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CyH |R=Uy@hrDNt |=yVwQ xOR=@ OQw;Q@ w |HvUu=mt= 'CU= KQ]t |}=Qou=wQ
|m} '|oDN}Uo Ot |v}@V}B Cio u=wD|t XwYN u}= QO "CU= ?}U; Vy=m
|DQwY QO ,qFt "CU= |R=Uy@ ?U=vt |=yVwQ |UQQ@ QO pt=wa u} QDQ=PoQ}F-=D R=
=} �hr=1 pmW� �QBU/|Q=yt |xr}t |oDN}Uo/pmWQ}}eD� ẁv R= |oDN}Uo xm
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Q@ |y@=Wt OvwQ "O@=}|t Vy=m q=@ uw}UQoQ ?} Q[ =@ '|}=tv |} wor= =@ Q=w}O G=D
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xOW p}rLD hrDNt |x}=B |=y?=DW =@ |OOa pOt '=v@t ?=DW QF= |UQQ@ Qw_vt x@
|xW} Q h=Q]= QO |}=Qou=wQ OaDUt |x}q OwHw =@ xm CU= u; Qov=}@ G}=Dv "CU=
CWB Q@ OQ=w |@v=H Q=Wi uOw@nQR@ w xW} Q |wrH QO |}=Qou=wQ RwQ@ Crax@ 'Q=w}O
|rY= pt=a "O@=}|t V}=Ri= Q=}U@ uwiOt VN@ |oDN}Uo Ot RwQ@ p=tDL= 'xW} Q
p=ta= w uwiOt VN@ h=Q]= l =N |y=ox}mD QF= uOWp�=R |DUmW u}vJ RwQ@
VN@ |wrH |R=Uy@ OvJQy "CU= xOW xO=O X}NWD VN@ u}= QO lQLt Qovr
p=ta= CQwY QO =t= 'OyO|t Vy=m =Q Q=w}O |=B w G=D |}=Hx@=H u=R}t 'uwiOt
CUmW Q=JO uwiOt VN@ |oDN}Uo Ot QO u=vJty xR=U '|wk |x}=B ?=DW
|}=Qou=wQ R= |Q}owrH QO Q}F-=D sOa seQ|ra uwiOtVN@CWB |R=Uy@ "OW Oy=wN
|=B |}=Hx@=H w OwW|t Q=w}O |=B QO sw=kt Qovr O=H}= Ea=@ 'xW} Q |wrH l =N
Q@ xwqa hQ] wO QO l =N |R=Uy@ =@ "OyO|t Vy=m |O=} R u=R}t x@ =Q Q=w}O
|yHwD p@=k Qw]x@ Q=w}O |=B w G=D |}=Hx@=H 'uwiOt VN@ |oDN}Uo R= |Q}owrH
pw] ẁtHt R= QDnQR@ Q=w}O CWB |R=Uy@ |=Q@ sRq pw] |xv}tm "O@=}|t Vy=m
VN@ w CU )U |x}q u}@ |RQt |xk]vt pw] w |B pw= |x}q QO |oDN}Uo |xwo
3 u}@ xOW|UQQ@ pOt =@ x@=Wt |=yxR=U |=Q@ KqY= |xv}y@ pw] w xOW|R=Uy@

"CU= xOW |}=U=vW uwiOt VN@ jta Q@=Q@ 5 =D

KQ] QO =y|}=Hx@=H lOv= Q=}U@ Vy=m 'Qo}O |wU R= "CU= �I� ?}U; sm |x}L=v
Q_vOQwt |xR=U QO xm CU= u; Qov=}@ '5"A - 5"G KQ] x@ C@Uv 12"A - 12"G

"CU= QBU uwiOt jta Q@=Q@ 5 =D 3 u}@ sm =QD |xv}y@ pw]
|=yV}=tR; T=U=Q@ xmCU= xHwD x@ sRq =yKQ] |NQ@C}kiwt sOa x}HwD QO
OaDUt l =N R= xk]vt wO s�=k RQt QO [25]'|OOa |=yp}rLD w [24]'Sw}i} QDv=U
?; CQH=yt Cra x@ xOW|R=Uy@ l =N R= |WN@ 'xOW|R=Uy@ l =N w |}=Qou=wQ
xk]vt u}= pw] "OwW|t |}xQiL ?; Q=Wi V}=Ri= Q=JO |}=Qou=wQ OaDUt |x}q R=
pw] u}}aD QO xm CU= xOW x}YwD w OQw;Q@ =yx}q jta 0 8 |r= 0 5 u}@ �L1�
|oDN}Uo |xwo pw] |xU}=kt "OwW Q_vhQY |RQt |xk]vt u}= Q}F-=D R= |R=Uy@
0 25 g |x}=B ?=DW |] '1"A - 1"G |R=Uy@ KQ] QO �L2� |B pw= |x}q QO
pw] R= QDnQR@ �QDt 14� xOWKqY= pw] 'QwmPt KQ] QO xmv}= =@ OyO|t u=Wv
Q=w}O |=B |oDiQQO Crax@ 'CU= �QDt 11 57� |B pw= |x}q QO |oDN}Uo |xwo
|=B |oDN}Uo Ot R= |Q}oW}B sOa "OwW|tv xO}O xawtHt R= |@U=vt OQmrta
1"A - 1"G |=yKQ] QO (L2 = 16 21 m) 0 35 g |x}=B ?=DW |] Q=w}O
Q=w}O CWB |R=Uy@ |=Q@ sRq pw] |xv}tm xm CU= u; O} -wt R}v 2"A - 2"G w
|x} w=R x@ xHwD =@ pw] u}= "CU= |B pw= |x}q QO |oDN}Uo |xwo pw] R= QDnQR@

%OwW|t x@U=Lt 12 |x]@=Q R= x}q |oDN}Uo
�a� = 45� + '

2 � 135�K01 75
e (12)

w ji= x@ C@Uv |B pw= |x}q |oDN}Uo |xwo |x} w=R ?}DQD x@ ' w �a� u; QO xm
Q} R QO QwmPt |x}q |Q}oQ=Qk x@ xHwD =@ "OvDUy x}q u}= |rN=O l =m]Y= |x} w=R

%CWwv =Q 13 |x]@=Q u=wD|t |v}tRQ} R ?; K]U

K0e = (ah=g)max

1� ( 2
3 (av=g))max

(13)

|xv}W}@ av w 'xrRrR |ki= ?=DW |xv}W}@ ah 'QF-wt |xrRrR ?} Q[ K0e 'u; QO xm
'=y|}=Hx@=Hu=R}t w|}=yvpmW x@ xHwD =@ [3]"CU=u}tRK]U|wQ xrRrR s�=k?=DW
CU )U l =N u}@ |RQt |x}L=v pw] ẁtHt R= xOWsm =QDt pw] u; QO xm |}=yKQ]
^=Lr R= 'CU= QDnQR@ |B pw= |x}q QO |oDN}Uo |xwo pw] w xOWKqY= w
|=Q@ sRq pw] |xv}tm xm OUQ|t Q_v x@ T=U= u}= Q@ "Ov=xOQm pta jiwt |R=Uy@
u=Wv 24 pmW QO xO}= u}= "CU= �L1 + L2� Q@=Q@ xW} Q CWB l =N |R=Uy@

"CU= xOW xO=O

CWwv=B
1. Runge-Kutta
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