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pOt |=yQDt=Q=B KqY= w |UQQ@ x@ |Qo}O VywSB QO 'u}W}B VywSB |xt=O= QO
C=LqY= u; xm [9]'CU= xOW xDN=OQB uD@ |]NQ}e Q=DiQ |R=UpOt QO RHT
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[9]"CU= xDiQo Q=Qk O}}-=D OQwt |R=Ux}@W |xvwtv OvJ w |@ QHD V}=tR;
xDiQoQ=m x@ w |iQat �971 |xNUv� LS Dyna Q=Ri=sQv QO ,=Q}N= RHT pOt
|m}t=v}O p}rLD |OQ@ Q=m Q=Ri=sQv 2 QO pOt u}= 'OvwQ u}= =@ xm [14]'CU= xOW
|m} uD@ xm |}=Hv; R= "CU= xOW xO=iDU= LS Dyna w Autodyn |]NQ}e
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VywSB 'u}=Q@=v@ "Ow@ Oy=wN |OQ@ Q=m w `t=H pOt l} 'Kr=Yt pOt u}= 'xOWu=wva
u}= xm =Q} R 'CU= |QwQ[ |Qt= pOt u}= |=yQDt=Q=B OQmrta |ovwoJ XwYNQO
|]NQ}e |m}t=v}O |=y|Q=PoQ=@ |R=Ux}@W j}kOD w |HvUCLY OvwQ QO Qt=

"CU= Q}PB=v?=vDH= |Q=Hiv= w |}x@ Q[ |Q=PoQ=@ uwJty
CU}v|}xOQDUo K]U QOl} QDt=Q=B C=ar=]t 'QwmPt |xOWs=Hv= |=yVywSB
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QO �|}x@ Q[ =} w� |Q=Hiv= O}OW |Q=PoQ=@ CLD |vD@ |=yxR=U Q=DiQ |UQQ@
C=ar=]t s=Hv= "CU= xDiQo Q=Qk u=QoWywSB Q_v Ot |QDW}@ COW =@ Q}N= |=yp=U
xDN=U umtt =Q uD@ u=tR x@ xDU@=w |]NQ}e Q=DiQ |UQQ@ '|@ QHD w |y=oW}=tR;
hQY sRrDUt 'nQR@ |=yT=}kt |=Q@ XwYNx@ '=yV}=tR; s=Hv= |rw 'CU=
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Q=Ri=sQv QO uD@ pOt |=yQDt=Q=B |=Q@ Q=oR=U |xawtHt 'Qo}O |WywSB QO u}vJty
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x@ xDU@=w uD@ |m}D=DU=wQO}y |WWm Ctw=kt "CU= xOW pOt xDU@=wQ}e CUmW
Kr=Yt |i=QLv= VvD R= |W=v |WQ@ CQ=UN pOt w CU= xOW ^=Lr u; QO MQv
x@ xDU@=w K]U 3 pt=W pOt [8]"CU= |rm |oDN}Uo K]U l} QO xOWOwOLt
(Yfail) |oDN}Uo K]U '(Yel) u=UWm OwOL K]U %R= Ov=CQ=@a xm CU= Q=Wi

[13]"CU= xOW xO=O u=Wv 1 pmW QO xm (Yfric) Ov=tUB Ctw=kt K]U w
"Ovm|t =O}B V}=Ri= (p) |m}D=DU=wQO}y Q=Wi V}=Ri= =@ (Y ) s}rUD Ctw=kt
"CU= |Q=Wi Q=yvr=hYv x@ xDU@=w|m}D=DU=wQO}y Q=Wi u=}@ |=Q@ `@=Dl} YTXC
\N l} \UwD |Q=Wi Q=yvr=hYv fc=3 R= QDu}}=B |m}D=DU=wQO}y |=yQ=Wi |=Q@
R= QDW}@ |m}D=DU= wQO}y Q=Wi |=Q@ =t= "CU= xOW x�=Q= hr=1 pmW Ovv=ty CU=Q

[13]"OwW|t xOQ@ Q=m x@ YTXC |x@U=Lt |=Q@ 1 |xrO=at fc=3

YTXC(p) = fc

"
A:
�
p
fc
� pHTL

fc
:FRate

�N#
for p � fc=3

(1)

w Ovvm|t XNWt =Q |vLvt pmW xm OvDUy C@=F ?}=Q[ A w N 'u; QO xm
VWmOL pHTL w |QwLtlD |Q=Wi Ctw=kt fc 'OvwW|t u}}aD Q@ Q=m \UwD
( _") xDU@=w VvQm MQv R= |a@=D FRate '�1 pmW� OwW|t xO}t=v |m}t=v}OwQO}y

"CU= (DIF ) |m}t=v}O V}=Ri= ?} Q[ Qov=}=tv w
xDU@=w VvQm MQv w |m}D=DU=wQO}y Q=Wi x@ CUmW K]U xmv}= Q@ xwqa
|oDU@=w u}= 'CU= ?U=vDt Q=Wi =@ R}v VWm w VQ@ QO |OQ)D V}=Ri= 'CU=
`]kt |xDU@=w C@=F u}twU xm 'OwW|t u}t-=D R3(�) s=v@ |rt=a uOQmxi=[= =@

.RHT pOt QO xDiQ Q=m x@ Kw]U l}D=tW pmW "1 pmW

VywSB u}= OvwQ CLY xm 'CU= xOW xU}=kt �u=QoWywSB Qo}O |�RH |=y|UQQ@�
|Q=DiQ pOt Qw]u}ty uD@ |Q=DiQ pOt |iQat R= Oa@ 'Q=DWwv u}= QO "CU= xOW O}}-=D
QO =yQDt=Q=B u}= Q}F-=D w CU= xOW |UQQ@ |OOa CQwYx@ pOt |=yQDt=Q=B 'x@=DQB
xOW x�=Q= =ylQD O=H}= OvwQ w |vmxwrk O=a@= uwJty CQ=UN pt=wa Qo}O w Pwiv jta
u}= u=Q=Pov=}v@ |O=yvW}B s=kQ= R= QDnQR@ w QDlJwm Q}O=kt =@ xm |}xvwox@ 'CU=
|@ QHD |=yV}=tR; G}=Dv j@=]D j} Q] R= =Q O=Oa= u}= xm 'u=QoWywSB Qo}O w pOt
'Ov=xOQw; CUOx@ pOt u}= CqO=at |Q=QkQ@ =@ =} w |R=Ux}@W =@ |y=oW}=tR; w
Qt= u}= xm 'CU= xDiQo Q=Qk |Q}oxR=Ov= w VHvU OQwt =yv; |HvU=w w xOW |UQQ@
|U=U= OQ@ Q=m pOt u}= |R=Ux}@W �uw}U=Q@}r=m � j}kOD w |HvUCLY CkO QO
xO}HvU |vD@ |=yxvwtv |]NQ}e MU=B QO =yQDt=Q=B Q}O=kt Q}}eD Q=F; u}=Q@=v@ "OQ=O
'=yQDt=Q=B |=yQ}F-=D uOWXNWt w =yQDt=Q=B |HvU=w R= Oa@ '=yDv= QO "CU= xOW

"CU= xOW x�=Q= w |R=Ux}@W |Oa@ wO CQwYx@ |@ QHD |xvwtv l}

x@=DQB w hOy |Q=DiQ |=ypOt "2
|Q=DiQ |=ypOt x@ R=}v |Oqwi |x@=DQB w |vD@ hOy Cw=iDt TvH x@ xHwD =@
C=}YwYN w C=YNWt "Ow@ Oy=wN |}x@ Q[ |Q=PoQ=@ |R=Ux}@W |=Q@ |Dw=iDt
V}=UQi w CUmW 'Ctw=kt pOt 'Cr=L |xrO=at \UwD Kr=Yt wO Qy |Q=DiQ
xO=iDU= Kr=Yt u}= |=Q@ |Dw=iDt |=ypOt R= u=QoWywSB |NQ@ "OvwW|t |iQat
Ctw=kt pOt P ��Cr=L |xrO=at R= |vD@ hOy |=Q@ =yv; QO xm [13�8w1]'Ov=xOQm
|NQ@ "CU= xOWxO=iDU= |UOvy VvQm V}=UQi pOt w RHT CUmW pOt w
w RU}t uwi Ctw=kt pOt R= Qo}O |NQ@ w [13w12'9'8'1]'|Oqwi |x@=DQB |=Q@ =yv; R=
pOt R= R}v Qo}O |NQ@ xm |r=L QO [13w12'9'8]'Ov=xOQm xO=iDU= |]N Cr=L |xrO=at
QO ,=@} QkD [11w10]"Ov=xOQm xO=iDU= lwW Cr=L |xrO=at w lwm � uwUv=H Ctw=kt
pOt 'CU= xOW xDiQo Q_v QO CNU w ?rY CQwYx@ x@=DQB uwJ 'C=ar=]t |t=tD
|R=Ux}@W |ovwoJ hOy xm |�=Hv; R= w CU= xOWv xO=iDU= V}=UQi w CUmW
'CU= ?rY |x@=DQB |]NQ}e |m}t=v}O |Q=PoQ=@ Q@=Q@ QO uD@ MU=B w ptar=Tma
x@=DQB |=Q@ Q=DWwv u}= QO =Pr "CU}v ?=NDv= wO u}= u}@ |v=OvJ Cw=iD pta QO =Pr

"CU= xOW xO=iDU= lwW Cr=L |xrO=at w lwm uwUv=H Ctw=kt pOt R=
|xrO=at w RHT CUmW pOt w Ctw=kt pOt R= uD@ |=Q@ 'Q=DWwv u}= QO
'xt=O= QO xm 'CU= xOW xO=iDU= |UOvy VvQm V}=UQi pOt w (P � �) Cr=L
"Ov=xOW xO=O K}[wDV}=UQi wCr=L |xrO=at wCUmW 'Ctw=kt pOt |=y|oS} w

uD@ |Q=DiQ pOt "1"2
w Q}=tQ}=y 'pO} Q \UwD =OD@= QO xm CU= |}xDiQW}B |Q}tN pOt 'RHT pOt
xaUwD =Q u; 2000 p=U QO pO} Q xt=O= QO w x}yD M=t CUvQ= |tra O=}v@ QO =twD
'l}t=QU w nvU p}@k R= xOvvmW O=wt Qo}O w uD@ |R=Ux}@W QO pOt u}= "OvO=O
Q=DiQ w OQmrta "CU= Ot;Q=m Q=}U@ 'Ov=xDiQo Q=Qk O}OW |m}t=v}O |Q=PoQ=@ CLD xm
CqO=at QO |OOa |=yC@=F w =yQDt=Q=B x@ xOWxO=O C@Uv Q}O=kt T=U=Q@ pOt u}=
'Ctw=kt |=ypOt w Cr=L |xrO=at pt=wa x@ Q}O=kt u}= xm 'CU= s}_vD p@=k pOt
|OwOL =D 'pOt u}= u}W}B |=yOQ@ Q=m "OwW|t xO=O C@Uv =yv; V}=UQi w CUmW
O}=@ xD@r= xm [2]'CU= xOw@ x@ Q[ p�=Ut |R=Ux}@W QO u; ?U=vt |}=v=wD Qov=Wv
"OwW u=v}t]= p@=k |R=Ux}@W G}=Dv =D 'OQ}PB s=Hv= |}xr�Ut Qy |=Q@ |HvUCLY
Q=yvr=hYv |=Q@ swU Q}eDt=v x@ |oDU@=w w |WvQm |oOWCNU 'pOt u}= QO
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?}] 1 OOa ,qwtat xm 'CU= CQ=UN |q=@ OL D2 w CQ=UN u}}=B OL D1 "OvwW|t

Ctw=kt u=wDM w Ov=tUBCtw=ktC@=FB 'R}v 6 |xrO=at QO "OwW|t xDiQo Q_v QO
u}= "OvwW|t u}}aD Q@ Q=m \UwD w OvDUy |OOa |=yC@=F wO Qy xm 'CU= Ov=tUB
C@=F \UwD Ov=wD|tv Ov=tUB Ctw=kt '|oDN}Uo K]U hqNQ@ xm CU= sRq QmPD

[13]"O}; CUOx@ VvQm MQv =} w swU
CQwYx@ |m}t=v}OwQO}y |WWm CUmW Q=}at R= RHT Kr=Yt pOt QO
|tQv KqY= =} w CUmW |SQv= u}}aD pOt u}= QO "OwW|t xO=iDU= ZQiV}B
x=Qty x@ u=wD|t u}=OwD= |xt=vQ@ QO "CU}v umtt ,=k}kO |WWm CUmW |=Q@ lQD
Ea=@ xm 'OQm xO=iDU= |WWm CUmW |rY= VvD l} R= RHT Ctw=kt pOt
RHT Ctw=kt pOt QO xOWh} QaD |WWm Ctw=kt R= xDU@=w VvQm MQv OwW|t

"OwWv QDW}@ ,qta
|Q=Wi w |WWm Q=yvr=hYv "1"1"2

swU C@=F R= xO=iDU= =@ =Q |WWm w |Q=Wi Q=yvr=hYv u}@ Cw=iD RHT pOt
CLD uD@ Ctw=kt Vy=m u=}@ |=Q@ Ov=wD|t pt=a u}= "Ovm|t |iQat R3 |xDU@=w
xDU@=w swU C@=F \QW "OwQ@ Q=m x@ |QwLt xU Q=Wi =@ ?U=vDt |QwLt xU \=U@v=

[8]%CU= xOW x�=Q= 7 |x]@=Q CQwYx@
R3 = r

rC
=

2(1�  2)cos� + (2 � 1)
p4(1�  2)cos2� + 5 2 � 4Q2

4(1�  2)cos2� + (1� 2 2)2

(7)

CU= Q=Wi x@ xDU@=w w |Q=Wi w |WWm Q=yvr=hYv C@Uv  = rt
rC

'u; QO xm
"�2 pmW�

CUmW R= TB w |Q=PoQ=@ Kw]U "2"1"2
?}W l} w u=UWm OwOLt K]U j} Q] R= |WvQm |oOWCNU pOt u}= QO
T=}kt QO u=UWm OwOLt K]U "�3 pmW� OwW|t XNWt |oOWCNU
u=UWm Ctw=kt C@Uv j} Q] R= Q@ Q=m \UwD w CU= CUmW K]U R= |QDlJwm

[8]"OwW|t u}}aD |WWm Ctw=kt w |Q=Wi Ctw=kt Q@
Yelastic u}@ |@=}u=}t \UwD u=UWm Ctw=kt K]U R= QD=Qi |Q=PoQ=@ Kw]U

[8]%O};|t CUOx@ 8 |x]@=Q j} Q] R= w Yfail w
YLOADING =YElastice � ("Pl/"Pl�Presofteninge)

� (Yfail � YElastice) (8)

[8]"RHT pOt QO |WvQm |oOWCNU "3 pmW

[8]"|rY= C=LiY QO s}rUD K]U pmW "2 pmW
[13]%CW=O s}y=wN |oDN}Uo K]U |xrO=at |=Q@ u}=Q@=v@ "CU= |i=QLv=

YFail = YTxc(p)R3(�) FRate( _") (2)

w |@ QHD G}=Dv =@ |@ wN j@=]D '|rY= C=YDNt QO pOt u}= CUmW K]U
x@ u}}=B |=yQ=Wi QO |FrFt R= ,qwtat |i=QLv= `]kt 'uD@ |=Q@ "OQ=O |y=oW}=tR;

[8]"�2 pmW� Ovm|t Q}}eD q=@ |=yQ=Wi QO |wQ}=O pmW
|oDU@=w RHT pOt QO 'OwW|t \=@vDU= 2 w 1 |=yxrO=at R= xm xvwou=ty
MQv |wor= "CU= xOW xDiQo Q_v QO xO=t l}D=DU=wQO}y |WWm Ctw=kt MQv x@
|WWm Ctw=kt xm OQm u=wva CQwY u}O@ u=wD|t =Q pOt u}= Q@ j@]vt V}=Ri=
TBU w O@=}|t V}=Ri= (DIF ) Q@=Q@ |@} Q[ =@ =OD@= QO Kr=Yt l}D=DU=wQO}y
`]k O}OH C}akwt x@ l}D=DU=wQO}y Q=Wi QwLt CyH O=ODt= QO |oDN}Uo K]U
u=Um} Q=Wi QO xDi=}p=kDv= |oDN}Uo K]U C}=yvQO w OwW|t pkDvt |WWm Q=Wi

[8]%O@=}|t xaUwD �3 |xrO=at� FRate R= |@} Q[ =@
Yfail(p�; �; _") = FN+1

Rate � YOriginal(p/FRate; �) (3)

"CU= |Q=PoQ=@ |x} w=R �w xOWp=tQv Q=Wi p� 'xrO=at u}= QO
uD@ |Q@ Q=@ C}iQ_ "OwW|t xO=iDU= CQ=UN pOt R= 'CUmW ẁQW R= Oa@
"O@=}|t Vy=m |H} QOD CQwYx@ |Q=Wi =} w |WWm Ctw=kt x@ uO}UQ R= Oa@
D CQ=UN QDt=Q=B R= xO=iDU= =@ w Kr=Yt Ctw=kt |]N Vy=m \UwD pta u}=
VvQm w("pl) |Q}tNVvQm C=YNWt |xr}Uw x@ Kr=Yt CQ=UN "OwW|t s=Hv=

[13]%OwW|t h} QaD 4 |xrO=at j} Q] R= '("pl:failure) |Q}tN CUmW
D =

X "pl
"pl:failure

(4)

\UwD Ov=tUBCtw=kt 'OwW|t x@U=Lt 5 |xrO=at j} Q] R= |Q}tNCUmWVvQm
%OwW|t h} QaD 6 |x]@=Q =@ w (Yfric) Ov=tUB Ctw=kt K]U

"pl;failure(p) = D1(
P
fc
� PHTL

fc
)D2 (5)

Yfric = fc:B( P
fc

)M (6)

VvQm QF= CyH xm 'OvDUy Kr=Yt CQ=UN |=yC@=F D2 w D1 '5 |xrO=at QO
u}}aD Q@ Q=m \UwD w OvDUy Q=Wi R= QF-=Dt xm |}xvwox@ &OvwQ|t Q=mx@ CUmW QO
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[15]"RHT pOt QO xOv=t}k=@ 'CUmW 'u=UWm Kw]U "4 pmW
pNrND |@=QN CQ=UN "4"1"2

u=UWm |i=QLv= VvD OwOL |=Q@ lyqm l} ?=NDv= |=Q@ |}xv} Ro pt=W pOt u}=
pNrND sm =QDt G}=Dv uDiQoQ_vQO x@ QHvt QF-wt Qw]x@ u}= xm 'CUq=@ |=yQ=Wi CLD
'u=UWm Kw]U R= |}=yv ?}mQD '4 pmW QO "OwW|t |i=QLv= Ctw=kt Vy=m QO
|Oa@ xU w �?4 pmW� |Oa@ wO Cr=L wO QO xOv=t}k=@ '|oDN}Uo w CUmW
xm '|L]U xU |vLvt |Oa@ wO Cr=L QO "CU= xOW xO=O u=Wv �hr=4 pmW�
xU Cr=L QO w CU= xOW xO=O u=Wv 'OvwW|t O=H}= |Q=Wi Q=yvr=hYv pw] QO

[15]"CU= xOW x�=Q= Ov=tUB Ctw=kt K]U w u=UWm OwOL K]U |Oa@
VvQm MQv C=Q}F-=D "5"1"2

xO=O u=Wv |Q}tN VvQm MQv =@ CUmW Ctw=kt V}=Ri= \UwD VvQm MQv C=Q}F-=D
j} Q] R= w |]N |@=}u=}t =@ VWm w Q=Wi |=Q@ hrDNt \QW wO R= xm 'OwW|t

[15]%O};|t CUOx@ 16 |x]@=Q

DIF =

8<: 1 +
�

_"
_"0

��
for P � 1/3fc (compressi on)

1 +
�

_"
_"0

��
for P � 1/3ft (tension)

9=;
(16)

x}rw= VvQm MQv Q}O=kt _"0 w |WWm VvQm MQv u=wD � '|Q=Wi VvQm MQv u=wD �
3�10�6S�1|WWmCr=L |=Q@ w 3�10�5S�1 |Q=WiCr=L |=Q@ xm 'CU=

"OwW|t xDiQo Q_v QO
=@ uD@ |=Q@ RHT CUmW wCtw=kt pOthrDNt Q}O=kt 2 w 1 |=ypwOH QO
[15]'OQ=O OwHw Q=Ri=sQv ZQiV}B QO xm p=mU=B=ot 140 w 35 |Q=Wi |=yCtw=kt
x�=Q= p=mU=B=ot 33 8 |Q=Wi Ctw=kt =@ uD@ |=Q@ [1]'uv=Br |O=yvW}B Q}O=kt R}v w

"CU= xOW

x@=DQB |R=UpOt |=Q@ lwm uwUv=H |Q=DiQ pOt "2"2
|}xO=U pOt 'CU= xDiQ Q=m x@ x@=DQB |=Q@ C=ar=]t |NQ@ QO xm 'RU}t uwi pOt
Ov=wD|t xm 'CU= x@=DQB |=Q@ |rt=m pOt lwm uwUv=H pOt xm |r=L QO &CU=
uD@ QO Pwiv OvwQ QO R}v =Q CQ=QL |xHQO '|DNU VvQm w VvQm MQv Q=F; Q@ xwqa
CLD C=Rri |]NQ}e Q=DiQ |R=UpOt |=Q@ Ctw=kt pOt u}= "OyO Q=Qk Q_v Ot
CQwYx@ x@=DQB xm =Hv; R= "OwW|t xO=iDU= O}OW CQ=QL w nQR@ |=yVvQm MQv QF=
QO "CU}v V}=UQi w CUmW pOt x@ |R=}v =Pr 'CU= xOW xDiQo Q_v QO ?rY
"CU= CQ=QL w VvQm MQv 'VvQm |=yQ}eDt x@ xDU@=w uOW|Q=H VvD pOt u}=

CQwYx@ w CU= xOW xO=O u=Wv 3 pmW QO "pl�presoftening w "pl h} QaD
[15]%OwW|t u=}@ 9 |x]@=Q

"pl�presoftening = Yfail � Yelastic
3G � ( Gelastic

Gelastic �Gplastic )

(9)

K]U w CUmW K]U u}@ |@=}u=}t j} Q] R= Yfracture CUmW R= TB Kw]U
[8]%OvwW|t x@U=Lt D CQ=UN QDt=Q=B =@ w �10 x]@=Q j@=]t� Ov=tUB

Yfracture = D � Yresidual + (1�D)� Yfail (10)

[8]%OwW|t x@U=Lt 11 |x]@=Q CQwYx@ D |rm Cr=L QO

D =

"pZ
0

d"p
D1(p� + p�spall)D2 for D1(p� + p�spall)D2 � "min

f

D =

"pZ
0

d"p
"min
f

for D1(p� + p�spall)D2 � "min
f (11)

�|Q}tN CUmW VvQm u} QDtm � "min
f w D2 w D1 |=yQDt=Q=B ?U=vt ?=NDv=

Q}O=kt "OvQ=O 'OW=@ C}ak=w Q@ j@]vt xm Kr=Yt |oOvwWsQv u}}aD QO |}=RUx@ Q}F-=D
O}=@ w OvwW|t R=UpmWt OQ=wt R= |NQ@ QO u}=OwD= |xt=vQ@ QO xOWx�=Q= ZQiV}B

[15]"OwW s=Hv= |D=LqY= u; Q}O=kt QO
|WQ@ CQ=UN "3"1"2

VQ@� u=UWmQ}e |i=QLv= |=yVvQm uOWxDW=@v= |] xOWxDiQo Q_v QO CQ=UN
|Q}tNCUmWVvQm "O};|tCUOx@ 12 |xrO=at j} Q] R= �|oOQwNlQD R= |W=v

[15]%OQw; CUOx@ xrO=at u}ty u=wD|t R}v =Q
"pl:failure(p) = D1(p� � p�spall)D2 (12)

VvQm |oOWsQv %R= Ov=CQ=@a xm 'CW=O Oy=wN pOt QO Q}F-=D wO '|atHD CQ=UN
[15]"|WQ@ |DNU Vy=m w

R= �CQ=UN R= |v}at Q=Okt |=Q@� OwHwt CUmW K]U %VvQm |oOWsQv "1
%CU= x@U=Lt p@=k 14 w 13 |=yx]@=Q

Yfractured = (1�D)Yfail +DYresiduall (13)

Yresiduall = Min
h
B _PM ; YXTCl � SFMAX

i
(14)

CQ=@a "CU= CUmW Ctw=kt |xv}W}@ C@Uv SFMAX 'u; QO xm
|=Q@� xOv=t}k=@ |WQ@ Ctw=kt |xOwOLt |xv}W}@ |=Q@ YXTC �SFMAX

"CU= OwHwt CUmW Ctw=kt R= |QUm �xO}OCQ=UN ,qt=m Kr=Yt
CUOx@ 15 |x]@=Q R= �OwHwt� |Q=H |WQ@ ?} Q[ %|WQ@ |DNU Vy=m "2

%O};|t

Gfractured = (1�D)Gelastic +DGresidual (15)
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wrO=Q
tO

=wH
wxO

=R}ra
?}] "uD@ RHT Ctw=kt pOt Q}O=kt "1 pwOH

140 Mpa 35 Mpa uv=Br OL=w O=tv u=wva
2 206 e7 1 67 e7 1 433 e7 kpa �� |WQ@ pwOt
1 4 e5 3 5 e4 3 38 e4 kpa fc |Q=Wi Ctw=kt
0 1 0 01 0 078 �� ft |WWm Ctw=kt
0 18 0 18 0 18 �� fs

fc
|WQ@ Ctw=kt

1 6 1 6 2 �� A CUmW K]U C@=F
0 61 0 61 0 7 �� N CUmW K]U u=wD

0 6805 0 6805 0 6805 �� Q |Q=Wi x@ |WWm Q=yvr=hYv C@Uv
0 0105 0 0105 0 0105 �� �� |Q}PBpmW x@ OQD p=kDv= ?} Q[

2 2 2 �� �� |Q}tN � u=UWm |WQ@ pwOt x@ u=UWm |WQ@ pwOt C@Uv
0 7 0 7 0 7 �� �� |WWm Ctw=kt x@ u=UWm Ctw=kt C@Uv
0 53 0 53 0 53 �� �� |Q=Wi Ctw=kt x@ u=UWm Ctw=kt C@Uv
1 6 1 6 1 5 �� B |oDUmW Ctw=kt C@=F
0 61 0 61 0 7 �� M |oDUmW Ctw=kt u=wD

0 009909 0 032 0 032 �� � |Q=Wi VvQm MQv u=wD
0 0125 0 036 0 025 �� � |WWm VvQm MQv u=wD
1 e20 1 e20 1 e20 �� �� CUmW Ctw=kt |xv}W}@ C@Uv

[11]"x@=DQB |=Q@ lwm uwUv=H Ctw=kt pOt Q}O=kt "3 pwOH
Q}O=kt OL=w O=tv u=wva
159 GPa �� |WWm pwOt
81 8 GPa �� |WQ@ pwOt
1539 MPa A uOW|Q=H VvD
477 MPa B |oOWCNU C@=F
0 18 �� n |oOWCNU u=wD
0 012 �� c VvQm MQv C@=F

1 �� m |DQ=QL |oOWsQv u=wD
1763 k Tm |oOW?wP |=tO

1 �� �� `HQt VvQm MQv

Ci= '18 CQ=@a QO Cm =Q@ u}twU "CU= Q}}eD p@=k xm 'OwW|t xDiQo Q_vQO x}v=F
"CU= Tmelt ?wP |=tO |=Q@ uOW|Q=H VvD

u}vJty w lwm w uwUv=H |=yV}=tR; j} Q] R= '18 CQ=@a QO OwHwt |=yC@=F
|}=tQo hrDNt |=yxOwOLt QO w uwUv}mB=y |xr}t VWm |m}t=v}O |=yV}=tR;
?rY hOy x@ |Rri |xv=wDU= OQwNQ@ T=U=Q@ Qwr}D |=yV}=tR; C=@U=Lt \UwD w
OwHw u}=OwD= Q=Ri=sQv CUQyi QO xm |Lr=Yt pOt Qy "CU= xOt; CUOx@ |Rri
'OvQ=O m 'n 'C 'B 'A Ovv=ty |}=yQDt=Q=B 'lwm uwUv=H pOt |=Q@ xrtH R= 'OQ=O
Q}}eD R=}v Q@=v@ u=wD|t xm 'Ov=xOW h} QaD =yv; |=Q@ |Q}O=kt ZQiV}B CQwYx@ xm
|OOa |R=Ux}@W QO xm 'lwm uwUv=H Ctw=kt pOt Q}O=kt '3 pwOH QO [15]"O=O

"CU= xOW x�=Q= [11]xOW xO=iDU= u; R=

"uD@ RHT CUmW pOt Q}O=kt "2 pwOH
140 Mpa 35 Mpa uv=Br O=tv u=wva

0 04 0 04 0 04 D1 1 CQ=UN C@=F
1 1 1 D2 2 CQ=UN C@=F

0 01 0 01 0 01 �� CUmW VvQm |xv}tm
0 13 0 13 0 13 �� xOv=t}k=@ |WQ@ pwOt

Hydro Hydro Hydro �� |WWm |oDN}Uo pwOt

[15]%OwW|t XNWt 17 |x]@=Q j} Q] R= uOW|Q=H VvD
Y =

�
A+B"np

� �1 + c ln "p
�

[1� TmH ] (17)

xm u=Uty CQ=QL TmH '|Q}tN VvQm Q}F-=D p=tQv OwOL "�p '|Q}tN VvQm QF= "np
%O};|t CUOx@ 18 |x]@=Q R=

TmH = (T � Troom)(Tmelt � Troom) (18)

|=tO T '\w@ Qt Rri ?wP |=tO Tmelt '\}Lt OQ=Ov=DU= |=tO Troom 'u; QO xm
"OvDUy |Q=PoQ=@ s=Hv= pLt

C@=F "CU= VvQm R= |a@=D 'VvD xm OyO|t u=Wv pw= CQ=@a '17 |x]@=Q QO
|oOvwWCNU hQat R}v n w B 'u}}=B |=yVvQm |=Q@ uOW|Q=H VvD |=v@t A
QO VvQm MQv Q}F-=D Qou=}=tv jwi CQ=@a QO Cm =Q@ u}twO u}vJty "OvDUy VvQm
l} Tma 'x}rw= VvQm MQv ZQiV}B Qw] x@ "CU= Kr=Yt uOW|Q=H Ctw=kt
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"�21 |x]@=Q� OwW u=}@ Kr=Yt |m}t=v}OwtQD Cr=L R= u}at `@=D l} Ovv=ty
� = g(p; e) (21)

xv=DN@WwN =t= 'CU}v ?U=vt w |i=m g(p; e) `@=D u}}aD |=Q@ C=aq]= u}= ,qwtat
w QkDUt |L=wv pt=W pNrNDt Kr=Yt QO |Q=Wi |=ylwW R= |W=v p�=Ut QDW}@
|rwtat sHL w Q=Wi x@ |}x@ Q[ |Q=PoQ=@ R= Oa@ xm |}xk]vt� Cw}vwowy l}ORv =}
\}=QW x@ |rN=O |SQv= w Q=Wi Cw}vwowy QO xm 'CU= �OvUQ|t |Q=PoQ=@ R= p@k
22 |rm CQwYx@ =Q 21 |xrO=at u=wD|t wQ u}= R= 'Ov=xDU@=w Cw}vwowy � u}mv=Q

[15]%OQm u=}@
� = g(p) (22)

u=Wv l}D=tW CQwYx@ 6 pmW QO pNrND ?} Q[ w Q=Wi C=Q}}eD w sm =QD OvwQ
w OyO|t |wQ pe Q=Wi OwOL QO Kr=Yt |v=UWm |oDN}Uo "CU= xOW xO=O
ps x@ Q=Wi C}=yv QO xm &OwW|t sm =QDt ,qt=m Kr=Yt 'QDW}@ Q=Wi p=ta= =@ TBU

[15]"OwW|t s=Hv= |Q}tN |oDN}Uo w OUQ|t
pmW l} "CU= xOW xO=iDU= u=QoWywSB \UwD g(p) `@=D hrDNt |=ypmW
xOW x�=Q= pNrNDt Oqwi |=Q@ 23 |x]@=Q j@=]t QvQ=m w QJw@ \UwD ?U=vt |xO=U

[15]%CU=
� = 1 + (�p � 1)

�
p1 � p
ps � pe

�2
(23)

|xrO=at swO u=wD u}=OwD= QO "Ov=xOW h} QaD 6 pmW QO pe; ps; �p |=yQDt=Q=B
"Ovm pta ?U=vt OvwQ l} QO |Q}PBh=]av= R= |QDq=@ |Q}O=kt |=Q@ Ov=wD|t 23

"CU= xOW O=yvW}B R}v x]@=Q u}= |@amt w |}=tv pmW
[15]%Ov=xOQm KqY= 24 |xrO=at KQW x@ =Q 20 |xrO=at �1972�Crwy w pwQ=m
p = ( 1

�
)f(V

�
; e) (24)

|=yu=tR QO pNrNDt Kr=Yt QO Q=Wi xm CU= xOW p=ta= p}rO u}= x@ 1
� pt=a

'pOt R= pmW u}= "CU= Kr=Yt T} QD=t QO Q=Wi \UwDt Q@=Q@ 1
� x@ l}ORv x=Dwm

[15]"OwW|t xO=iDU= u}=OwD= QO
u; |x]@=Q xm OwQ|t Q=m x@ P � � Cr=L |xrO=at RHT Kr=Yt pOt QO
Q=m x@ uD@ Cr=L C=Q}}eD K} QWD |=Q@ 25 |xrO=at QO |twta pmW CQwYx@
pt=wa x@ xDU@=w 28 |x]@=Q j@=]t � OwHwt pNrND ?} Q[ "CU= xOW xOQ@

[15]"(P � �) Cr=L |xrO=at QO pNrND ?} Q[ w Q=Wi C=Q}}eD "6 pmW

Cr=L |xrO=at "3"2
uD@ Cr=L |xrO=at "1"3"2

Cq=L w OR=OQB|t =tO w sHL w Q=Wi u}@ |x]@=Q |UQQ@ x@ 'Cr=L |xrO=at
"Ovm|t h}YwD uwo =vwo |m} R}i |=yC}a[w QO =Q xO=t hrDNt

VWm OL =D '5 pmW j@=]t Ov=wD|t |]N u=UWm Kr=Yt l} Q=DiQ
ZQi |]N (pcompaction) x}rw= sm =QDt Q=Wi |=Q@ 'PHTL |m}t=v}OwQO}y
Q=Wi V}=Ri= =@ xm |wLv x@ 'OwW|t ?} QND Kr=Yt QDq=@ |=yQ=Wi |=Q@ "OwW
u}= "OW Oy=wN |Q}tN sm =QD R=i OQ=w xO=t w ?} QND |}=OD@= |=yxQiL '|tm =QD
=D l}D=DU=wQO}y Q=Wi V}=Ri= x@ C@Uv |Oa@ |=ysm =QD w |}xQiL |=y?} QND
xQ=@ wO Kr=Yt w OUQ@ psolid x@ Q=Wi w OvwW ?} QND =yxQiL |t=tD xm |v=tR
x}rw= |r=oJ '5 pmW QO "CW=O Oy=wN xt=O= 'OwW l}ORv u=UWm Q=DiQ x@ ,=@} QkD

[13]"CU= �solid QiY Q=Wi QO xOWsm =QDt Kr=Yt |r=oJ w �0
'OvDUy GQi w prN |=Q=O xm |Lr=Yt |=Q@ (P � �) Cr=L |xrO=at R=

"OwW|t xO=iDU= uD@ Ovv=ty
Kr=Yt Q=DiQ h}YwD |=Q@ xm CU= |Q=DN=U VwQ l} '(P � �) pOt
|k]vt CQwYx@ Ov=wD|t p=L u}a QO w OwQ|t Q=mx@ O}OW |=yVvD QO pNrNDt
u; |U=U= ZQi "Ovm x�=Q= R}v =Q u}}=B VvD R=QD QO Q=Wi OvwQ C=}�RH j}kO w
|r=oJ QO Kr=Yt w pNrNDt Kr=Yt |=Q@ |rN=O XwYNt |SQv= u=R}t xm CU=
|xOvyOu=Wv � pt=a "CU= Q@=Q@ =tO w Q=Wi u=Um} \}=QW QO �QB wD� pNrNDtQ}e

[15]%OwW|t |iQat 19 |x]@=Q j} Q] R= xm 'CU= pNrND ?} Q[

� = V
VS

(19)

QO Kr=Yt XwYNt sHL VS w pNrNDt Kr=Yt XwYNt sHL V 'u; QO xm
Q=Wi QO 1

�ref
pO=at VS w CU= hQ=aDt CQ=QL w Q=Wi QO w �QB wD� Ot=H Cr=L

CNU w Ot=H sUH l} Ovv=t Kr=Yt xm |Dkw "CU= �`HQt |r=oJ �ref � QiY
|oO=U x@ pNrNDt Kr=Yt Cr=L |xrO=at "CU= 1 Q@=Q@ � 'OvW=@ xOQWi ,qt=m

[15]%CU= 20 |x]@=Q CQwYx@
p = f(V

�
; e) (20)

|}xrtH OvJ =} w |]N |va} sm =QDt Kr=Yt |=yCr=L CqO=at Ov=wD|t `@=D u}=
O}=@ � pNrND ?} Q[ 'pt=m w K}LY h}YwD |=Q@ "Ovm h}YwD =Q lwW =} w

[13]"uD@ Cr=L |xrO=at "5 pmW
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wrO=Q
tO

=wH
wxO

=R}ra
?}] "P � � Cr=L |xrO=at Q}O=kt "4 pwOH

140 Mpa 35 Mpa uv=Br OL=w O=tv u=wva
2 75 2 75 2 75 g/cm3 �0 `HQt |r=oJ
2 52 2 314 2 4 g/cm3 �� pNrNDt |r=oJ
3242 2920 2920 m/s �� pNrNDt Cr=L QO CwY CaQU

9 33 e4 2 33 e4 2 33 e4 kPa �� x}rw= sm =QD Q=Wi
6 e6 6 e6 6 e6 kPa �� Ot=H sm =QD Q=Wi
3 3 3 �� �� sm =QD u=wD

|}xrtHOvJ |}xrtHOvJ |}xrtHOvJ �� �� Ot=H Cr=L xrO=at
3 527 e7 3 527 e7 3 527 e7 kPa A1 |WWm pwOt
3 958 e7 3 958 e7 3 958 e7 kPa A2 A2 QDt=Q=B
9 04 e6 9 04 e6 9 04 e6 kPa A3 A3 QDt=Q=B
1 22 1 22 1 22 �� B0 B0 QDt=Q=B
1 22 1 22 1 22 �� B1 B1 QDt=Q=B

3 527 e7 3 527 e7 3 527 e7 kPa T1 T1 QDt=Q=B
0 0 0 kPa T2 T2 QDt=Q=B

300 300 300 k �� `HQt |=tO
654 654 654 J/kgk �� xS} w CQ=QL

[15]%CU= xOW x�=Q= 29 |x]@=Q QO xm OQ=O OwHw U lwW CaQU w �xt=O= QO� Up
U = C0 + SUP (29)

"CU= xS} w |B wQDv; S w x}rw= CwY CaQU C0 'x]@=Q u}= QO
|=ylwW QO "OwW|t pY=L � = s�0(s � 1) <=R= x@ |r=oJ |xv}W}@
OwyWt C=RriQ}e QO Qt= u}= xm 'CU= |]NQ}e CQwYx@ ,=@} QkD Ctw=kt O}OW
|=ysm =QD `v=t C=QP CaQU w lwW CaQU u}@ |]N Q}}eD ZQi xwqax@ "CU=

"OwW|tv O}OW |r}N
|]N CQwYx@ lwW CaQU w C=QP CaQU u}@ |x]@=Q '29 |xrO=at QO
=Q C=QP CaQU w lwW CaQU u}@ |x]@=Q |Q=}DN= CQwYx@ u=wD|t |rw 'CU=
CQwYx@ lwW |xrO=at swO |xHQO pmW xm 'OQm ?=NDv= swO |xHQO Cr=L R=

[15]%CU= 30 |xrO=at
Us = C0 + S1uP + S2u2

P (30)

|]NQ}e w?U=vt CQwYx@ =D 'OW=@ QiY Q}e Q=Oktl} Ov=wD|t S2 |OwQw QDt=Q=B
|xrO=at hrDNt Q}O=kt '5 pwOH QO "Ovm p}O@D Qo}Om} x@ =Q Us w Up Q}O=kt

[11]"x@=DQB lwW Cr=L |xrO=at Q}O=kt "5 pwOH
Q}O=kt OL=w O=tv u=wva
7 75 g/cm3 �0 `HQt |r=oJ
2 17 �� �� uR}=vwQo ?} Q[
4569 m/s C1 CwY CaQU
1 49 �� S1 xS} w |B wQDv;
300 k �� `HQt |=tO
477 J/kgk �� xS} w CQ=QL

n pmW ?} Q[ w p |m}D=DU=wQO}y Q=Wi '�porous uD@ |xO}OvCQ=UN pNrND
[13]"CU=

p = 1
�
f(�:�; e) (25)

f(p; e) = A1�+A2�2 +A3�3 + (B0 +B1�)�0e (26)

� =
�
�
�0
� 1
�

(27)

� = 1 + (�porous � 1)
�

psolid � p
psolid � pcompaction

�n
(28)
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�xOv=t hOyQO� 0 m/s �|HwQN CaQU� x@=DQB C}a[w

"p}rLD G}=Dv QO =yu=tr= |xROv= Q}F-=D "7 pmW

�xDUmW� Ov=tUB Ctw=kt C@=F "2"3
uOWxO}yr w x@=DQB Pwiv R= Oa@ xm 'OwW|t jq]= |Dtw=kt x@ Ov=tUB Ctw=kt C@=F
VvDCr=L QO Ov=tUBCtw=kt "OwQ|t Q=_Dv= xOWxO}yr uD@ R= 'x@=DQB Q=Wi QF= Q@ uD@
uD@ |ak=w |=yxR=U |QwLtOvJ |Q=PoQ=@ Cr=L QO |rw 'CU= QiY |QwLt lD
xOWxO}yr uD@ |x@=DQB Pwiv |] QO "CU= Q=PoQ}F-=D uD@ |rm Ctw=kt QO 'xOWxO}yr
Gwt w wrH x@ x@=DQB Qw@a R= pY=L |Q=Wi |wQ}v QF= QO |vwt=Q}B w |rw] C=yH QO
Ea=@ OwN xm 'xOWxO}yr uD@ xvwou}O@ w OwW|t sm =QDt xR=U QO u; |xOWO=H}=
|xr}Uwx@ pt=a u}= "CU= Q=PoQ}F-=D |rm Ctw=kt QO 'OwW|t uD@ Ctw=kt V}=Ri=
|=yC@=F wO Qy xm 'OvDUy Q=PoQ}F-=D �CUmW Ctw=kt u=wD� M w B |=yQDt=Q=B
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XNWt "O@=}|t Vy=m Pwiv Q=Okt ,=t}kDUt B Q=Okt V}=Ri= =@ xm CU= OwyWt
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