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|=yCQ=UN u=R}t Vy=m QO |tyt Vkv 'xR=U |r=tDL= ?}U; X}NWD "OvyO|t
COW w C}akwt u}}aD |=Q@ |WwQ 'Q=DWwv u}= QO "Ovm|t <=i}= |a=tDH= w |O=YDk=

xR=U p=Owt |=y|oS} w R= |Q}oxQy@ =@ |WtN |=y?=k Cq=YD= QO xOt;OwHwx@ ?}U;
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xtOkt "1
s}U|@ p=kDv= w =yQoTL |SwrwvmD |xRwL QO Q}N= |=yCiQW}B "CU= xOW|t
|=yVwQ QDW}@ xJ Qy |xaUwD xH}Dv QO w uOWQDxiQY x@ uwQkt x@ QHvt =yxO=O

[4]"CU= xOW p=vo}U Q@ |vD@t
|xQDUo xm OvQ=wDU= ZQi u}= Q@ sDU}U QO ?}U; |}=U=vW pwtat |=yVwQ
'wQ u}= R= "CU= OwHwt |v=tR |xOwOLt QO xOW|Q}oxR=Ov= |=yxO=O R= |a}Uw
|=yVwQ |rm Qw]x@ "CU= xOW x�=Q= sDU}U |}=U=vW |=Q@ |irDNt |=yVwQ
Qw_vtx@ =yxR=U MU=B VR=OQB Q@ |vD@t |OvtWwy |=yQ=R@= '?}U; |}=U=vW
Ovv=t p=Owt |=yQDt=Q=B xm |}=Hv; R= [5]"OvDUy =yu; QO |r=tDL= C=Q}}eD X}NWD
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[3w2]"OvyO|t Q=Qk |UQQ@ OQwt |oO}O?}U;
xR=U |Owt |=ypmW |UQQ@ |x}=B Q@ 'p=vo}U Q@ |vD@t |=yVwQ R= |m}
u=QoWywSB R= |Q=}U@ xm &CU= xR=U R= |OQi x@ QYLvt QDt=Q=B '|Owt pmW "CU=
|UQQ@ QO u=v}t]= p@=k XN=W l} u=wvax@ Ov=wD|t |Owt pmW xm OvQw=@ u}= Q@
u}tND |=Q@ |OOaDt |=yVwQ wQu}= R= "OQ}o Q=Qk xO=iDU= OQwt xR=U CtqU
pmW |Q}oxR=Ov= "CU= xOW x�=Q= u; C=kDWt =} |Owt pmW |=v@t Q@ xR=U CQ=UN

QO u=Qta |UOvyt |xDWQ QO xR=U CtqU V}=B w OvtWwy |=yxR=U |xaUwD
u=QoWywSB '|y=oWv=O |xat=H xHwD w xDW=O |Y=N C}ty= 'Q}N= |=yxyO
w |Qw;`tH 'V}=B |=yVwQ |UQQ@ "CU= xOQm ?rH OwN x@ =Q CavY w
OQwt QO |Q}os}tYD w xOW|Q}oxR=Ov= |=yxO=O Q}UiD w R}r=v; '=yxO=O VR=OQB
w VR=OQB |=yVwQ hrDNt `=wv= `=O@= "CU= xS} w XYND OvtR=}v OwN '=yu;
=Q =yu; |rta OQ@ Q=m w s}y=it u}@ |xrY=i |Q}osWJ Qw]x@ 'R}r=v; |=yxw}W
V}=B |=ysDU}U R= xO=iDU= =@ =D CU= xOQw; sy=Qi =Q u=mt= u}= w xO=O Vy=m
pQDvm |Q=OQ@xQy@ w CN=U hrDNt pL=Qt QO =Q xR=U Q=DiQ u=wD@ 'u=v}t]= p@=k
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|=yxO=O O}=@ 'pQDvm |=ysDU}U "OvyO Q=Qk |UQQ@ OQwt |Q=@H= w |a}@] C=W=aDQ=
QO "Ovvm |Q=Oyov w |Qw;`tH =Q xR=U x@ pYDt |=yQoTL \UwD xOW|Q}oxR=Ov=
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u=}@ 2 |xrO=at ltm x@ 'z(t) |r}rLD `@=D 'x(t) `@=D CQ@r}y p}O@D R= xO=iDU= =@
%OwW|t

z(t) = x(t) + jy(t) = a(t)ej�(t) (2)

j =
p�1 w �4 w 3 \@=wQ� OvDUy |v; R=i `@=D � w |v; |xvt=O a '2 |x]@=Q QO

%CU=
a(t) = (x2 + y2)1=2 (3)

�(t) = tan�1 y
x

(4)

%O};|t CUOx@ 5 |x]@=Q CQwYx@ |v; Ot=U@ 'xH}Dv QO
! = �d�

dt
(5)

|a@=D CQwYx@ Ov=wD|t xvt=O 'OvDUy u=tR R= |a@=D 'xvt=O w Ot=U@ xm |}=Hv; R=
CQwYx@ |}x}W=L h}] xH}Dv QO "OwW h} QaD (H(!; t)) Ot=U@ w u=tR R=
h}] "CU=yxO=O h} QaD |xOwOLt [0; T ] u; QO xm 'OW Oy=wN h} QaD 6 |x]@=Q
Qov=}@ w CU=yxO=O |xOwOLt pm QO |}x}W=L |xvt=O |xOvyOu=Wv '|}x}W=L

[17w15]"CU= Ot=U@ Qy CmQ=Wt

h(!) =
TZ

0
H(!; t)dt (6)

|Owt |@ QHD l}miD "2"2
pt=W =yxO=O '|v=tR |x]kv Qy QO xm CU= Q=wDU= ZQi u}= Q@ |R=U=OH
X=N \}=QW xir-wt Qy xJv=vJ "OvW=@ hrDNt |=yOt=U@ =@ |v=Uwv |=yOwt
xDiQo Q_v QO |D=P Owt `@=D l} u=wvax@ 'Ovm <=[Q= =Q p}P QO xOW xQ=W=

[17w15]"OwW|t
O=OaD� |ki= QwLt =@ |vLvt OQwNQ@ O=OaD w =ystQDUm = O=OaD 'p=vo}U s=tD QO �

"OvW=@ xDW=O hqDN= OL=w l} R= QDtm O}=@ �=yQiY
xOWh} QaD VwB w|rLt |=yxv}W}@\UwD xOWh} QaD VwBu}ov=}t 'x]kv Qy QO �

"OW=@ QiY |rLt |=yxv}tm \UwD
Ov}=Qi l} QO Ov=wD|t |Q=}DN= |v=tR |QU l} 'xOWQmP C=}[Qi x@ xHwD =@
%CU= KQW u}= x@ |R=U=OH |xUwQB "OwW l}miD |D=P |Owt `@=wD x@ '|R=U=OH

&|rY= p=vo}U |rLt |=ystQDUm = |t=tD u}}aD "1
&xv}W}@ \=kv p=YD= R= pY=L |}q=@ VwB u}}aD "2
"xv}tm \=kv p=YD= R= pY=L |v}}=B VwB u}}aD "3

|}q=@ VwB \UwDt "OvQ}o Q=Qk |v}}=B w |}q=@ |=yVwB u}@ O}=@ =yxO=O |t=tD
|}=wDLt hqDN= u}rw= 'm1 w C=aq]= u}@ Cw=iD "OwW|t xO}t=v m1 |v}}=B w

%�7 |x]@=Q� OwW|t xO=O V}=tv h1 =@ xm 'CU=
h1 = x(t)�m1 (7)

|Oa@ pL=Qt QO "Ovm <=[Q= =Q |D=P Owt `@=D l} x@ \w@ Qt \}=QW O}=@ h1 'u; QO xm
OwW|t xDiQo Q_v QO �|rY= p=vo}U� |rY= C=aq]= u=wvax@ h1 '|R=U=OH

%�8 |x]@=Q�
h1 �m11 = h11 (8)

QoTL |QDW}@ O=OaD w RmQtDt l} QLD l} R= xO=iDU= =@ Ov=wD|t =yxR=U |Owt
|=yVwQ "OwW s=Hv= C@=F QoTL |QDW}@ O=OaD =} l} w lQLDt Orwt l} =} w
|v=tR |xOwOLt QO p=Owt p}rLD T=U=Q@ |Owt |=ypmW G=QNDU= CyH |Q=}U@

[13�7]"CU= xOW x�=Q=
R= xm |}=yp=vo}U 'OW=@v q=@ Q=}U@ xOQ=w CQ=UN COW xm|DQwY QO
Qw_vtx@ w ,=t}kDUt u=wD|tv =Q 'Ov};|t CUOx@ xR=U QO xOW?Yv |=yQoTL
'OvwW VR=OQB O}=@ =yp=vo}U u}= u}=Q@=v@ "OQ@ Q=mx@ xR=U QO ?}U; X}NWD w u}}aD
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O}OH |WwQ '1998 p=U QO u=QoWywSB |NQ@ "OQm G=QNDU= =yu; R= CQ=UN
p=vo}U 'VwQ u}= "Ov=xOQm x�=Q= |@ QHD |Owt l}miD T=U=Q@ =yxO=O R}r=v; |=Q@
O}rwD =Q |D=P Owt `@=wD R= |}xawtHt w Ovm|t x} RHD |Ot=U@ lD |=yxir-wt x@ =Q
� CQ@r}y p}O@D u=wva =@ 'CQ@r}y p}O@D w |Owt l}miD VwQ ?}mQD "Ovm|t
Ot=U@ uOQw; CUOx@ 'CQ@r}y p}O@D R= hOy "OwW|t xDN=vW 1�HHT� nv;wy
Ot=U@ w u=tR x@ C@Uv xvt=O `} RwD uOQmsy=Qi w |D=P Owt `@=wD |v; |xvt=O w

[16�14]"CU=
VwQ x=Qty x@nv;wy � CQ@r}y VwQ Q}UiD x@ swOVN@ QO =OD@= 'Q=DWwv u}= QO
G=QNDU= |=Q@ |WwQ 'swU CtUk QO "CU= xOW xDN=OQB |@ QHD |Owt l}miD
|=v@t Q@ '|O=R; xHQO OvJ |=yxR=U |HwQN |=yxO=O |x}=B Q@ |Owt |=ypmW
pmW <=vLv= C=Q}}eD u=R}t |UQQ@ =@ "CU= xOW O=yvW}B nv;wy � CQ@r}y p}O@D
VwQ CLY w xOW x�=Q= sQ=yJ VN@ QO ?}U; |}=U=vW |=Q@ |WwQ '|Owt
Q=Qk |UQQ@ OQwt xk@] 7 w 5 |v=tDN=U ?=k wO |wQ Q@ sHvB VN@ QO 'xOWx�=Q=

"CU= xDiQo

nv;wy � CQ@r}y p}O@D "2
'xDWPo QO "CU= xO}OB l} |=y|oS} w |}=U=vW QO QF-wt |=yx=Q R= |m} =yxO=O R}r=v;
=yu; ha[ ?@U xm OvOw@ |}=yC}OwOLt pt=W =yxO=O VR=OQB |=yVwQ QDW}@
pt=W xm 'nv;wy � CQ@r}y p}O@D "CU= xOW|t =yxO=O hrDNt `=wv= VR=OQB QO
|WwQ 'CU= 3�HSA� CQ@r}y |i}] p}rLD w 2 �EMD� |@ QHD |Owt l}miD
p}O@D |O}rm VN@ EMD "CU= |]NQ}e w =DU}=Q}e |=yxO=O p}rLD QO u} wv
|Owt `@=D |OwOLt O=OaD x@ =Q xO}J}B |xO=O ẁv Qy xm 'CU= nv;wy � CQ@r}y
swyit 'IMF l} HSA R= pY=L |v; Ot=U@ "Ovm|t l}miD 4�IMF� |D=P
R= "OyO|t x�=Q= xOWvl}miD |v=tR |QU l} HSA x@ C@Uv |QDj}kO |m} R}i
VR=OQB QO VwQ u}= 'CU=yxO=O |rLt |=y|oS} w |=v@t Q@ l}miD u}= xm |}=Hv;

[17w15]"Ow@ Oy=wN QF-wt =DU}=Q}e w |]NQ}e |=yxO=O

CQ@r}y |i}] p}rLD "1"2
Qw_vt u}ty x@ "CU=DU}=Q}e Cr=L u=}@ |=Q@ |WwQ '|v; |xvt=O w Ot=U@ u}}aD
l} |=Q@ "CU= xOW xDiQo Q_v QO HHT R= |WN@ u=wvax@ CQ@r}y |i}] p}rLD
xm 'OwW|t h} QaD 1 |x]@=Q CQwYx@ 'y(t) u; CQ@r}y p}O@D 'x(t) x=wNrO `@=D

%CU= OQivt p=QoDv= |xS} w Q=Okt Qov=}@ P u; QO

y(t) = 1
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x(�)
t� � d� (1)
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p@=k =yxR=Ul}t=v}O pwY= Q@ x}mD =@ '|a}@] |=yOt=U@ =@ Q_=vDt |Owt |=ypmW
x@ |v=tR |xOwOLt QO '(x(t)) |O=R; |xHQO n |xR=U l} MU=B "OvDUy u}}aD

[18]%OwW|t h} QaD 16 CqO=at ltm

x(t) =
nX
j=1

�j�j(t)

�x(t) =
nX
j=1

�j��j(t) (16)

u}t)=j '�j(t) w |Owt Q=OQ@ u}t)=j '�j = [�1;j ; �2;j ; :::; �n;j ]T 'u; QO xm
w xR=U MU=B Q@ |@ QHD |Owt l}miD p=ta= R= xO=iDU= =@ "OvDUy |Owt MU=B
u}tND x@ u=wD|t '|a}@] Ot=U@ u}t)=j |=wDLt |=Q=O |D=P |Owt `@=D ?=NDv=
w xR=U MU=B R= xO=iDU= =@ 17 \@=wQ u}=Q@=v@ [19]"Ci=} CUO �j(t) R= |@U=vt

%OvwW|t pY=L |@ QHD |Owt l}miD p=ta=
IMF1 = fIMF11; IMF21; :::; IMFm1g
IMF2 = fIMF12; IMF22; :::; IMFm2g
...

IMFn = fIMF1n; IMF2n; :::; IMFmng (17)

\UwD 'xR=U MU=B Qy |Owt |x} RHD O=OaD m w |O=R; C=HQO O=OaD n 'u; QO xm
|O=R; |xHQO u=wvax@ |O=R; xHQO l} ?=NDv= =@ "CU= |@ QHD |Owt l}miD
QY=va |rN=O ?Q[ltm x@ w 18\@=wQ R= xO=iDU= =@ |Owt |=ypmW '(r) `HQt

%OvDUy u}}aD p@=k xOWx} RHD

�11 = IMF11:IMF1r
IMF21r

; :::; �1n = IMF1n:IMF1r
IMF21r

�21 = IMF21:IMF2r
IMF22r

; :::; �2n = IMF2n:IMF2r
IMF22r

...

�n1 = IMFn1:IMFnr
IMF2

nr
; :::; �2n = IMFnn:IMFnr

IMF2
nr

(18)

|Owt pmW <=vLv= |=v@t Q@ ?}U; |}=U=vW "4
CU= Q=wDU= pY= u}= Q@ ?}U; |R=UQ=mW; |=Q@ |Owt |=ypmW <=vLv= R= xO=iDU=
xO}O?}U; |x}L=v '|QDW}@ C}U=UL =@ Ov=wD}t |Owt |=ypmW <=vLv= C=Q}}eD xm
|RmQt hqDN= u}tND T=U=Q@ w 19 |x]@=Q j@] <=vLv= ,qwtat "Ovm |v}@V}B =Q

[20]%OwW|t x@U=Lt |Owt |=ypmW
��i;j =

�(i+1)j � 2�ij + �(i�1)j

h2 (19)

h '|Owt pmW |xQ=tW j 'xQo |xQ=tW i '|Owt <=vLv= Qov=}@ ��i;j 'u; QO xm
QO C=Q}}eD "CU= Owt u}t)=j QO xQo u}t)=i |Owt pmW �i;j w =yxQo u}@ |xrY=i
|xR=U w xO}O?}U; |xR=U |Owt pmW <=vLv= Q=OQ@ p[=iD R= '|Owt pmW <=vLv=

%�9 |x]@=Q� OwW|t |D=P |Owt `@=D l} x@ p}O@D h1 'Q=QmD k R= TB
h1(k�1) �m1k = h1k (9)

%OwW|t h} QaD 10 |x]@=Q CQwYx@ |D=P |Owt `@=D |xir-wt u}rw= xH}Dv QO
c1 = h1k (10)

R= |m} "CU= xOW xDiQo Q=mx@ |R=U=OH |xUwQB u=}=B |=Q@ |Dw=iDt |=yQ=}at
xO=iDU= 1998 p=U QO u=Q=mty wnv;wy\UwD xmCU= |Q=}at '=yu; u} QDOQ@ Q=mQB
|x]@=Q� CU= hwQat 5|Jw=m |}=Qosy u=R}t pOt V}=tR; x@ Q=}at u}= "CU= xOW

%�11

SDk =

TP
t=0
jhk�1(t)� hk(t)j2

TP
t=0

h2
k�1(t)

(11)

|xUwQB u=}=B Qov=}@ 'OwW QDtm u}at Q=Okt l} R= 11 |x]@=Q Q=Okt xm |t=ovy
"Ow@ Oy=wN |R=U=OH

"CU= S Q=}at 'CU= xOW x�=Q= |R=U=OH |xUwQB u=}=B CyH xm |Qo}O Q=}at
=@ OQwNQ@ w =ystQDUm = O=OaD xmv}= R= Oa@ |R=U=OH |xUwQB 'Q=}at u}= T=U=Q@
'OW=@ C@=F xrLQt S QO Q=Okt u}= w OvW=@ xDW=O hqDN= 'OL=w l} R= QDtm =yQwLt

"O@=}|t u=}=B
Oy=wN CUOx@ (c1) |D=P |Owt `@=D u}rw= 'OW <=[Q= |v=}=B Q=}at xm xm|v=tR
|R=U=OH =@ "OW=@ p=vo}U QO u=Uwv ?w=vD |xQwO u} QDx=Dwm pt=W O}=@ c1 "Ot;
QO QDq=@ ?w=vD |=yxQwO pt=W xm 'r1 |xOv=t}k=@ p=vo}U '|rY= p=vo}U R= c1

%�12 |x]@=Q� O};|t CUOx@ 'CU= p=vo}U C=aq]=
x(t)� c1 = r1 (12)

Q@ |R=U=OH |xUwQB w OwW|t xDiQo Q_v QO O}OH p=vo}U u=wvax@ xOv=t|k=@ `@=D
|x]@=Q� OwW|t s=Hv= |r=wDt |=yrn |wQ Q@ xUwQB u}= "OwW|t p=ta= u; |wQ

%�13
r1 � c2 = r2

:::

rn�1 � cn = rn (13)

'OwW p}O@D CN=wvm} `@=D l} x@ 'rn |xOv=t}k=@ xm |v=tR =D |R=U=OH |xUwQB
x@ |rY= p=vo}U xm OwW|t xOy=Wt 13 w 12 CqO=at ?}mQD =@ "O@=}|t xt=O=

%�14 |xrO=at� CU= xOW x} RHD rn |xOv=t}k=@ w |D=P |Owt `@=D n

x(t) =
nX
j=1

cj + rn (14)

Ot=U@ u}}aD w |D=P |Owt `@=D |=yxir-wt R= l} Qy x@ CQ@r}y p}O@D p=ta= R= Oa@
%OwW|t u=}@ 15 |xrO=at CQwYx@ |rY= p=vo}U '(aj) |v; |xvt=O w (!j)

X(t) = Ref
nX
j=1

aj(t)ei
R
!j(t)dtg (15)

"CU= |rN=O |x]@=Q |k}kL VN@ Qov=}@ 'Refg 'u; QO xm
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