pmW j@=]t

%�20 |x]@=Q� OvwW `=vk= O}=@8<:x = 0; a

y = 0; b
: w = 0 (20)

xm CiQo xH}Dv u=wD|t '|UOvy |RQt \}=QW `=vk= w 11 |xrO=at R= xO=iDU= =@
%OvW=@ Q=QkQ@ O}=@ 21 \@=wQ w QiY c3 w c1 ?}=Q[8<:� = m�=a

� = n�=b
(21)

sQi x@ u=wD|t =Q pL =Pr w OvDUy 0 R= QDnQR@ K}LY O=Oa= n w m u; QO xm
%OQm u=}@ 22 |x]@=Q CQwYx@ w |QU

F =
X1

m=1
X1

n=1 sin(m�
a
x): sin(n�

b
y)

: (c1: cosh(
1z) + c2: sinh(
1z)

c3: cosh(
2z) + c4: sinh(
2z)) (22)

h} QaD \@=wQ uOW|vqw] R= |Q}owrH Qw_vt x@ c4 |r= c1 O}OH ?}=Q[ 'u; QO xm
p}Uv=DB `@=D 'VwQ u}ty x@ "OvwW u}}aD O}=@ |RQt \}=QW Q}=U p=ta= =@ w Ov=xOW
pL =yQ}eDt |R=U=OH VwQ x@ 13 |x]@=Q QO xOWx�=Q= p}Uv=Qi}O |xrO=at QO �

%OwW|t pY=L 23 |x]@=Q w
� = f1(x):g1(y):h1(z) = (c01: cos(�x)+

c02: sin(�x))(c03: cos(�y) + c04: sin(�y))

(c05: cosh(
1z) + c06: sinh(
1z)) (23)

"OvwW u}}aD O}=@ |RQt \}=QW ltm x@ R}v u; QO c06 |r= c01 |=yC@=F xm
QiY Qovr \QW pt=W xOv=t}k=@ |RQt \}=QW R= '=yC@=F |x}k@ u}}aD Qw_vt x@
Qw_vt u}O@ "OwW|t xO=iDU= xLiY u}�=B w q=@ QO QiY VvD R}v w x@r Q=yJ QO
VvD� VvQm \@=wQ R}v w VvQm � u=mtQ}}eD 'p}Uv=DB `@=wD � u=mtQ}}eD \@=wQ R=
x@ f1; g1; h1 R}v w f; g; h `@=wD ?ULQ@ \@=wQ w OwW|t xO=iDU= �lwy uwv=k�

%OvDUy 28 |r= 24 \@=wQ pmW8>>>><>>>>:
u = ��1f 1:g:h1 � f1:g11 :h1

v = ��1f:g:h1 + f 11 :g1:h1

w = f:g:h(��2�2
mn + h2

h + �3!2)

(24)

8>>>><>>>>:
"x = ��1f 2:g:h1 � f 11 :g1:h1

"y = ��1f:g2:h1 + f 11 :g11 :h1

"z = f:g:h1(��2�2
mn + h3

h1 + �3!2)

(25)

8>>>>>>>>>><>>>>>>>>>>:

"xy = 1
2 (�2�1:f 1:g1:h1 � f1:g21 :h1 + f 21 :g1:h1)

"xz = 1
2f

1:g:h(��2�2
mn + �3!2 + (1� �1)h

2
h )

�f1:g11 :h11=2
"yz = 1

2f:g
1:h(��2�2

mn + �3!2 + (1� �1)h
2
h )

+f 11 :g1:h11=2

(26)

u=wD|t =Q p}Uv=DB `@=wD '=yu=mtQ}}eD u}@ |x]@=Q CmQL uOw@l}vwtQ=y ZQi =@
%OQm u=}@ 10 w 9 \@=wQ CQwYx@

[ ~�; ~F (x; y; z; T )] = [�; F (x; y; z)]ei!T (9)

[~u; ~v; ~w(x; y; z; T )] = [u; v; w(x; y; z)]ei!T (10)

w 9 \@=wQ |Q=Po|=H =@ "CU= i =
p�1 w CmQL |}x} w=R Ot=U@ ! =yv; QO xm

%OvwW|t pY=L 13 |r= 11 \@=wQ '4 w 1 \@=wQ QO 108>>>><>>>>:
u(x; y; z) = ��1 @2F

@x@y � @�
@y � �1 @2F

@x@z � @�
@y

v(x; y; z) = ��1 @
2F

@y@z + @�
@x

w(x; y; z) = �2r2
xyF + @2F

@z2 + �3!2F

(11)

@4F
@x4 + @4F

@y4 + @4F
@z4 + 2 @4F

@x2@y2 + 2 @4F
@x2@z2 + 2 @4F

@y2@z2

+(�21 + �22)(
@2F
@x2 + @2F

@y2 + @2F
@z2 ) + �21�22F = 0 (12)

@2�
@x2 + @2�

@y2 + @2�
@z2 + �22� = 0 (13)

%OvDUy 14 |x]@=Q pmW x@ �22 w �21 ?}=Q[ '\@=wQ u}= QO

�21 = !2

C21
�22 = !2

C22
(14)

?Q[ CQwYx@ u=wD|t =Q F p}Uv=DB `@=D '=yQ}eDt |R=U=OH VwQ R= xO=iDU= =@
%CWwv 15 |xrO=at CQwYx@ `@=D xU

F (x; y; z) = f(x):g(y):h(z) (15)

'f:g:h Q@ xrO=at hQ] wO s}UkD w 12 |xrO=at QO 15 |xrO=at |Q=Po|=H =@
xm pw@k p@=k |=y?=wH u}@ R= xm O};|t CUOx@ pt=m p}Uv=Qi}O |xrO=at xU
'Ovvm `=vk= =Q |RQt \}=QW w 12 |xrO=at p}Uv=DB `@=D Q@ sm =L p}Uv=Qi}O |xrO=at
xm 'CU= 16 |x]@=Q j@=]t y w x CyH wO QO |D=FrFt w z CyH QO |}=tv `@=D
xDWwv l}rw@ QB}y `@=wD sQi x@ |}=tv `@=D |RQt \}=QW p=ta= QO |DL=Q Qw_vt x@
u}}aD O}=@ |RQt \}=QW ltm x@ 
1; 
2; �; � R}v w c8 |r= c1 ?}=Q[ "OvOW

"OvwW
F = f:g:h = (c1: cos(�x) + c2: sin(�x))

(c3: cos(�y) + c4: sin(�y))(c5: cosh(
1z)

+c6: sinh(
1z) + c7: cosh(
2z) + c8: sinh(
2z) (16)

%OvW=@ Q=QkQ@ 18 w 17 \@=wQ xm Ovm|t ?=H}= sm =L p}Uv=Qi}O |xrO=at `=vk=

21 = (�2

mn � �21) (17)


22 = (�2
mn � �22) (18)

%O};|t CUOx@ 19 |x]@=Q R= �2
mn =yu; QO xm

�2
mn = (m�

a
)2 + (n�

b
)2 (19)
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"""|
r}]D

Ut
Aw

QDwR}
=C

=LiY
O=R;

V=
aDQ=

j}k
Op

Ls}y=wN =Q 33 |x]@=Q =Pr "CU= c2 = c4 = 0 ?}=Q[ xH}Dv QO "OW=@ GwR z x@
%CW=O

h = c1: cosh(
1z) + c3: cosh(
2z) (33)

pY=L 34 \@=wQ �z = 0 \QW R=R}v w �xz = �yz = 0 |RQt \QW p=ta= =@
%OwW|t8<:c1[2
21 : cosh( 
1t2 )] + c3[(
22 + �2

mn): cosh( 
2t2 )] = 0
c1[
1:(
22 + �2

mn): sinh( 
1t2 )] + c3[2
2�2
mn: sinh( 
2t2 )] = 0

(34)

Q@=Q@ jwi x=oDUO ?}=Q[ u=v}tQDO xm CU= sRq QiY Q}e ?=wH x@ uO}UQ Qw_vt x@
|x]@=Q CQwYx@ xLiY O=R; V=aDQ= |xYNWt |xrO=at x@ QHvt xm 'OW=@ QiY

%OwW|t 35
4:
1:
2:�2

mn: cosh(
1t
2 ): sinh(
2t

2 )

�(
22 + �2
mn)2: sinh(
1t

2 ): cosh(
2t
2 ) (35)

u; QO xm OQm u}}aD =Q $mn |xLiY |}x} w=R Ot=U@ u=wD|t xrO=at u}= pL R= xm
x@ j}kLD u}= QO "CU= V=aDQ= p=L QO |xLiY |=yGwt s}v O=OaD hQat n w m
xO=iDU= 7 8 |xNUv MATLAB Q=Ri=sQv R= 35 |xYNWt |xrO=at pL Qw_vt

"CU= xOW

|OOa G}=Dv "3
xOt;CUOx@ G}=Dv 'C=@U=Lt pQDvm R}v w xOt;CUOx@\@=wQCLY|UQQ@ Qw_vt x@
pkDUt xm lR=v C=LiY |=Q@ [2]'36 |x]@=Q =@ j}kLD u}= QO xO=iDU= OQwt VwQ R=
s}N[ w |@Uv s}N[ C=LiY |=Q@ `H=Qt Qo}O =@ R}v w OvDUy xLiY Ct=N[ R=

"CU= xOW xU}=kt
$mn;tn = ((m�

a
)2 + (n�

b
)2)
r
D/�m (36)

"CU= xLiY K]U OL=w QO sQH m 'u; QO xm
xLiY |xOWOa@ uwO@ |a}@] V=aDQ= Ot=U@ G}=Dv '3 |r= 1 |=ypwOH QO
uwU=wB ?} Q[ |=R= x@ � = t

a C@Uv w � = a
b

9Q_vt C@Uv hrDNt Q}O=kt |=Q@
xU}=kt `H=Qt Q}=U =@ VywSB u}= QO xO=iDU= OQwt VwQ R= xOt;CUOx@ v = 0 3
xOW xO=iDU= 37 |x]@=Q R= xLiY |W=aDQ= Ot=U@ uOQmOa@|@ Qw_vt x@ w xOW

%CU=
!mn = $mna2p�t=D (37)

w |WtN |DNU ?}DQD x@ R}v � wD '=yx QwLt O=ODt= QO xLiY pw] a 'u; QO xm
O};|t CUOx@ 38 |x]@=Q R= xLiY |WtN |DNU "OvDUy xLiY |tHL sQH

%CU= nv=} pwOt E u; QO xm
D = Et3

12(1� v2) (38)

Ot=U@ xQ=wty 36 |x]@=Q R= pY=L Q}O=kt xm OwW|t x_Lqt QwmPt |=ypwOH QO
VywSB w [39]u=QoWywSB Q=m R= pY=L G}=Dv R= |QDnQR@ |xOW Oa@|@ |}x} w=R

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

�x = f:g:h1(�2
mn�(�1 � �2) + �3�!2 + �h

3
h1

+2���1�2)� 2�f 11 :g11 :h1

�y = f:g:h1(�2
mn�(�1 � �2) + �3�!2 + �h

3
h1

+2���1�2) + 2�f 11 :g11 :h1

�z = f:g:h1(�2
mn(��1 � ��2 � 2��2)+

(�+ 2�)�3!2 + ((�+ 2�)h
3
h1 )

(27)

8>>>>>>>>>><>>>>>>>>>>:

�xy = �2��1f 1:g1:h1 � �f1:g1:h1((�2 � �2)

�xz = f 1:g:h(���2�2
mn + ��3!2 + (1� �1)�h

2
h

��f1:g11 :h11

�xz = f:g1:h(���2�2
mn + ��3!2 + (1� �1)�h

2
h )

+�f 11 :g1:h11

(28)

`@=wD ?ULQ@ =yVvD u}}aD =@ "CU= jDWt |x@DQt hQat T} wvq=@ '\@=wQ u}= QO
Q@=Q@ p=tQv w |WQ@ |=yVvD R}v w =yx=ox}mD QO QiY Qovr |RQt \QW 'p}Uv=DB
Q@=Q@ Qovr \QW |=Q@ "OQm p=ta= u=wD|t =Q xLiY |v}�=B w |}q=@ Kw]U QO QiY

%s} Q=O =Q 29 |x]@=Q QiY

Mx =
Z +t=2

�t=2
�xzdz = 0! �2� f 11 g11

Z +t=2

�t=2
h1zdz = 0

at x = 0 ! f 11 = 0! c02 = 0
Mx =

Z +t=2

�t=2
�xzdz = 0! �2� f 11 g11

Z +t=2

�t=2
h1zdz = 0

at x = a ! f 11 = 0! � = m�=a (29)

%CW=O s}y=wN =Q 30 |x]@=Q xH}Dv QO w
f1 = cos(m�

a
x) (30)

%CiQo xH}Dv =Q 31 |x]@=Q u=wD|t y = 0; b QO My = 0 |=Q@ ?}DQD u}ty x@
g1 = cos(n�

b
y) (31)

,=t}kDUt '21 |x]@=Q QO xOWQmP |RQt \}=QW p=ta= T=U= Q@ xm CU= QmP x@ sRq
xH}Dv QO "CU= xOW xO=iDU= �F `@=D Ovv=ty� � p}Uv=DB `@=D QO � w � u=twoQ; R=

%CW=O s}y=wN =Q 32 |x]@=Q
� = cos(m�

a
x): cos(n�

b
y) (c9: cosh(
1z) + c10: sinh(
1z))

(32)

h} QaD \@=wQ uOW|vqw] R= |Q}owrH |=Q@ R}v c9; c10 O}OH ?}=Q[ u; QO xm
"Ov=xOW

|RQt \}=QW R= c9; c10 R}v w c1; c2; c3; c4 C@=F ?}=Q[ u}}aD Qw_vtx@
�xz = �yz = �z = 0 CQwYx@ xLiY |v}}=B w |}q=@ Kw]U QO QiY VvD

"OQm xO=iDU= u=wD|t
p}Uv=DB `@=D u; `@D x@ w h1 `@=D uOWQiY x@ QHvt |RQt \}=QW u}= p=ta=
C@Uv h `@=D xm CU= sRq |RQt \}=QW u}= QO 'Qo}O hQ] R= "OwW|t � = 0

36



=}v|
�=wv

s=Qy
@

"� = 0 4 |=R=x@ xLiY Oa@ uwO@ |}x} w=R Ot=U@ G}=Dv "1 pwOH

!24 !23 !15 !22 !21 !14 !13 !12 !11 `HQt �

64 7446 53 6905 49 3480 45 7950 41 0578 35 1358 24 0818 16 1862 11 4487 !mn;tn

0 0164 6697 53 6301 49 3045 45 7575 41 0274 35 1137 24 0715 16 1815 11 4464 [39]`HQt
64 6704 53 6396 49 3049 45 7578 41 0277 35 1139 24 0716 16 1815 11 4464 VywSB u}=
64 7446 53 6906 49 3480 45 7950 41 0576 35 1358 24 0818 16 1862 11 4487 !mn; tn

0 0562 9631 52 4550 48 3006 44 8905 40 3278 34 5988 23 8273 16 0704 11 3906 [39]`HQt
62 9796 52 4664 48 3103 44 8988 40 3345 34 6038 23 8297 16 0715 11 3912 VywSB u}=
64 7446 53 6906 49 3480 45 7950 41 0576 35 1358 24 0818 16 1862 11 4487 !mn; tn

0 1058 5216 49 2869 45 5845 42 5226 38 3928 33 1515 23 1193 15 7408 11 22607 [39]`HQt
58 5769 49 3275 45 6193 42 5528 38 4174 33 1699 23 1282 15 7449 11 2247 VywSB u}=
64 7446 53 6906 49 3480 45 7950 41 0576 35 1358 24 0818 16 1862 11 4487 !mn; tn

0 1553 0591 45 2344 42 0624 39 4002 35 7913 31 1557 22 0911 15 2421 10 9617 [39]`HQt
53 1650 45 3115 42 1192 39 4588 35 8396 31 1923 22 1094 15 2508 10 9662 VywSB u}=
64 7446 53 6906 49 3480 45 7950 41 0576 35 1358 24 0818 16 1862 11 4487 !mn; tn

0 2047 6782 41 0929 38 3487 36 1126 32 9979 28 9548 20 8901 14 6304 10 6307 [39]`HQt
47 8278 41 2048 38 4827 36 1994 33 0706 29 0108 20 9193 14 6447 10 6382 VywSB u}=

"� = 1 |=R= x@ xLiY |}x}w=R Ot=U@ G}=Dv "2 pwOH

!14 !32 !23 !31 !13 !22 !21 !12 !11 `HQt �

167 7833 128 3049 128 3049 98 6960 98 6960 78 9568 49 3480 49 3480 19 7392 !mn; tn

0 01167 2821 128 0114 128 0114 98 5222 98 5222 78 8455 49 3045 49 3045 19 7322 [39]`HQt
167 2867 128 0141 128 0141 98 5238 98 5238 78 8465 49 3049 49 3049 19 7323 VywSB u}=
167 7833 128 3049 128 3049 98 6960 98 6960 78 9568 49 3480 49 3480 19 7392 !mn; tn

0 05156 6852 94 6612 94 6612 76 3360 76 3360 76 3360 48 3006 48 3006 19 5776 [39]`HQt
156 7877 121 6935 121 6935 94 6984 94 6984 76 3602 48 3103 48 3103 19 5776 VywSB u}=
167 7833 128 3049 128 3049 98 6960 98 6960 78 9568 49 3480 49 3480 19 7392 !mn; tn

0 10134 3586 107 1775 107 1775 85 3654 85 3654 70 0219 45 5845 45 5845 19 0840 [39]`HQt
134 6597 107 3698 107 3698 85 4876 85 4876 70 1041 45 6193 45 6193 19 0901 VywSB u}=
167 7833 128 3049 128 3049 98 6960 98 6960 78 9568 49 3480 49 3480 19 7392 !mn; tn

0 15113 0257 92 2350 92 2350 75 0402 75 0402 62 6035 42 0525 42 0525 18 3661 [39]`HQt
113 4877 92 5481 92 5481 75 2499 75 2499 62 7504 42 1192 42 1192 18 3788 VywSB u}=
167 7833 128 3049 128 3049 98 6960 98 6960 78 9568 49 3480 49 3480 19 7392 !mn; tn

0 2096 8088 79 4758 79 4758 65 7193 65 7193 55 5860 38 3847 38 3847 17 5055 [39]`HQt
96 3632 79 8704 79 8704 65 9960 65 9960 55 7871 38 4827 38 4827 17 5260 VywSB u}=
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"""|
r}]D

Ut
Aw

QDwR}
=C

=LiY
O=R;

V=
aDQ=

j}k
Op

L"� = 2 5 |=R= x@ xLiY |}x} w=R Ot=U@ G}=Dv "3 pwOH
!42 !32 !51 !22 !12 !41 !31 !21 !11 `HQt �

404 6538 335 5665 308 4251 286 2185 256 6097 219 5987 150 5115 101 1634 71 5546 !mn; tn

0 01401 7611 333 5728 306 7394 284 7657 255 4408 218 7416 150 1079 100 9808 71 4632 [39]`HQt
401 7877 333 5912 306 7549 284 7791 255 4516 218 7495 150 1116 100 9825 71 4640 VywSB u}=
404 6538 335 5665 308 4251 286 2185 256 6097 219 5987 150 5115 101 1634 71 5546 !mn; tn

0 05348 9431 295 6941 274 1879 256 3294 232 3410 201 2400 141 4725 96 9321 69 3900 [39]`HQt
349 4533 296 0606 274 5028 256 6064 232 3596 201 4094 141 5560 96 9711 69 4100 VywSB u}=
404 6538 335 5665 308 4251 286 2185 256 6097 219 5987 150 5115 101 1634 71 5546 !mn; tn

0 10267 7055 232 8175 218 3524 206 1567 189 3433 167 3362 122 7104 87 2358 64 0824 [39]`HQt
268 8511 233 6963 219 1295 206 8524 189 9333 167 7999 122 9621 87 3633 64 1511 VywSB u}=
404 6538 335 5665 308 4251 286 2185 256 6097 219 5987 150 5115 101 1634 71 5546 !mn; tn

0 15208 8358 184 4713 174 2530 166 5766 153 5129 137 5189 104 1921 76 5366 57 7001 [39]`HQt
210 2448 185 6069 175 2794 166 5133 154 3297 138 1862 104 5879 76 7535 57 8252 VywSB u}=
404 6538 335 5665 308 4251 286 2185 256 6097 219 5987 150 5115 101 1634 71 5546 !mn; tn

0 20168 7084 150 4103 142 6999 136 1329 126 9669 114 7404 88 9037 66 9264 51 5392 [39]`HQt
170 1386 151 6049 143 7973 137 1488 127 8714 115 5016 89 3882 67 2128 51 7131 VywSB u}=

Oa@|@ Ot=U@ |@Uv Ct=N[ V}=Ri= =@ 'CU= XNWt 2 pmW R= xm |Qw]u=ty
|QDW}@ COW =@ =yOwt uDiQQDq=@ =@ Vy=m u}= Q=Okt xm &O@=}|t Vy=m xLiY
|x}rm |=Q@ Oa@|@ |=yOt=U@ 's}N[ Q=}U@ C=LiY QO 'u}= Q@ xwqa "CU= x=Qty
Owt u}= C}ty= |xOvyOu=Wv xm &OvwW|t l}ORv pw= Oa@|@ Ot=U@ CtU x@ =yOwt

"CU= s}N[ C=LiY |}xRQr w |m}t=v}O p}rLD QO
3 pmW QO s}N[ C=LiY |a}@] |=yOt=U@ Q@ C@Uv Q}F-=D |UQQ@ Qw_vt x@
!11 pw= Ot=U@ |=Q@ � hrDNt C@Uv 3 |=Q@ |@Uv Ct=N[ ?UL Q@ u; C=Q}}eD

"CU= xOW x�=Q=

|=Q@ hrDNt |=yOwt |=R=x@ � ?UL Q@ !ij Oa@|@ Ot=U@ C=Q}}eD "2 pmW
"|a@ Qt |xLeY

"� hrDNt C@Uv xU |=R=x@ � ?UL Q@ !11 Oa@ |@ Ot=U@ C=Q}}eD "3 pmW

R}v w |WQ@ |=yVvQm QF= uDiQovQ_vQO R= |W=v u; p}rO xm 'OyO|t =Q Q[=L
OwW|t x_Lqt pw=OH u}= R= 'u}= Q@ xwqa "CU= lR=v C=LiY QO |v=QwO |UQv}=
V}=Ri= =@ VywSB u}= w [39]G}=Dv u}= =@ 36 |x]@=Q R= pY=L G}=Dv hqDN= xm
'O@=}|t V}=Ri= |yHwD p@=k Qw]x@ |W=aDQ= |=yOwt uDiQQDq=@ =@ R}v w � C@Uv
"OUQ|t �10 R= V}@ x@ hqDN= V=aDQ= pw= Owt |=Q@ w � > 0 1 |=Q@ xm|Qw]x@
xHwD p@=k Q=}U@ QDq=@ |W=aDQ= |=yOwt |=Q@ |rw � < 0 1 |=R=x@ |DL =]N u}=
=@ lR=v C=LiY |=Q@ |DL =Q u; R= xO=iDU= xm '�50 R= V}@ ,=[a@ 'CU= xOw@

"Ovm|t x=Qty O}OQD
3 |r= 1 |=ypwOH QO [39]`HQt G}=Dv =@ VywSB u}= R= pY=L G}=Dv |xU}=kt
?} QkD x@ u=wD|t =Q u; xm 'CU= �1 R= QDtm G}=Dv hqDN= u} QDW}@ xm OyO|t u=Wv
VvD `} RwD R= u; QO xm 'u}rOv}t |xLiY C=}[Qi =@ \@DQt [39]`HQt QO xDiQoQ=mx@
xO=iDU= xLiY `=iDQ= QOK2 = 0 86667 VQ@ K}LYD?} Q[ =@ '|[Qi|WQ@
Q}F-=D |UQQ@ Qw_vt x@ "O=OC@Uv "zz VvQm R= uOQmQ_vhQY u}vJty w 'CU= xOQm
pkDUt xm 'VywSB u}= G}=Dv =@hrDNtVywSB OvJ Q=m G}=Dv 'VQ@ K}LYD?} Q[

"CU= xOW x�=Q= v = 0 3 w � = 1 |=R= x@ 4 pwOH QO 'CU= K ?} Q[ R=
K}LYD?} Q[ xm|Dr=L QO G}=Dv 'OwW|t x_Lqt 4 pwOH G}=Dv |xU}=kt R=
QO |}xOvwWxO=U ZQi R= xm VywSB u}= G}=Dv x@ 'CU= K2 = 0 8666 VQ@
Q}=U =@ T=}k QO 'CU= xOQmv xO=iDU= "zz VvQm uOw@ QiY =} |WQ@ VvD `} RwD

"CU= QDl}ORv xOWxDiQoQ_v QO VQ@ K}LYD `} RwD ?}=Q[
C=Q}}eD 2 pmW QO '|a}@] Ot=U@ Q@ xLiY Ct=N[ Q}F-=D |UQQ@ Qw_vt x@
|=R=x@ |a@ Qt |xLiY l} hrDNt Owt Q=yJ |=Q@ � ?UL Q@ xOWOa@|@ Ot=U@
xvwoI}y '=yQ=m Q}=U hqNQ@ 'VywSB u}= QO xm |}=Hv; R= "CU= xOW x�=Q= v = 0 3
=D � |=Q@ 2 pmW QO xOWx�=Q= |=y|vLvt 'OQ=Ov OwHw � ?=NDv= QO |D}OwOLt
"CU= xOW x�=Q= 'CU= |@Uv s}N[ C=LiY R= QDW}@ ?D=Qt x@ Q}O=kt xm '0 8

38



=}v|
�=wv

s=Qy
@ "� = 1 C@Uv =@ xLiY |=Q@ G}=Dv QO VQ@ K}LYD ?} Q[ Q}F-=D |UQQ@ "4 pwOH

!14 !32 !23 !31 !13 !22 !21 !12 !11 `HQt K2 �

167 7833 128 3049 128 3049 98 6960 98 6960 78 9568 49 3480 49 3480 19 7392 [8] {

0 001
167 7780 128 3030 128 3030 98 6951 98 6951 78 9568 49 3480 49 3480 19 7392 [32] 5

6
{ 128 3050 128 3050 98 6960 98 6960 78 9568 49 3480 49 3480 19 7392 [30] �2

12
167 7782 128 3019 128 3019 98 6944 98 6944 78 9557 49 3475 49 3475 19 7392 [39] 0 867
167 7783 128 3019 128 3019 98 6943 98 6943 78 9568 49 3478 49 3478 19 7392 VywSB u}= {

133 6220 106 6840 106 6840 85 0385 85 0385 69 7939 45 4831 45 4831 19 0651 [35�32]
5
6

0 10

133 6212 106 6836 106 6836 85 0380 85 0380 69 7943 45 4826 45 4826 19 0649 [39]

{ 106 5130 106 5130 84 9279 84 9279 69 7189 45 4495 45 4495 19 0582 [30]
�2
12133 3705 106 5154 106 5154 84 9263 84 9263 69 7166 45 4478 45 4478 19 0582 [39]

{ 107 3710 107 3710 85 4879 85 4879 70 1038 45 6193 45 6193 19 0898 [30]

0 867134 3586 107 1775 107 1775 85 3654 85 3654 70 0219 45 5845 45 5845 19 0840 [39]

134 6597 107 3698 107 3698 85 4876 85 4876 70 1041 45 6193 45 6193 19 0901 VywSB u}= {

94 7660 78 6973 78 6973 65 1453 65 1453 55 1504 38 1519 38 1519 17 4485 [32]
5
6

0 20
94 7658 78 6969 78 6969 65 1452 65 1452 55 1500 38 1512 38 1512 17 4485 [39]

{ { { 65 9961 65 9961 55 7870 38 4826 38 4826 17 5264 [###]
0 86795 8088 79 4758 79 4758 65 7193 65 7193 55 5860 38 3847 38 3847 17 5264 [39]

96 3632 79 8704 79 8704 65 9960 65 9960 55 7871 38 4826 38 4826 17 5260 VywSB u}= {

wO =@ uwU=wB ?} Q[ Q}}eD |=R=x@ xLiY |xOWOa@|@ Ot=U@ =ypmW j@=]t
?} Q[ Q}F-=D CLD |tm Q=Okt x@ |W=aDQ= hrDNt Owt wO R}v w � hrDNt Q=Okt
|r}N C=LiY |=Q@ w O@=}|t Vy=m � uOWlJwm =@ Q}F-=D u}= "OQ=O Q=Qk uwU=wB
xJv=vJ '36 |x]@=Q j@=]t xDmv u}= "OwW|t hPL ,=@} QkD uwU=wB ?} Q[ QF= lR=v

"OwW|t O}}-=D 'OwW p}O@D Oa@|@ Ot=U@ x@

|Q}oxH}Dv "4
x=ox}mD Q@ |mDt |r}]DUt AQDwR}= C=LiY O=R; V=aDQ= |=yOt=U@ VywSB u}= QO
"CU= xOW x�=Q= |r}rLD CQwYx@ |O=k |QOvmU= p}Uv=DB `@=wD R= xO=iDU= =@ xO=U
R= uOQmQ_vhQY Q}_v xOvwWxO=U C=}[Qi hPL 'xOWx�=Q= VwQ |xOta C} Rt
?} Q[ R= xO=iDU= w 'Ct=N[ QO |WQ@ VvD |[Qi `} RwD '|@v=H p=tQv VvD

%OvOW pY=L G}=Dv u}= T=U= u}= Q@ "CU= VQ@ K}LYD
O=R; V=aDQ= |=yOt=U@ j}kO Q=Okt u}}aD QO u=wD|t =Q xO=iDU= OQwt VwQ ��
Ct=N[ C@Uv Qy |=Q@ w |}xOvwWxO=U ZQi xvwoQy uwO@ |r}]DUt C=LiY

"CiQo Q=mx@ xLiY Oa@ x@
u}= COW "O@=}|t Vy=m xLiY Oa@ uwO@ Ot=U@ 'xLiY Ct=N[ V}=Ri= =@ ��

"CU= QDW}@ V=aDQ= QDq=@ |=yOwt QO Vy=m
x=wNrO Q=Okt Qy |=R=x@ "O@=}|tV}=Ri= xLiY Oa@|@ Ot=U@ '�C@UvV}=Ri= =@ ��
COW xm &O@=}|t Vy=m Oa@|@ Ot=U@ 'xLiY Ct=N[ V}=Ri= =@ ?} Q[ u}=

"O@=}|t V}=Ri= � ?} Q[ V}=Ri= =@ Vy=m u}=
'OwW|t C=LiY Oa@|@ |W=aDQ= Ot=U@Vy=m x@ QHvt uwU=wB?} Q[V}=Ri= ��
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'u}= Q@ xwqa "OwW|t QDtm xLiY uOWQDs}N[ =@ V}=Ri= u}= COW w O@=}|t
CQwY |QDW}@ COW =@ QDq=@ � =@ C=LiY |=Q@ � V}=Ri= =@ pw= Ot=U@ C=Q}}eD

"OQ}PB|t
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|ki= QwLt =yv; QO xm CU= xOW x�=Q= 5 w 4 |=ypmW QO hrDNt |=yCr=L |=Q@
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