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'xv} Ry � u=tR |xrO=@t p}rLD |=Q@ xOW x�=Q= VwQ R= xO=iDU= �
"x=oQ=m \}Lt |Ov@KQ] w |R} Qxt=vQ@ |=Q@ xOW x�=Q= VwQ R= xO=iDU= �

"Q=m CiQW}B R= |v=Um} Q}O=kt <=R=x@ xSwQB CiQW}B |] O}rwD u=tOv=Q "3 pwOH
O}rwD u=tOv=Q COt u=tR |v}JQ=w}O h}OQ
(m2=hr) �min� �min� (m2)

6=0913706 197 195 10 1
6=1538462 195 392 20 2
5=8823529 204 596 30 3
5=555556 216 812 40 4
5=5813953 215 1027 50 5
5=3097345 226 1253 60 6
4=9382716 243 1496 70 7
4=3010753 279 1775 80 8
3=8585209 311 2086 90 9
3=6363636 330 2416 100 10

=yCWwv=B
1. discrete event simulation
2. social force modeling
3. social force modelling (SFM)
4. Moselhi
5. Thabet & Beliveau
6. Mallasi
7. Cheung
8. Jang
9. system dynamic
10. Agent-based modelling
11. discrete event simulation
12. Jabri & Zayed
13. Watkins
14. Ben-Alon & Sacks
15. building information modelling
16. cyclic operations network
17. Martinez
18. Hajjar & AbouRizk
19. Hu
20. continues simulation
21. cellular automata

22. velocity-based models
23. continuum models
24. hybrid models
25. behavioral models
26. network models
27. Helbing & Molnar
28. probability density function
29. histogram
30. Chi-squared test
31. agent
32. Helbing
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s=Hv= xOt; CUO x@ p}Uv=DB `@=wD |=Q@ sRq |}=tR;|DU=Q 'X=N Cr=L QO u}vJty

"CU= xOW

|a@=D GQOt Kr=Yt "2
O=wt R= O}OH xwQo l} '|a@=D GQOt Kr=Yt 'CU= xOW xQ=W= ,q@k xm Qw]u=ty
w Ovm|t Q}}eD G} QODx@ xO=t Q=DN=U w ?}mQD '=yu; QO xm 'OvDUy 12?mQt
'Qo}O CQ=@ax@ "OwW|t O=H}= |H} QOD C=Q}}eD R}v xO=t X=wN QO 'xH}Dv QO
|H} QOD w xDUw}B CQwYx@ =DU=Ql} QO?mQt O=wt |xOvyOp}mWD |=yQ=DN=UR} Q
u=wvax@ "Ovvm|t p}t Cw=iDt ,qt=m |}xO=t CtU x@ XNWt |xO=t l} R=
'|a@=D GQOt O=wt QO |DQ=QL \=U@v= ?} Q[ w |r=oJ '|v=UWm pwOt 'xvwtv
C=Q}}eD p}rOx@ "CU= Q}}eD p=L QO Qo}O K]U x@ |L]U R= xDUw}B CQwYx@
T=tD K]U QO X=wN |v=yo =v C=Q}}eD pmWt 'QwmPt O=wt X=wN QO xDUw}B
Oy=wN xDUw}B VvD `} RwD x@ QHvt w OQ=Ov OwHw |a@=D GQOt O=wt QO ?mQt O=wt

[36]"OW

|a@=D GQOt O=wt C=YNWt `} RwD |[=} Q |=ypOt "1"2
u; QO xO=t C=YNWt `} RwD |ovwoJ O}=@ '|a@=D GQOt uoty=v \}Lt p}rLD |=Q@
h}YwD |=Q@ u=QoVywSB \UwD |irDNt |[=} Q |=ypOt 'Qw_vt u}O@ "OwW u}}aD
|[=} Q |=ypOt QDW}@ QO "CU= xOW KQ]t |a@=D GQOt O=wt C=}YwYN C=Q}}eD
|=yCyH QO w Q}eDt CyH l} QO xO=t C=YNWt xm OwW|t ZQi 'xOW QmP
O}rwD l}t=QU w Rri |x}=B Q@ xm '|a@=D GQOt |xO=t l} |=Q@ "CU= C@=F Qo}O
|[=} Q |=ypOt \UwD Rri w l}t=QU R=i wO C=YNWt Q}}eD |xwLv 'CU= xOW
QO |Rri R=i sHL Vc w Vm =@ Q@=Q@ l}t=QU R=i sHL Qo = "OwW|t u=}@ hrDNt
pmW x@ fc l}t=QU w fm Rri R=i wO |tHL |=yC@Uv xH}Dv QO 'OwW xDiQo Q_v

[26]%OvwW|t h} QaD 2 w 1 \@=wQ

fm = Vm
Vc + Vm

(1)

fc = Vc
Vc + Vm

(2)

|m} "Ow@ Oy=wN OL=w Q@=Q@ l}t=QU w Rri |tHL |=yC@Uv ẁtHt '=yu; QO xm
|=yC@Uv x@ xDU@=w 'x]kv Qy QO |a@=D GQOt |xO=t C=YNWt |iQat \@=wQ R=

[36]%�3 |x]@=Q j@=]t� CU= x]kv u; QO xOvyOp}mWD |=yR=i |tHL
Peff = Pcfc + Pmfm (3)

l}t=QU 'Rri |=Q@ |UQQ@ OQwt |xYNWt ?}DQD x@ Peff w Pc 'Pm 'u; QO xm
|=Q@ |irDNt |[=} Q |=ypOt "OvDUy Q_v OQwt |x]kv QO xO=t |xYNWt w
uwvm =D O=wt C=YNWt w xOvyOp}mWD |=yR=i |tHL |=yC@Uv |x]@=Q h}YwD
O=wt C=YNWt `} RwD u=}@ |=Q@ hwQat pOt OvJ 'xt=O= QO xm 'CU= xOW x�=Q=

"Ov=xOW |iQat Q=YDN=x@ 'Ct=N[ |=DU=Q QO |a@=D GQOt
13|v=wD `@=D pOt �

`@=D pOt '|a@=D GQOt \}Lt |R=UpOt |=Q@ OQ@ Q=mQB w xO=U |=ypOt R= |m}
Rri R= RQt l} QO xO=t K]U xm OwW|t ZQi |v=wD `@=D pOt QO "CU= |v=wD

|OQ 'C=LiY pw= |x@DQt |WQ@ |Qw�D T=U= Q@ 'u}= Q@xwqa "O@=}|t Vy=m
CUO x@ =Q |a@=D GQOt C=LiY |DQ=QL |m}t=v}O MU=B [9]'�1998�6uJ w
Cr=L |=Q@ =Q |rY= |=yVvD MU=B R}v [10]'�2002�7uW w nv=} "OvOQw;
"Ov=xOQm x�=Q= |DQ=QL \}Lt QO |a@=D GQOt C=LiY |Q=@H= w O=R; V=aDQ=
|Qw�D R= |Q}oxQy@ =@ |a@=D GQOt |J} wOv=U C=LiY u=UWmwtQD VtN MU=B
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|UQQ@ |=Q@ =Q OwN p}Uv=DB `@=wD [31]'�2013� u=Q=mty w |D=Qi [30w29]"Ovm|t
p}Uv=DB `@=D "Ov=xOQm x�=Q= |@v=H OQov=Uty \}Lt QO l}t=v}OwDUq=wtQD p�=Ut
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|tHL |=ywQ}v Q=OQ@ bj w \}Lt |r=oJ �(x3) '7 |x]@=Q QO 'u}vJty
'|}=tQo `@vt w |DQ=QL Q=W Q=OQ@ ?}DQD x@ '8 |x]@=Q QO r w q "OvDUy
VvD swO |x@DQt QwUv=D R}v M w xS} w |=tQo c 'jr]t CQ=QL |xHQO �

QwUv=D 'Cijkl(x3) sQ=yJ |x@DQt QwUv=D [31]"OvDUy \}Lt CQ=QL xHQO �
uQ=kD |=Q=O |@v=H OQov=Uty O=wt xm |}=Hu; R= w CU= \}Lt |a=HDQ=
GQOt \}Lt VvQm � VvD QwUv=D QO pkDUt u=UWm ?}=Q[ 'OvDUy |QwLt
ZQi =@ u}vJty 'QwmPt ?}=Q[ "OvwW|t h} QaD 11 |x]@=Q pmW x@ |a@=D
'u; QO xm [27]"Ov=xOW x�=Q= x3 |=DU=Q QO |a@=D GQOt O=wt C=YNWt C=Q}}eD
?}=Q[C2323(x3) wC3333(x3) 'C1133(x3) 'C1122(x3) 'C1111(x3)?}=Q[
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[27]%CU= Q=QkQ@ 13 \@=wQ 'CU= u}at � C@Ft '|WvQm |SQv= xm |}=Hu; R=
C1111(x3) � jC1122(x3)j ;C2323(x3) � 0
C1111(x3) � C3333(x3)� 2C21133(x3)
+C3333(x3)C1212(x3) � 0 (13)

C=YNWt u=}@ |=Q@ |}=tv `@=D |[=} Q pOt uDiQo Q_v QO w uoty=v\}Lt ZQi =@
w 14 |=yx]@=Q CQwYx@ =Q �(x3) w Cijkl(x3) u=wD|t '|a@=D GQOt Kr=Yt

[27]%CWwv 15
Cijkl(x3) = C0ijkle2�x3 (14)

�(x3) = �0e2�x3 (15)

'u}vJty "CU= |a@=D GQOt Kr=Yt |voty=v |xHQO ?} Q[ � '=yu; QO xm
w u=UWm ?}=Q[ ?}DQD x@ �0 = �(x3 = 0) w C0ijkl = Cijkl(x3 = 0)

"OvwW|t xDiQo Q_v QO =v@t K]U QO xO=t |r=oJ
=yVvQm |x]@=Q '9 |x]@=Q QO \}Lt |=Q@ |]N Q=DiQ ZQi =@ 'u}= Q@xwqa

[31]%OwW|t u=}@ 16 |x]@=Q pmW x@ u=mtQ}}eD u=O}t T=U= Q@
"kl = 1

2 (ru +ruT ) (16)

K QDt=Q=B "CU= u=}O=Qo Qorta r w xO=yv=QD Qorta hQat T T} wvq=@ 'u; QO xm
w VvQm x@ |rm Cr=L QO xm 'CU= |DQ=QL |}=v=UQ QwUv=D hQat '10 |x]@=Q QO

|tHL C@Uv w CU= xOW p}mWD Xr=N l}t=QU R= RQt Qo}O K]U QO w Xr=N
"Ovm|t Q}}eD|v=wD CQwYx@Ct=N[ |=DU=Q QO u; |xOvyOp}mWD |=yQ=DN=UR} Q
CQwYx@ Ct=N[ R= x]kv Qy QO |a@=D GQOt |xO=t C=YNWt |x]@=Q 'xH}Dv QO

[1]%OwW|t h} QaD 4 |x]@=Q
P (x3) = Pm + (Pc � Pm)fc (4)

%OwW|t xDiQo Q_v QO 5 |x]@=Q j@=]t l}t=QU |tHL C@Uv 'u; QO xm
fc = (x3

h
)p (5)

[1]"OvDUy xO=t Ct=N[ w |v=wD `@=D u=wD hQat ?}DQD x@ h w p 'u; QO xm
14|}=tv `@=D pOt �

?wULt |a@=D GQOt O=wt C=YNWt h} QaD |=Q@ p;xO}= pOt l} '|}=tv `@=D pOt
C=Q}}eD 'u; QO w OwQ|t Q=mx@CUmWl}v=mt p�=Ut p}rLD |=Q@ QDW}@ xm 'OwW|t

[1]%OwW|t h} QaD 6 |x]@=Q CQwYx@ Ct=N[ |=DU=Q QO C=YNWt

P (x3) = Pme(
x3
h ) ln

�
Pc
Pm

�
(6)

x3 = 0 K]U QO XNWt TvH l} R= xO=t xm CU= xOW ZQi Q}N= h} QaD QO
xO=iDU= C=ar=]t Q}=U QO xJv; "Ovm|t Q}}eD `=iDQ= QO u; X=wN |�=tv CQwYx@
OQ@ Q=m p}rO x@ Q[=L VywSB QO xm 'CU= |v=wD w |}=tv '|]N C=Q}}eD 'OwW|t
CUO x@ |=Q@ |}=tv `@=wD xm |WywSB |xv}W}B u}vJty w |}=tv C=Q}}eD QDW}@
C=YNWt h} QaD |=Q@ |}=tv `@=D pOt R= 'Ov=xDW=O u=mtQ}}eD p}Uv=DB `@=wD uOQw;

"CU= xOW xO=iDU= |a@=D GQOt Kr=Yt

|@v=H OQov=Uty \}Lt l}t=v}OwDUq=wtQD \@=wQ "3
uoty=v

|Qw�D |x}=B \@=wQ x=ou; 'OvwW xDiQo Q_v QO lJwm '\}Lt |=ypmWQ}}eD Qo =
u=}@ 10 |r= 7 \@=wQ CQwYx@ |a@=D GQOt \}Lt |=Q@ |]N l}t=v}OwDUq=wtQD

[31]%OvwW|t
�ij;i + bj = �(x3)�uj (7)

�divq + �0M _"kl + r = c _� (8)

�ij = Cijkl(x3)"kl + (� � �0)M (9)

q = �Kr� (10)

Cijkl(x3) =

2666666666664

C1111(x3) C1122(x3) C1133(x3) 0 0 0
C1122(x3) C1111(x3) C1133(x3) 0 0 0
C1133(x3) C1133(x3) C3333(x3) 0 0 0

0 0 0 C2323(x3) 0 0
0 0 0 0 C2323(x3) 0
0 0 0 0 0 C1212(x3)

3777777777775
(11)
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� u=mtQ}}eD Q=OQ@ '|r}Uv=Qi}O |=yQorta T} QD=t ?}DQD x@ b0 w W 'D 'u; QO xm
u=}@ 26 =D 24 \@=wQ CQwYx@ xm 'OvDUy |tHL |wQ}v Q=OQ@ w CQ=QL xHQO

%OvwW|t

D =

2666664
D11 D12 D13 D14
D21 D22 D23 D24
D31 D32 D33 D34
D41 D42 D43 D44

3777775 (24)

W = [u1 u2 u3 T ]T (25)

b0 = [�0�b1 �0�b2 �0�b3
r0
�0

]T (26)

%Ov};|t CUOx@ 42 =D 27 \@=wQ pmW x@ D T} QD=t |=yx}=QO xm
D11 = (r212 + �1

@2

@x21
+ �2

@2

@x23
+ 2��2

@
@x3

)� �0
@2

@t2 (27)

D12 = �1
@2

@x1@x2
(28)

D13 = �3
@2

@x1@x3
+ 2��2

@
@x1

(29)

D14 = m1
@
@x1

(30)

D21 = �1
@2

@x1@x2
(31)

D22 =
�
r212 + �1

@2

@x22
+ �2

@2

@x23
+ 2��2

@
@x3

�
� �0

@2

@t2 (32)

D23 = �3
@2

@x2@x3
+ 2��2

@
@x2

(33)

D24 = m1
@
@x2

(34)

D31 = �3
@2

@x1@x3
+ 2� (�3 � �2)

@
@x1

(35)

D32 = �3
@2

@x2@x3
+ 2� (�3 � �2)

@
@x2

(36)

D33 =
�
�2r212 + �4

@2

@x23
+ 2��4

@
@x3

�
� �0

@2

@t2 (37)

D34 = 2�m3 +m3
@
@x3

(38)

D41 = m1
@2

@x1@t
(39)

D42 = m1
@2

@x2@t
(40)

D43 = m3
@2

@x3@t
(41)

D44 = k1
�0
r212 + k3

�0
@2

@x23
+ k3
�0

2� @
@x3
� c
�0

@
@t

(42)

"CU= xOW ZQi x1x2 |xLiY QO |Oa)@ wO TqBq Qorta Q@=Q@r212 '=yu; QO xm
u=ty =} xr�Ut CqwyHt '23 |x]@=Q |�RH p}Uv=Qi}O CqO=at x=oDUO pL =@

"OvwW|t x@U=Lt p@=k CQ=QL xHQO � u=mtQ}}eD Q=OQ@

� VvD QwUv=D w K |DQ=QL |}=v=UQ QwUv=D 'u}vJty "CU= xDU@=w CQ=QL |xHQO
Q_v QO 17 |x]@=Q CQwYx@ |@v=H OQov=Uty \}Lt |=Q@ M CQ=QL |xHQO

[29]%OwW|t xDiQo

K =

2664 �k1 0 0
0 �k1 0
0 0 �k3

3775
M =

2664 �m1 0 0
0 �m1 0
0 0 �m3

3775 (17)

'CQ=QL |xHQO � u=mtQ}}eD u=O}t ?UL Q@ CmQL sm =L CqO=at |x@U=Lt |=Q@
u}O@ w OwW|t |Q=Po}=H 7 |x]@=Q QO �9 |x]@=Q� u=UWmwtQD VvD |x]@=Q =OD@=
=@ 'xt=O= QO "O};|t CUOx@ l}t=v}OwDUq=wtQD CmQL |xrO=at xU \U@ ?}DQD
'�8 |x]@=Q� |SQv= |xrO=at QO �10 |x]@=Q� |}=tQo C}=Oy |x]@=Q uO=O Q=Qk
=Q QwmPt CqO=at "O};|t CUO x@ R}v l}t=v}OwDUq=wtQD pO=aD sQ=yJ |xrO=at
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@x23
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@x3
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2
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@x22
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�
�3 @2
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@x2
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T = ��0�b2
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0@ k1
�0

0@ r212 + k3
k1

@2
@x23

+2� k3
k1

@
@x3 � c0
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%OvwW|t xDiQo Q_v QO 22 |x]@=Q

�1 = C1212+C1122
C1212 ; �2 = C2323

C1212 ;

�3 = C1133+C2323
C1212 ; �4 = C3333

C1212 ;

m1 = �m1
C1212 ;m3 = �m3

C1212 ;

k1 = �k1
C1212 ; k3 = �k3

C1212 ;

c0 = c
C1212 ; r0 = r

C1212 ;

�0 = �
C1212 ;

�b = b
C1212 :

(22)

'u2 'u1 CqwyHt '21 |r= 18 \@=wQ j@=]t pwyHt 4 xrO=at 4 x=oDUO pL R=
|x]@=Q� |U} QD=t pmW x@ u=wD|t =Q QwmPt x=oDUO "Ov};|t CUO x@ T w u3
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��20 = r212 + @2

s20@x23
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s20@x3
� �0

@2

@t2

��21 = r212 + @2
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s21@x3
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(1 + �1)
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��22 = r212 + @2
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|xrO=at |=yxW} Q w \}Lt |@v=H OQov=Uty Q=DiQ Qou=}@ S2
i QDt=Q=B 'u; QO xm

[21]%OvW=@ \rDNt =} C@Ft |k}kL O=Oa= Ovv=wD|t Q}N= |=yxW} Q xm 'CU= 50�
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d =

2666664
d11 d12 d13 d14
d21 d22 d23 d24
d31 d32 d33 d34
d41 d42 d43 d44

3777775 (51)
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"OwW|t xO=O \U@ 13 |x]@=Q pmW x@ 12 |x]@=Q 'Q}N= p=QoDv= QO v = ej!

"OvDUy |Ot=U@ |=yQ}eDt R}v !0 w !
~w
�
ej!
0�

= 1
2�j s��� ~x

�
ej!
�

~y
�
ej(!

0�!)
�
e�j! � jej!d!

= 1
2� s��� ~x

�
ej!
�

~y
�
ej(!

0�!)
�
d!

(13)

|=yCQ=@a R= ?}DQD x@ �y(ej(!
0�!)) w �x(ej!) |=yCQ=@a |=H x@ '|oO=U |=Q@

xO=iDU= w(!0) CQ=@a R= ~w(ej!
0
) CQ=@a |=H x@ R}v w y(!0 � !) w x(!)

14 |x]@=Q pmW x@ 13 |x]@=Q 'xOW QmP |=y|Q=Po}=H |xH}Dv QO "CU= xOW
%O};|t QO

w
�
!0
�

= 1
2� s

��� x (!) y
�
!0 � !� d! (14)

%O};|t CUO x@ 15 |x]@=Q 'QiY Q=Okt CtU x@ !0 uO=O p}t =@ u; QO xm
lim
!0!0

w (!0) = lim
!0!0

1
2� s��� x (!) y (!0 � !) d!

= 1
2� s��� x (!) y (�!) d! = 1

2� s��� x (!) y� (!) d!
(15)

QO '(z = ej!
0
)z w !0 u=}t |x]@=Q p}rOx@ "CU= GwORt Qorta (:)� 'u; QO xm

Oy=wN CmQL 1 CtU x@ R}v z Q=Okt 'OwW xO=O p}t QiY CtU x@ !0 xm |DQwY
'w(!0)(w(!0) = ~w(z)z=ej!0 ) w ~w(z) u=}t \=@DQ= p}rO x@ 'xH}Dv QO "OQm

%O};|t CUO x@ '16 |x]@=Q
lim
z!1 ~w (z) = lim

!0!0
w
�
!0
�

(16)
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UOv
yt QO V}=tR; u} QDp=tQv u}}aD |=Q@ "OwW|t xDio OwHwt V}=tR; u} QDp=tQv 'xOW

R= hrDNt |=yV}=tR; |w=L xm 'X = [x1; : : : ; xNT ] T} QD=t 'sr=U |xR=U
|xOvQ=tW i u; QO xm xi "OwW|t xDiQo Q_v QO 'CU= (x) xR=U MU=B p=vo}U
p=vo}U |v=tR |=yxvwtv xm 'CU= |Owta Q}eDt l} 'CU= OwHwt |=yV}=tR;
s=Hv= |=yV}=tR; O=OaD "CU= xO=O |=H OwN QO =Q s)=i V}=tR; QO xR=U MU=B
T} QD=t QO OwHwt p=vo}U wO Qy |=Q@ �xixj |oS} w Q=Okt "CU= NT Q@=Q@ xOW
u=R}t '31 |x]@=Q R= xO=iDU= =@ "O};|t CUO x@ (i; j = 1; 2; : : : ; NT )X

XNWt 'Ov=xOW x@U=Lt xi p=vo}U x@C@Uv xm 'xOt;CUO x@ |=y|oS} w h=QLv=
%OwW|t

F (xi) =
NTX
j=1

���xixj ��2 (31)

'X T} QD=t R= |W}=tR; |xQ=tW "CU= �xi;xj |oS} w |x} w=R �xi;xj 'u; QO xm
w XNWt inorm =@ 'OyO CUO x@ F (:) `@=D |HwQN QO =Q Q=Okt u} QDtm xm
\ki � |oS} w 'TB u}= R= "OwW|t xDiQo Q_v QOV}=tR; u} QDp=tQv |xQ=tW u=wvax@
x@U=Lt V}=B OQwt |xR=U R= sr=U Cr=L QO OwHwt V}=tR; u} QDp=tQv x@ C@Uv

"OwW|t

?}U; |}=U=vW |O=yvW}B sD} Qwor= "4
u} wv |oS} w R= xO=iDU= =@ w CQ=_v uwO@ |Q}oO=} |=yVwQ |x}=B Q@ '|vwvm VN@ QO
CU= xOW xDN=OQB ?}U; |}=U=vW hrDNt Kw]U |=QH= x@ '(�) xOW G=QNDU=
|xYNWt `@=wD '|v=tR |QU p}rLD R= xO=iDU= =@ 'pmW u}= j@=]t "�1 pmW�
'TBU "Ov};|t CUO x@ sr=U |xR=U R= xOW |Q}oxR=Ov= |=yp=vo}U |=Q@ |Ot=U@
"OvwW|t x@U=Lt ?}U; x@ T=UL |=y|oS} w 'xOt; CUO x@ `@=wD R= xO=iDU= =@
xm 'xv=DU; |xOwOLt l} 'sr=U |xR=U R= xOW G=QNDU= |=y|oS} w R= |Q}oxQy@ =@

"O};|t CUO x@ 'CU= sr=U Cr=L QO xR=U Q=DiQ |xOvyOu=Wv
|=yp=vo}U |=Q@ xYNWt `@=wD 'swrat=v |xR=U l} C}a[w |UQQ@ |=Q@
|xYNWt `@=wD R= xO=iDU= =@ 'TBU "OvwW|t x@U=Lt xR=U u; R= xOW |Q}oxR=Ov=
swrat=v |xR=U |=Q@ ?}U; x@ T=UL |=y|oS} w 'swrat=v w sr=U Cr=L wO QO xR=U
swrat=v |xR=U R= xOW G=QNDU= |=y|oS} w |xU}=kt =@ '=Hu}= QO "Ov};|t CUOx@
u}}aD u; u=mt w ?}U; OwHw 'CU= xOW u}}aD sr=U |xR=U |=Q@ xm |}xv=DU; w
w xR=U QO ?}U; OwHw X}NWD |=Q@ xO=iDU= OQwt VwQ =OD@= 'xt=O= QO "OwW|t
xOW x�=Q= xOW G=QNDU= |oS} w T=U= Q@ ?}U; |@=}u=mt C=L}[wD 'u; R= TB

"CU=

(�)� |oS} w |x}w=R R= xO=iDU= =@ ?}U; X}NWD "1"4
Q}}eD u; R=i xrtH R= MU=B |Ot=U@ X=wN 'OwW OQ=w xR=U x@ |@}U; xm |t=ovy
R= |m} "OwW|t (�)� |oS} w |x} w=R QO Q}}eD ?Hwt p=vo}U R=i Q}}eD w O@=}|t
QO =Q xR=U|DtqU xmCU=|}xv=DU; u}}aD '?}U;X}NWD QO u=v}t]= p@=k |=yx=Q
XNWt sr=U |xR=U QO �C=Q}}eD T=U= Q@ w OyO|t u=Wv uwo =vwo |=yC}a[w
R= OwHwt |=yV}=tR; s=tD |=Q@ � Q=Okt '|DtqU |xv=DU; u}}aD |=Q@ "OwW|t
u}= QO "OwW|t x@U=Lt sr=U Cr=L R= V}=tR; u} QDp=tQv x@ C@Uv sr=U |xR=U
CUO x@ 'OwW|t xO=O V}=tv �limit =@ xm '� Q}}eD |=Q@ xOwOLt l} 'CQwY
GQ=N |DtqU |xv=DU; R= � Q=Okt 'OwW OQ=w xR=U x@ |@}U; xm |DQwY QO "O};|t

yc w xc |=yQ}eDt u=}t |oDU@ty ?} Q[ |xrO=at |xOvyOu=Wv '26 |x]@=Q
wO |xR=Ov= x@ \ki xv |oDU@ty ?} Q[ Q=Okt 'u; QO w CU= Ot=U@ |xRwL QO
R}v wO u; u=}t R=i hqDN= x@ xmr@ 'CU= xDU@=w Ot=U@ |xRwL QO yc w xc Q}eDt

"OQ=O |oDU@

u}wv |oS} w G=QNDU= "3"3
xm CiQo xH}Dv u=wD|t '~y(t) w ~x(t) `@=wD uOw@ |k}kL ZQi =@ 'u}W}B \@=wQ QO
OQi R}v '�y(!) w �x(!) `@=wD w GwR '! QwLt |wQ Q@ ay(!) w ax(!) `@=wD
x} RHD 27 |x]@=Q pmW x@ 26 |x]@=Q QO OwHwt p=QoDv= 'xH}Dv QO [41]"OvDUy

%OwW|t
corrxy = s 0�� ax (!) ay (!) ej(�x(!)��y(!))d!

+ s�0 ax (!) ay (!) ej(�x(!)��y(!))d!
(27)

p=QoDv= pY=L GwORt Q@=Q@ ! QwLt |ivt VN@ =@ \@DQt p=QoDv= pY=L 'u; QO xm
w 'Ov=t|t |k=@ |k}kL VN@ \ki 'p}rO u}ty x@ "CU= ! QwLt C@Ft VN@ QO
|=yp=QoDv= R=l} Qy |twywt w |k}kL |=yVN@ "OwW|t QiY u; |twywtVN@

%Ov=xOW x�=Q= 29 w 28 \@=wQ QO 27 |x]@=Q QO OwHwt
s 0�� ax (!) ay (!) ej(�x(!)��y(!))d! = �xy � j�xy (28)

s�0 ax (!) ay (!) ej(�x(!)��y(!))d! = �xy + j�xy (29)

|=yp=QoDv= R=l} Qy|twywt w|k}kL |=yVN@ =@?}DQD x@ �xy w �xy 'u; QO xm
wO R= xO=iDU= =@ 'OwW|t xO=O V}=tv �xy =@ xm 'u} wv |oS} w "OvDUy \=@DQ= QO q=@

%�30 |x]@=Q� CU= G=QNDU= p@=k xOW QmP Q=Okt
�xy = 2�xy + 2j � �xy (30)

|oS} w |k}kL VN@ xm Ci=} QO u=wD|t |DL=Q x@ '30 |r= 27 \@=wQ x@ xHwD =@
'Qo}O CQ=@ax@ &CU= yc w xc |=yQ}eDt u=}t |oDU@ty ?} Q[ u=ty '�xy
C=aq]= '(2�xy) QwmPt |oS} w |twywt VN@ 'p=L u}= =@ "corrxy = 2�xy
Qo = "OyO|t Q=Qk Q=}DN= QO Qo}Om} =@ yc w xc Q}eDt wO \=@DQ= R= =Q |O}OH
OvW=@ Qo}Om} R= C@Ft w C@=F |@} Q[ 'u=tR |xRwL QO yc w xc Q}eDt wO
Ot=U@ |xRwL QO Q}eDt wO |=yR=i x=ou; ' (a > 0 w yc(t) = axc(t))

"OwW|t QiY Q@=Q@ =yu; hqDN= w Ow@ Ovy=wN Q@=Q@ Qo}Om} =@ (�y(!) w �x(!))

xm |k}kL VN@ w OwW|t hPL (2�xy) u} wv |oS} w |twywt VN@ 'xH}Dv QO
|D}a[w QO "OwW|t �pt=m |oDU@ty� 1 Q@=Q@ 'OyO|t u=Wv =Q |oDU@ty ?} Q[
|oS} w x=ov; 'OvW=@ (corrxy = 0) pt=m |xDU@ty=v yc w xc Q}eDt wO Qo = 'Qo}O
'Q[=L |xar=]t QO 'QDW}@ |oO=U |=Q@ "Ow@ Oy=wN |twywt ,qt=m OOa l} �xy
xO=O V}=tv � w � =@ ?}DQD x@ (�) u} wv |oS} w |twywt w |k}kL |=yVN@

"Ov=xOW

V}=tR; u} QDp=tQv u}}aD "4"3
p=ta= xOW C@F |=yp=vo}U Q@ |Q}oxR=Ov= \}=QW QO xm |}=yC}a]k sOa p}rOx@
xm &Ovvm|t =O}B h=QLv= OwN |k}kL Q=Okt R= xOW G=QNDU= |=y|oS} w 'OvwW|t
Ov};|t CUO x@ |W}=tR; R= xO=iDU= =@ ?}U; x@ T=UL |=y|oS} w 'u; `iQ |=Q@
xQ=W= V}=tR; x@ "OvW=@ xDW=O OwHwt |=yC}a]k sOa xHwD =@ =Q h=QLv= u} QDtm xm
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"[39]"|U=vW?}U; |=yV}=tR; |=QH= u}L QO S101 pB |Q=vm |=tv "3 pmW
[8]"OQ=O xR=U |=yVN@ Qo}O R= xOW G=QNDU= |=y|oS} w x@ C@Uv =Q |QDW}@ Q}}eD
|oDU@ty ?} Q[ |xOvyO u=Wv xm (�)� |oS} w |k}kL Q=Okt R= '|vwvm VN@ QO
?}U; |@=}u=mt |=Q@ 'CU= sr=U |xR=U w xO}O ?}U; |xR=U |=yp=vo}U u=}t
Qy u}=Q@=v@ "Ow@ Oy=wN |ivt |OOa � Q=Okt '?}U; u=mt QO "OwW|t xO=iDU=
xDN=vW ?}U; u=mt 'OW=@ |ivt u; |=Q@ � |oS} w |k}kL VN@ xm |QoUL

"OwW|t

S101 pB %|D=ar=]t |xR=U "5
=D 'CU= xOW xar=]t �S101 pB� |ak=w pt=m T=}kt |xR=U l} 'Q[=L VN@ QO
|ak=w |=}vO |=yxR=U?}U;|}=U=vW QO u} wv VwQ |=y|Ovtv=wD w u=v}t]=C}r@=k
1960 p=U p}=w= QO 'CU= xO}vDV}B |vD@ |xR=U l} xm 'S101 pB "OwW |@=} RQ=
l} R= 'S101 pB [39]"CU= xOW E=OL= V} QD= QO x]N � 4 x=QoQR@ l} |wQ Q@
VN@ wO w 32m pw] x@ u; |v=}t VN@ xm 'CU= xOW p}mWD |WN@ xU ?=k
|=tv "CU= 7 2m Q@=Q@ R}v u; |[Qa |=vyB w OvDUy 12m pw] x@ u; |xQ=vm

"OwW|t xOy=Wt 3 pmW QO 'S101 pB |Q=vm
|=R?}U; V}=tR; OvJ '|oO}O?}U; C}a[w QO xR=U Q=DiQ |UQQ@ Qw_vtx@

"X=N QoUL l} R= xOW C@F |=yp=vo}U QO ?}U; X}NWD CQ=Jwri "2 pmW

CQ=Jwri '2pmW QO "OwW|t xO=OX}NWD xR=U QO?}U; OwHw 'xH}Dv QO "OwW|t
"OwW|t xOy=Wt QoULl}\UwD xOWC@F p=vo}U R= xO=iDU= =@?}U;X}NWD
?}U;X}NWD C=}rta 'OW=@ 1 R= QDW}@ xR=U |=yQoUL O=OaD xm |DQwY QO
'?}U; |oS} w uOw@ |rLt p}rOx@ "OwW|t =QH= xv=o =OH CQwYx@ QoUL Qy |=Q@
xO}O ?}U; 'xOW |UQQ@ |xR=U 'OwW xO=O X}NWD QoUL l} QO ?}U; Qo =

"OwW|t O=Otrk

(�)� |oS}w |k}kL VN@ R= xO=iDU= =@ ?}U; u=mt u}}aD "2"4
'?}U; u=mt p=vo}U R= xOW G=QNDU= |oS} w Q=Okt '?}U; |rLt X=wN p}rOx@
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UOv
yt [43w39]"xrLQt Qy |=y|oS}w w pw= |=R?}U; |w} Q=vU R= hrDNt pL=Qt "1 pwOH

xR=U QO C=}rta |=QH= QF= C=}rta KQW xrLQt
"OWv xOy=Wt OwHwt |=ylQD V}=Ri= =} w lQD O=ONQ R= |QF= xvwoI}y uwDU VQ@ C=}rta ẁQW A

uw}U=Ovwi pLt |q=@ QO ,=k}kO xi=[= �|O=R; xHQO� pYit l} O=H}= R= xa]k l} VQ@� uwDU VQ@ C=}rta |=yDv=
B�5 cm Ct=N[ x@ uwDU

"OW O=H}= pB \UwD s}qt |=OY w QU "OW xOQw; u}}=B 1 cm u=R}t x@ uwDU 1 cm u=R}t x@ uwDU uOQw; u}}=B R= pw= s=o C

21 mm CUWv l} "OW xOQw; u}}=B 2 cm u=R}t x@ uwDU 1 cm u=R}t x@ uwDU uOQw; u}}=B R= swO s=o D"CU= xOW xOy=Wt pB \Uw QO

uwDU |DNU Cr=L u}= QO "CU= xOW xOQw; u}}=B 3 cm ,=@} QkD u=R}t x@ uwDU 1 cm u=R}t x@ uwDU uOQw; u}}=B R= swU s=o E"OW xOy=Wt Qw=Ht uwDU QO |ki= |=ylQD w O}UQ |v=QL@ |v=UWm OL x@

� |Oqwi C=LiY |R=U=H F

xOt; OwHw@ |=ylQD uOW s}tQD u; s}tQD w x}rw= C}a[w x@ uwDU uOv=OQoR=@ G
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[43]"pB |xWQa |wQ Q@ =yQoUL |Q}oQ=Qk |=tv l}D=tW "4 pmW

OwN |v=QL@ |v=UWm OL x@ pB 'E |xrLQt QO uwDU uOQw; u}}=B R= TB
p}rOx@ "CU= xOW O=H}= Qw=Ht uwDU QO |ki= |=ylQD 'u}vJty "CU= xOWl}ORv
QDW}@ u=R}t x@ uwDU uOQw; u}}=B R= 'pB |=yu=tr= |=yp=YD= |oQ=B R= |Q}owrH
xR=U w xO}UQ |}=yv OL x@ xOQ=w ?}U; xm Cio u=wD|t 'u}=Q@=v@ "OW Q_vhQY
C}a[w x@ uwDU 'G w F pL=Qt QO "CU= xDiQo Q=Qk q=@ COW =@ ?}U; CLD

"OW s}tQD w Q=wDU= '|Oqwi C=LiY R= xO=iDU= =@ w xOv=OQoQ@ V=x}rw=
|Q}oxR=Ov= sDU}U l} R= 'xR=U hrDNt |=yVN@ ?=DW |Q}oxR=Ov= |=Q@
xOw@ GvU?=DW |=yQoUL R= |t�=O |xm@W l} pt=W xm 'BRIMOS r

|[Qa '|rw] QwLt xU QO w hrDNt u=mt 15 QO xR=U ?=DW w xO=iDU= [43]'CU=
QO =yQoUL |Q}oQ=Qk u=mt l}D=tW "CU= xOW |Q}oxR=Ov= pB |xR=U Q@ Owta w
4 QoUL \UwD ?}U; u=mt |=yp=vo}U 'u; j@=]t xm &OwW|t xOy=Wt 4 pmW
=yQoUL |xty |=Q@ p=vo}UC@F u=tR COt w |Q}oxR=Ov= Ot=U@ "Ov=xOW |Q}oxR=Ov=
'xO=O p}=i 714 ' ẁtHt QO "CU= xOw@ 330s w 500 Hz Q@=Q@ ?}DQD x@ w u=Um}
w |Qw;`tH 'Ov=xOw@ 165000 |=yxvwtv O=OaD =@ p=vo}U 45 |w=L l} Qy xm
R}v w =yC=}rta |=QH= pYi u=tR p}rOx@ pB |]}Lt \}=QW Q}}eD "Ov=xOW xQ}NP
'=yV}=tR; |=QH= pw] QO '|rmQw] x@ w R}J=v Q=}U@ V}=tR; |=yRwQ uOw@ |Q@=

syOR=wO =D syO |=yRwQ |] 'VCE s=v x@ |W} QD= CmQW l} \UwD xOvwQV}B
wO QO =R?}U; |=yV}=tR; '|rm CQwYx@ "CU= xOW s=Hv= 2008 Q@t=UO x=t
?}U; l} CLD xR=U uwDU 4 R= |m} 'pw= |xrLQt QO %Ov=xOW s=Hv= xrLQt
xOW O=H}= |[Qa |oO} Q@ l} 'u}tR x@ x}=B p=YD= pLt QO w xDiQo Q=Qk |OH
xO=iDU= Q[=L |xar=]t QO u; C=aq]= R= xm '=R?}U; |w} Q=vU u}= QO "CU=
xOQwN VQ@ uwDU |x}=B R= w |[Qa CQwYx@ pB uwDU Q=yJ R= |m} 'CU= xOW
|U=U= Q}}eD l} 'Q}N= |w} Q=vU |=QH= =@ "CU= xOW xOQw; u}}=B uwDU TBU w
xi=[= �|O=R; xHQO� pYit l} xm =QJ &CU= xOW p=ta= pB |v=yH sDU}U QO
C=}rta R=e; QO "CU= xOW O=H}= |oO} Q@ pLt QO pB uw}U=Ovwi |q=@ CUQO
'swO VQ@ QO 'TBU w u}tR x@ pYDt |x}=B R= uwDU 'x}rw= VQ@ l} =@ 'Q}N=
xU |] uwDU 'u; R= TB "CU= xOW =OH 5cm Ct=N[ x@ uwDU R= xa]k l}
QO "CU= xOW xOQw; u}}=B �1cm u=R}t x@ s=o Qy QO� 3cm u=R}t x@ |r=wDt s=o
R= xR=U |DNU =D 'CU= xOW xO=iDU= l}rwQO}y lH l} R= 'pL=Qt |=QH= |]
|=QH= R= TB "Ovvmv =O}B |oQ=B 'pB |=yp=YD= w OwWv GQ=N OwN |v=UWm OL
=@ w CWoQ@ OwN |x}rw= C}a[w x@ xO}O?}U; uwDU 'pw= |=R?}U; |w} Q=vU
QO "CU= xOW s}tQD w Q=wDU= OwN |=H QO ^i=Lt |Oqwi C=LiY R= xO=iDU=
x�=Q= S101 pB |xR=U R= pw= |=R?}U; |w} Q=vU x@ \w@ Qt C=aq]= '1 pwOH

"CU= xOW
p@=k QF= 'B w A pL=Qt |=yDv= QO 'VCE CmQW\UwD xOW x�=Q= VQ=Ro j@=]t
G}=Dv 'u}vJty [42]"CU= xOWv xOy=Wt u; |=yMU=B R}v w xR=U QO?}U; R= |yHwD
|xrLQt wO |=Q@ ?}U; XN=W xm OvyO|t u=Wv [43w39]'xDiQo s=Hv= |=yVywSB
|xrLQt |=QH= R= TB 'p=L u}= =@ "CU= xR=U R= sr=U C}a[w x@ l}ORv 'B w A

COW u=wD|t 'xH}Dv QO "OW O}rwD pB |xWQa uOt; u}}=B R= s}qt |=OY l} 'C
l} 'D |xrLQt R= TB "CiQo Q_v QO u}}=B 'C |xrLQt QO =Q xR=U x@ xOQ=w ?}U;
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|x} Q_v l} T=U=Q@ =Q =yQ}D |WtN Q=DiQ [12]'�2008� u=Q=mty w 5|rwO=m "CU=
"Ov=xOQm xar=]t OwOLt u=tr= uw}UqwtQi R= xO=iDU= QDq=@ |x@DQt |WQ@ pmWQ}}eD
u=UWm VwQ '|Oa)@ wO |a@=D GQOt |=yQ}D Q@ RmQtD =@ [13]'�2008� u=Q=mty w 6wr
C=a@ Qt VwQ R= w xO=O \U@ =Q |Oa)@ wO |a@=D GQOt |=yQ}D |=Q@ |r}rLDxt}v
|}=tQo w VtN pmWQ}}eD uOQw; CUOx@ |=Q@ Cr=L |=[i Q@ |vD@t |r[=iD
|=yQ}D |=Q@ j}kO u=UWm pLx=Ql} [14]'�2016� u=Q=mty w 7w�=S "Ov=xOQm xO=iDU=
|Q=}DN= |RQt \}=QW =@ |Q=}DN= |@v=H |=yQ=@ ZQat QO |Oa)@ wO |a@=D GQOt
V=aDQ= [15]'�2016� u=Q=mty w nv=w "Ov=xOQw; CUOx@ xO}J}B |R}r=v; T=U=Q@
"OvOQm |UQQ@ =Q Qr} w= � |rwvQ@ Q}D |x} Q_v |x}=B Q@ |Oa)@ wO |a@=D GQOt |=yQ}D O=R;
xDN=U wmvWwt}D |=yQ}D Vv=tm p}rLD [16]'�2016� u=Q=mty w 8lWtW ',=@k=aDt
RD} Q VwQ w hrDNt |RQt \}=QW |x_Lqt =@ =Q |Oa)@ wO |a@=D GQOt O=wt R= xOW

"Ov=xOQm |UQQ@
GQOt |=yQ}D |Oa)@ wO |]NQ}e VtN Q=DiQ [17]'�2018� u=Q=mty w |r
s}taD |r[=iD C=a@ Qt VwQ w |rwvQ@ � Qr} w= Q}D |x} Q_v R= xO=iDU= =@ =Q |Oa)@ wO
C=YNWt |wQ Q@ u=QoWywSB|NQ@ 'u}= Q@xwqa "Ov=xOQm xar=]t 9�GDQM� xDi=}
|=yQ}D wv=v � wQm}t |DyH wO [23]'Vv=tm w [22�20]'O=R; V=aDQ= [19w18]'|WtN
T=U=Q@ =Q |tD} Qwor= [24]'�2010� u=Q=mty w |r "Ov=xOW RmQtDt |a@=D GQOt
xDyHwO |a@=D GQOt O=wt =@ C=LiY u=UWmwtQD p}rLD |=Q@ |r[=iD C=a@ Qt VwQ
u=tr= pOtl} R= [25]'�2009� u=Q=mty w 11qa �Ctav "Ov=xO=O xaUwD 10�BFG�
FGM O=wt |Q}tNwDUq= Q=DiQ |OOa j}kO Q=}U@ |UQQ@ |=Q@ |Oa)@xU OwOLt
|xDUwB l} O=R; V=aDQ= 'Oa@ p=U OvJ "Ov=xOQm xO=iDU= |DQ=QL |Q=PoQ=@ |]
[26]'�2014� xO=R|iHv w |t}y=Q@= \UwD |a@=D GQOt O=wt =@ |Oa)@ wO |}xv=wDU=
Q=DiQ p}rLD OQwt QO =Q |D=ar=]t [27]'�2015� u=Q=mty w 12|QwD=U "OW R}r=v;
|=yxOvvmCNU \UwD xOW C} wkD |Oa)@ wO |}xv=wDU= |xDUwB u=UWm Vv=tm
xO=iDU= =@ CN=wvm} |[Qa |xOQDUo w |QwLt Q=Wi |=yQ=@ ?}mQD CLD |QwLt
OQwt QO j}kO |xar=]t l} "OvDiQo xOya Q@ �DQM� |r[=iD C=a@ Qt VwQ R=
xOW CNU |a@=D GQOt C=LiY Vv=tm R= TB w |]NQ}e Vv=tm |=yMU=B
u=Q=mty w 13q=Rm =D \UwD |DQ=QL |=y\}Lt QO hrDNt |UOvy |=y|oS} w =@
QO |Wv=tm Q=DiQ |UQQ@ Qw_vt x@ |r}rLD VwQ l} ,=Q}N= [28]"OW x}yD '�2017�
QO =yxOvvmCNU R= |O=OaD \UwD xOW CNU |a@=D GQOt O=wt =@ xDUwB C=a]k

[29]"CU= xDi=} VQDUo '�2018� 14lwO w w nvww \UwD '|DQ=QL |=y\}Lt
|=yQ=DiQ |xar=]t QO |WQ@ pmWQ}}eD w |v=QwO |UQv}= [11]'�2008� |r
C=ar=]t j@] "CiQo Q_v QO FGM O=wt =@ =Q |r}]DUt Q}D |m}t=v}O w |m}D=DU=
'X=N KQ] l} ẁv x@ xDU@ 'FGM O=wt xm Ov=xO=O u=Wv u=oOvU} wv 'xOW QmP
R= |W=v ?}U; Ov=wD|t FGM |xDUy xm OW x_Lqt "OvDUy Qw;u=} R =} O}it
Vy=m x@ QHvt w OQw; ptax@ |Q}owrH u; R= =} w OyO Vy=m =Q =yxR=U QO x@ Q[
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|xQ
wO'

�14
01

u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt Q}}eD |]N =} u=UWm |xOwOLt QO u; Kr=Yt Q=DiQ w CU= lR=vQ=OH 'Q}D �

"Ovm|t
"OyO|tv pmWQ}}eD OwN |xLiY QO Q}D |[Qa `]kt |]}Lt |vLvt �

p=tQv |=yVvD w |v=}t K]U Q@ `k=w |WQ@ VvQm |xir-wt uOw@ lJwm ?@U x@ �
"(�
zs = 1) OQm Q_vhQY =yu; QF= R= u=wD|t '|vLvt Q@ T=tt

"CU= jO=Y |[Qa `]kt |=yVN@ R= s=Om Qy |=Q@ 22hyWQ}m C=}[Qi �
"OwW|tv xO=O Cr=NO xr�Ut |R=UpOt QO |H=Hwa= w |rLt Vv=tm Q=F; �

?UL Q@ |[Qa `]kt QO x=wNrO |x]kv Qy C=YDNt '1 pmW j@=]t
:OQm u=}@ �? w hr= 1� |x]@=Q =@ u=wD|t =Q VQ@ RmQt C}akwt

x = xs + (r + n) sin � � q cos � (hr=1)

y = ys � (r + n) cos � � q sin � (hr=2)

=@ P R= xOvQPo s |U=tt |=DU=Q |kqD pLt =D P ?]k u}@ |xrY=i q '=yu; QO xm
|}x]kv Qy |}=Hx@=H |=yxir-wt u=wD|t '1 pmW j@=]t "CU= n |Owta |=DU=Q
� |]}Lt QwDv=m Q@ `k=w \=kv |}=Hx@=H |=yxir-wt ?UL Q@ =Q |[Qa `]kt |wQ

[57�45]:OQw; CUOx@ 2 |x]@=Q R= =Q `]kt |v=}t2664uv
w

3775 =

2664�u

�v

�w

3775� n
2664 0

�u;s
�u;z

3775 (2)

'|a[wt Vv=tm Q=F; R= Q_vhQY =@ w VvQm |=yxir-wt uOw@ lJwm ZQi =@
?UL Q@ '|]}Lt � |v=}t QwDv=m |wQ \=kv �� w �u |}=Hx@=H |=yxir-wt u=wD|t
pwL � `]kt u=QwO |x} w=R w �VQ@ RmQt� P ?]k 'V w U |}=Hx@=H |=yxir-wt

:OQm u=}@ �? w hr= 3� |x]@=Q CQwYx@ =Q ?]k R= xOvQPo QwLt
�u(s; z) = U(z) sin �(s)� V (z) cos �(s)� �(z)q(s) (hr=3)

�v(s; z) = U(z) cos �(s) + V (z) sin �(s) + �(z)q(s) (?3)

C=YDNt '�2007� 23|r w ww nvwi \UwD xDiQo CQwY C=ar=]t R= xO=iDU= =@
[42]:Ov};|t CUOx@ �? w hr= 4� |x]@=Q R= G=Hwa= `@=D =} �!� |a=]k

!(s) =
Z s

so

�
r(s)� F (s)

t(s)

�
ds (hr=4)I

i

F (s)
t(s)

ds = 2Ai; i = 1; :::; n (?4)

u}vJty "CU= s)=i QwDv=m \UwD xOW x]=L= `]kt K]U hQat Ai 'u; QO xm
\@=wQ x@ xHwD =@ "CU= pmW|]wk `]kt \}Lt |=DU=Q QO Ct=N[ Qov=}@ t(s)
`]kt |=Q@ 24Cv=v w CvU |]}Lt VQ@ u=} QH |va} 'F (s) K} QY sQi 'Q}N=

[42]:O};|t CUOx@ 5 |x]@=Q j@=]t pmW|]wk
F = 2AmH ds

t(s)

= 2b1b2
b1( 1

t1 + 1
t3 ) + b2( 1

t2 + 1
t4 )

(5)

CQwY x@ |v=}t |vLvt Q@ `k=w \=kv |WQ@VvQm 'hwUqw C=}[Qi x@ xHwD =@
:O};|t CUOx@ 6 |x]@=Q

�
sz = @�v
@z

+ @ �w
@s

= 0 (6)

|Wv=tm Q=DiQ uwvm =D xm Ci=} QO u=wD|t xOW s=Hv= C=ar=]t x@ |y=ov =@
CLD 'uoty=v Q=DN=U =@ pmW|]wk xS} wx@ xDU@ lR=vQ=OH|a@=D|J} wOv=U |=yQ}D
xOWv p}rLD w x} RHD `t=H CQwY x@ |[Qa = |QwLt |m}D=DU= |=y|Q=PoQ=@
"CU= xOW |UQQ@ w xar=]t 'xOW QmP |=yQ}D Vv=tm 'Q[=L VywSB QO '=Pr "CU=
`} RwD =@ xDUw}B CQwY x@|a@=D Q}D|m}v=mt X=wN xmCU= xOW ZQi =DU=Q u}= QO
|tHL QUm |]N \qDN= uwv=k R= C}a@D =@ Q}D `]kt Ct=N[ |=DU=Q QO |v=wD
`]kt <=[a= |oOQwN?=D QF= uO=O Cr=NO =@ TBU [40w39]"O@=}|t Q}}eD 'O=wt
|Q}oQ=mx@ w [41]' 18hwUqw Q}D C=}[Qi R= xO=iDU= =@ xr�Ut |Ov@pwtQi QO |[Qa
sm =L CqO=at '�|R=Ht Q=m pY=� uwDr}ty pY= R= xO=iDU= =@ w l}Uqm Q}D |Qw�D
|a@=D GQOt pmW|J} wOv=U Q}D =@ Q_=vDt Vv=tm |v=QL@ Q=@ w G=QNDU= Q}D Vv=tm Q@
|=yCr=L |=Q@ xS} w Q}O=kt pL VwQ R= xO=iDU= =@ |Q=PoQ=@ QF= CLD lR=vQ=OH
w 20�CF� O=R; QUl} � Q=OQ}oQUl} �? ' 19�SS� xO=U QU wO �hr= %|y=ox}mD
R}r=v; w xU}=kt 'pY=L G}=Dv w G=QNDU= 21�CS� xO=U QUl} � Q=OQ}o QUl} �G

"Ov=xOW |:tm w |i}m

CqO=at G=QNDU= w |Ov@pwtQi "2
|[Qa `]kt pmWQ}}eD l}D=tv}U"1"2

`]=kt pmWQ}}eD |ovwoJ h}YwD CyH |twta pOt l} G=QNDU= Qw_vt x@
|DQ=mO Ot=aDt C=YDNt x=oDUO ẁv xU '|Q=PoQ=@ u}L QO lR=vQ=OH Q}D |[Qa
Q@ `k=w� |rLt (n; s; z) Ot=aDt C=YDNt x=oDUO '|rm sDU}U |=Q@ (x; y; z)

ZQi |]}Lt C=YDNt x=oDUO w �u=H w p=@ R= sa= Q}D Ovv=t 'xLiY |=yCtUk
`k=w Q}D |[Qa `]kt |xLiY QO y w x |=yQwLt '1 pmW j@=]t "CU= xOW
|rw] |=DU=Q C=R=wt x@ w |[Qa `]kt Q@ Owta z QwLt xm |r=L QO 'Ov=xOW
|=yCtUk R= l} Qy |v=}t K]U Q@ Owta n QwLt "CU= xOW xDiQo Q_v QO Q}D
\}Lt pw] QO xQ=wty w xOw@ |v=}t K]U Q@ T=tt 's QwLt w Q}D Ovv=t 'xLiY
u=wva =@ P |x]kv "CU= xOW xO=O CmQL |[Qa `]kt |xYNWt R=QD |vLvt

[41]"OwW|t xDN=vW VQ@ RmQt =} ?]k -=O@t
'FG OvtiOy lR=vQ=OH Q}D |r}rLD pOt Q@ sm =L CqO=at G=QNDU= |=DU=Q QO

:CU= xOW Qw_vt C=}[Qi u}=
Q_v QO |]N |xOwOLt QO =yu; C=Q}}eD w lJwm |xr�Ut VvQm |=yxir-wt �

"OwW|t xDiQo

"R=@ lR=vQ=OH Q}D |[Qa `]kt Q@ `k=w C=YDNt x=oDUO "1 pmW
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"""|
a@=D

GQO
t|

=yQ}
D|

Wv=t
m|

=yQ=
@|

UQQ
@

R= |L]U Qy QO xm |Qw]x@ 'OvDUy |Rri w |m}t=QU |=y<RH \qDN= |tHL
:CU= Q=QkQ@ 11 |x]@=Q '|a@=D pmW|J} wOv=U Q}D |a@=D GQOt |x}L=v Ct=N[
Vc(n) + Vm(n) = 1 (11)

x@ =Q |m}t=QU <RH |tHL QUm u=wD|t 'xO=U |v=wD `} RwD uwv=k R= xO=iDU= =@
[42]:CWwv 12 |x]@=Q CQwY

Vc(n) =
�1

2 + n
h

�p
; 0 � p <1 (12)

h}YwD =Q |a@=D OvtiOy |x}q Ct=N[ QO O=wt `} RwD |ovwoJ p 'u; QO xm
|=Q@ xm OwW|t xOy=Wt 8 |x]@=Q x@ xHwD =@ w 3 pmW j@=]t "�3 pmW� Ovm|t
xU}=kt QO |m}t=QU <RH ?}mQD syU OYQO '\qDN= XN=W R= QDlJwm Q}O=kt

"Tmar=@ w CU= QDW}@ |Rri <RH =@
uwU=wB C@Uv QF= 'Q[=L pOt =@ lR=vQ=OH Q}D p}rLD w x} RHD QO xm |}=Hv; R=
xOW ZQi |oO=U Qw_vtx@ wQ u}= R= 'CU= R}J=v nv=} pwOt QF= =@ xU}=kt QO
ZQi |oO=U Qw_vt x@ 'Qo}O |iQ] R= "CU= C@=F uwU=wB C@Uv Q=Okt xm CU=
|[Qa `]kt |=yVN@ Ct=N[ |=DU=Q QO \ki Kr=Yt X=wN xm CU= xOW
X=wN R= Ct=N[ |=DU=Q QO p=@ w u=H <=[a= u=UWm pwOt w OQ}o|t CQwY
T=U=Q@ n = +h=2 |m}t=QU Xr=N X=wN x@ n = �h=2 QO |Rri Xr=N
uoty=v Q=DN=U OQwt QO R=}vOQwt C=L}[wD x@ xHwD =@ "O@=}|t Q}}eD |v=wD `} RwD
|m}t=QU w |Rri <=RH= =@ |a@=D GQOt O=wt X=wN 'Q[=L VywSB QO |a@=D OvtiOy
'�|a@=D |}x}qlD� A |=ypOt 'Ct=N[ |=DU=Q QO |m}t=QU R=i |tHL QUm w
h} QaD 15 |r= 13 \@=wQ CQwY x@ �|}x}qxU� C pOt w �|}x}qwO� B pOt

[43]:OvwW|t
A ẁv

Vc =
�1

2 + n
h

�p
; �h2 � n � +h

2 (13)

B ẁv

Vc =

8<:� 1
2 + n

h

�p ; �0=5h � n � (0=5� �)h

1 (0=5� �)h � n � 0=5h
(14)

`]kt p=@ w u=H |a@=D |x}q Ct=N[ O=ODt= QO |tHLQUm `} RwD "3 pmW
"pmW|]wk

|]}Lt |=DU=Q QO s x@ C@Uv |Q}op=QoDv= =@ w �?3� |x]@=Q R= xO=iDU= =@
�w |}=Hx@=H |xir-wt u=wD|t |]}Lt QwDv=m |wQ x=wNrO |}x]kv =D -=O@t |x]kv R=

:OQm G=QNDU= 7 |x]@=Q CQwY x@ =Q
�w(s; z) = W (z) sin �(s)� dU

dz
x(s)� dV

dz
y(s)� @�(z)

@z
!(s)

(7)

[43]:Ov=xOW |iQat 8 |x]@=Q CQwY x@ |]N VvQm |=yxir-wt 'xt=O= QO
"z = "0

z + (x+ n sin �)�y + (y � n cos �)�x + (! � nq)�!

sz = n�sz (8)

w �! = ��;zz '�x = �U;zz '�y = �V;zz '"0
z = W;z 'u; QO xm

w x |=y=DU=Q QO =y=vLv= '|QwLt VvQm |xOvyOu=Wv ?}DQD x@ w �zs = 2�;z
2 |=yxrO=at R= xO=iDU= =@ "OvDUy |WJ}B <=vLv= w |oOQwN?=D R= |W=v <=vLv= 'y
CQwYx@ =Q |a@=D GQOt Q}D VvQm � VvD Q@ sm =L |xrmWDt |x]@=Q u=wD|t '8 w

:CWwv 9 |x]@=Q(
�z
�zs

)
=

"
E(n) 0

0 G(n)

#(
"z

zs

)
(9)

x@ `]kt |WQ@ pwOt w |v=UWm pwOt Qov=}@ ?}DQD x@ G(n) w E(n) u; QO xm
"OvDUy `]kt |=yx}q R= s=Om Qy |UOvy QwLt R= n |xrY=i

pNrNDt |a@=D |xR=i wO OvtiOy `]kt X=wN |R=UpOt "2"2
wO uoty=v Q=DN=U =@ xDU@ lR=vQ=OH pmW|]wk Q}D |[Qa `]kt '2 pmW QO
�u=H w p=@� `]kt <=RH= 'u; j@=]t xm &OwW|t xOy=Wt FG |a@=D GQOt |xR=i

"Ov=xOW xDN=U ẁvDt pOt xU =@ |m}t=QU w |Rri <RH wO \qDN= R=
Ct=N[ |=DU=Q QO QwmPt FG Q}D u=H w p=@ X=wN `} RwD xmCU= xOW ZQi
Ovm|t C}a@D O=wt |tHL QUm |]N \qDN= uwv=k R= pNrNDXN=W Qw[L QO w

[42]:O};|t CUOx@ 10 |x]@=Q R= w
E(n) = EcVc(n) + EmVm(n)� �Ec + Em

2 (10)

w |m}t=QU Xr=N |v=UWm pwOt |xOvyOu=Wv ?}DQD x@ Em w Ec 'u; QO xm
QUm |xOvyOu=Wv R}v Vm w Vc Qw]u}ty "OvDUy pNrNDXN=W hQat � w |Rri

"pmW|]wk |[Qa `]kt =@ Q}D MQt}v hrDNt |=ypOt "2 pmW
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|xQ
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u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt K]U VQ@ RmQt C=YDNt ys w xs w |QwLt Q=@ P 0 'Q}N= \@=wQ QO "OvDUy

=yO=ODt= "OvDUy QwLt pwL K]U |UQv}= u=tt Qov=}@ Ip w 'lR=vQ=OH Q}D `]kt
'Q[=L VywSB pw= |Qw;wv 'xmv}= K}[wD "OvwW|t h} QaD 1 pmW j@=]t =}=wR w
R= |a@=D |xDUy =@ |[Qa `]kt uOw@ |J} wOv=U 'swO |Qw;wv w pNrND QF= |va}

"Ov=xOW Tmavt xr�Ut pN=O x@ QwmPt |DNU ?}=Q[ j} Q]
E11 =

Z
s
A11ds

E12 =
Z
s
(A11x+B11sin�)ds

E13 =
Z
s
(A11y �B11cos�)ds

E14 =
Z
s
(A11! �B11q)ds

E15 =
Z
s
(A16

F
2t +B16)ds

E22 =
Z
s
(A11x2 + 2xB11 +D11sin2�)ds

E23 =
Z
s
(A11xy �B11(x cos� � y sin�)� 1

2D11sin2�)ds
E24 =

Z
s
(A11x! �B11(xq � !sin�)�D11q sin�)ds

E25 =
Z
s
(A16x+B16(x+ F

2t sin�) +D16sin�)ds

E33 =
Z
s
(A11y2 � 2B11y cos� +D11cos2�)ds

E34 =
Z
s
(A11y ! �B11(yq + !cos�) +D11qcos�)ds

E35 =
Z
s
(A16

F
2t y +B16(y � F

2t cos�)�D16cos�)ds

E44 =
Z
s
(A11!2 � 2B11!q +D11q2)ds

E45 =
Z
s
(A16

F
2t! +B16(! � Fq

2t )�D16q)ds

E55 =
Z
s
(A66

F 2

4t2 + 2B66
F
t

+D66)ds (19)

|x]@=Q� |RQt \}=QW \@=wQ QO 18 |x]@=Q |U} QD=t CqO=at |Q=Po}=H =@
?UL Q@ Vv=tm Q@ sm =L CqO=at K} QY sQi 'uwDr}ty pY= R= GQNDUt �17

:Ov=xOW xYqN 20 |x]@=Q CQwYx@ |}=Hx@=H |=yxir-wt
E11W;zz � E12U;zzz � E13V;zzz � E14�;zzz + 2E15�;zz = 0
E12W;zzz � E22U;zzzz � E23V;zzzz � E24�;zzzz + 2E25�;zzz

+P 0(U;zz + ys�;zz) = 0
E13W;zzz � E23U;zzzz � E33V;zzzz � E34�;zzzz

+2E35�;zzz + P 0(V;zz � xs�;zz) = 0
E14W;zzz + 2E15W;zz � E24U;zzzz � 2E25U;zzz

�E34V;zzzz � 2E35V;zzz � E44�;zzzz + 4E55�;zz

+P 0(Ip
A

�;zz + ysU;zz � xsV;zz) (20)

|Q=O}=B=v |xr�Ut Q@ sm =L CqO=at|twta sQi Qov=}@ '20 CqO=at |xawtHt

C ẁv

Vc =

8>>>><>>>>:
��jnj+0=5h

0=5(1��)h

�p
; +0=5�h � n � +0=5h

1; �0=5�h � n � 0=5h��jnj+0=5h
0=5(1��)h

�p
; �0=5h � n � 0=5�h

(15)

|DNU 'A11 |QwLt |DNU |xHDvt |=yT} QD=t u=wD|t =yu; R= xO=iDU= =@ xm
`]kt D11 |WtN |DNU w B11 |WtN � |QwLt �|oOWCiH�|oDU@ty
\@=wQ R= u=H w p=@ <=[a= Ct=N[ |=DU=Q QO |Q}op=QoDv= =@ =Q Q}D |[Qa

:OQw; CUOx@ 16
A11 =

Z
s
E(n)dn

B11 =
Z
s
nE(n)dn

D11 =
Z
s
n2E(n)dn

D66 =
Z
s
n2G(n)dn (16)

xrmWDt CqO=at w |WvQm |SQv= "3"2
|SQv= '�uwDr}ty pY=� |R=Ht Q=m pY= |Q}oQ=mx@ =@ [44]'�2015� |r w ww nvwi
|QwLt Q=@ QF= uO=O Cr=NO =@ =Q h}a[ sQi QO sDU}U QO xOvwWxQ}NP p}Uv=DB
|=yxHDvt ?UL Q@ =Q Q}D Vv=tm |xr�Ut Q@ sm =L CqO=at w xOQm G=QNDU= 'GQ=N
'Mx 'Nz =yu; QO xm 'Ov=xO=O x�=Q= 17 |x]@=Q CQwYx@ |Qovr w |QwLt |wQ}v
|WtN |=yQw=DWo '|QwLt |wQ}v |=yxHDvt Qov=}@ ?}DQDx@ Mt w M! 'My

QO "OvDUy |WJ}B Qw=DWo w '�xOvyO?=D� |H=Hwa= Qw=DWo 'y w x |=y=DU=Q QO
?UL Q@ |Qovr w |QwLt |wQ}v |=yxHDvt |U} QD=t |xOQWi sQi R}v '18 |x]@=Q

[43]"CU= xOW x�=Q= �Eij� Q}D |DNU <=RH= w xDi=}s}taD VvQm |=yxir-wt
@Nz
@z

= 0
@2My

@z2 + P 0(U 00 + ys�00) = 0
@2Mx

@z2 + P 0(V 00 � xs�00) = 0
@2M!

@z2 + 2@Mt

@z
+ P 0(Ip

A
�00 + ysU 00 � xsV 00) = 0 (17)8>>>>>>><>>>>>>>:

Nz
My

Mx

M!

Mt

9>>>>>>>=>>>>>>>;
=

266666664
E11 E12 E13 E14 0
E21 E22 E23 E24 0
E31 E32 E33 E34 0
E41 E42 E43 E44 0
0 0 0 0 E55

377777775

8>>>>>>><>>>>>>>:
"0
z

�y
�x
�!
�zs

9>>>>>>>=>>>>>>>;
(18)

E44 '|WtN |DNU Qov=}@ E33 w E22 '|QwLt |DNU Qov=}@ E11 '=yu; QO xm
Q=DN=U =@ lR=vQ=OH Q}D |WJ}B |DNU pO=at E55 '|H=Hwa= |DNU hQat
OvDUy Q}D |DNUT} QD=t <=RH= |xOvyOu=Wv =yEij '|rmQw]x@ "OvDUy|D} RwBt=m
�ss '�! '�x '�y '"0

z u}vJty "Ov};|t CUOx@ 19 \@=wQ |xawtHt R= xm
'x w y |=yO=ODt= QO |QwLt wO <=vLv= '|QwLt VvQm hQat ?}DQD x@ |=yQDt=Q=B
Q[=L Q}D `]kt QO �|oO}@=D� |oOQwNI}B <=vLv= w VQ@ RmQt pwL |WJ}B <=vLv=
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"""|
a@=D

GQO
t|

=yQ}
D|

Wv=t
m|

=yQ=
@|

UQQ
@

|=yxQo |}=Hx@=H |=yxir-wt ?UL Q@ ' 	j |D}tQy �pmW|@amt� |}xrtHOvJ
:OQm u=}@ 23 w 22 \@=wQ |xawtHt j@=]t |}=yDv= w |}=OD@=

W (z) = W1	1(z) +W2	2(z)

U(z) = u1	1(z) + u1;z	2(z) + u2	3(z) + u2;z	4(z)

V (z) = v1	1(z) + v1;z	2(z) + v2	3(z) + v2;z	4(z)

�(z) = �1	1(z) + �1;z	2(z) + �2	3(z) + �2;z	4(z) (22)

 1(z) = 2z3=le3 � 3z2=le2 + 1
 2(z) = z3=le2 � 2z2=le + z

 3(z) = �2z3=le3 + 3z2=le2

 4(z) = z2=le2 � z2=le (23)

|}=OD@= |=yx@r u=QwO w =y|}=Hx@=H Q@ sm =L|UOvy |xv=oxU |RQt\}=QW ẁv
:CiQo Q_v QO CQwY u}= x@ u=wD|t =Q Q}D |}=yDv= w

: �SS� xO=U QU wO |RQt \}=QW �
x = 0 : u = v = w = � = 0;x = L : u = v = � = 0

:�CS� xO=U QUm} Q=OQ}o QUm} |RQt \}=QW �
Clamped edge : x = 0 : u = v = w = � = 0;u0 = v0 = �0 = 0
Simply Suported edge : x = L : u = v = � = 0

:�CF� O=R; QUm} Q=OQ}o QUm} |RQt \}=QW �
Clampededge :x = 0 : u = v = w = � = 0;u0 = v0 = �0 = 0
Free edge : x = L : None:::

pY= R= GQNDUt |r=QoDv= |xrO=at QO \=kv |=y|}=Hx@=H |Q=Po}=H =@
CUOx@ =yxQo |}=Hx@=H |xrO=at K} QY sQi '�xOW h}a[ sQi� uwDr}ty
w �vi '�ui '�wI |xDU@=wQ}e C}y=t Crax@ 'Qo}O hQ] R= [41]"O};|t
uO=O Q=Qk QiY =@ u=wD|t 'xOW h}a[ sQi =@ |r=QoDv= |xrO=at QO ��i
=yu=tr= R= s=Om Qy OwOLt u=tr= pOt 'xOW QmP |=yC}tm R= s=Om Qy ?}=Q[
h}YwD24 |x]@=Q j@=]t 'xDi=}s}taD |xYNWt Q=Okt |xr�Ut ?r=k QO =Q

:OQm
(K � �G)�� = 0 (24)

:O};|t CUOx@ 25 |x]@=Q 'u; QO xm
� = fw1 w2 u1 u01 u2 u02 v1 :::

:::v01 v2 v02 �1 �01 �2 �02gT (25)

\@DQt |xS} w Q=Okt =@ Q_=vDt |}xQo |=y|}=Hx@=H |xS} w Q=OQ@ � 'u; QO xm
T} QD=t |xOvyOu=Wv ?}DQDx@ R}v G w K 'u}vJty "OvDUy � = Pcr |=Q@
u} wov \UwD p}YiD x@ xm OvDUy |UOvy |DNU T} QD=t w u=tr= |DNU
R= X=wN C=Q}}eD Qo = '|rm Cr=L QO [41]"Ov=xOW x�=Q= �2016� u=Q=mty w
�u=H w p=@� |a@=D `]kt <=[a= Ct=N[ |=DU=Q QO \ki nv=} pwOt xrtH

xDU@ty sy x@ C@Uv u=mtQ}}eD |=yxir-wt u; QO xm |wLv x@ 'CU= |m}D=DU=
QO uQ=kD |Q=QkQ@ w |UOvy uQ=kD OwHw ZQi w X=N \}=QW CLD "OvDUy
w xs = ys = 0 x@ QHvt y w x |=yQwLt x@ C@Uv =yx}q X=wN `} RwD
|=yxrO=at 'xH}Dv QO xm &OwW|t sy |wQ Q@ K]U |UOvy w VQ@ Rm =Qt j=@]v=
|WtN Vv=tm |=yOwt =@ Q_=vDt xm 20 CqO=at |xawtHt QO swU w swO
|QwLt Vv=tm Owt R= pkDUt w sy R= pkDUt 'OvDUy y w x |=yQwLt pwL
CLD xmv; p=L "OvwW|t �sQ=yJ |xrO=at� |WJ}B Owt w �pw= |xrO=at�
|=yxrO=at u}@ |O}OW |oDU@ty '21 |x]@=Q j@=]t w xOWQmP C=[wQit
xm 'OwW|t xDN=vW |Ovw}B Vv=tm Owt u=wva x@ xm O};|t OwHw x@ sQ=yJ w pw=
lR=vQ=OH `]kt |WJ}B Owt w |QwLt u=mtQ}}eD Owt u=t-=wD Q=F; |xOvQ}oQ@ QO

:CU=
E11W;zz � E14�;zzz = 0
E22U;zzzz + P 0U;zz = 0
�E33V;zzzz + P 0V;zz = 0
E14W;zzz � E44F;zzzz + 4E55�;zz + P 0 Ip

A
�;zz = 0 (21)

Q=OH `]kt |Dkw 's}N[ Q=OH Ovv=t 'Tm =@ pmW|]wk `]kt hqNQ@ =Q} R
QwmPt |oDU@ty p}rO x@ 'OQ}o|t Q=Qk P 0 |QwLt |wQ}v CLD pmW|]wk lR=v
pN=Ox@ G=Hwa= `@=D j} Q] R= u; QF= '`]kt |WJ}B Owt w |QwLt u=mtQ}}eD Owt u}@
O=H}=Vv=tm 'QwmPt C=[wQitCLD =Pr "OwW|tTmavt|m}D=DU= pO=aD CqO=at
Oy=wN s}N[ Q=OH =} Q)B wD `]=kt |QwLt Vv=tm x@ C@Uv |Dw=iDt C}y=t xOW
=@ u; Ot=}B w OwOLt u=tr= VwQ |Q}oQ=mx@ =@ xOW xQ=W= \}=QW CLD xm &CW=O
'Vv=tm Q@ sm =L |xYNWt |xrO=at pL =@ w sDU}U |DNU |=yT} QD=t G=QNDU=
|k}irD Q@ ptDWt xm =Q Vv=tm C}a[w =@ Q_=vDt |v=QL@ |wQ}v u} QDlJwm u=wD|t
xDU@ lR=vQ=OH `]kt Vv=tm C}iQ_ u=wvax@ 'CU= |WJ}B w |QwLt |=yOwt R=

"OQw; CUOx@

OwOLt u=tr= VwQ x@ xr�Ut |Ov@pwtQi "4"2
=@ w �4 pmW� x@=Wt u=tr= OvJ x@ |QwLt |=DU=Q QO Q}D |Ov@s}UkD =@ 'xt=O= QO
Qy pN=O \=kv |}=Hx@=H u=O}t |=yxir-wt u=wD|t 'OwOLt u=tr= VwQ |Q}oQ=m x@
|@=}uwQO `@=wD w 	j |Sv=Qo q |]N |@=}uwQO `@=wD R= xO=iDU= =@ =Q =yu=tr= R= s=Om

"|rw] |=DU=Q QO Q}D |=yu=tr= |UOvy l}D=tW pmW "4 pmW
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|xQ
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u=DU
tR�

h}
QW

u=Qt
a|

UOv
yt

"|RQt \}=QW R= hrDNt Cr=L wO |=Q@ C=Q}}eD "5 pmW

|=Q@ \qDN= |v=wD XN=W Q@=Q@ QO Vv=tm |v=QL@ |QwLt Q=@ C=Q}}eD "6 pmW
"Cw=iDt |=y�

xDiQo Q_v QO L=b3 = 40 Q@=Q@ Q}D Q_vt C@Uv ,=vt[ "CU= u=H |m}t=QU |x}q
CQwYx@ 'Q}D `]kt Q=OH |=DU=Q QO O=wt `} RwD R= |[Qa `]kt xU "CU= xOW
xOW x�=Q= C w B 'A u} w=va =@ 'Xr=N |m}t=QU |xDUy =@ x}qxU w x}qwO 'x}qlD
pYi QO |m}t=QU X=wN x@ |H} QOD CQwYx@ '|a@=D |x}q QO Kr=Yt X=wN w
|a@=D OvtiOy Q}D |[Qa `]kt '2 pmW j@=]t "CU= xDi=} V}=Qo =yx}q lQDWt
uoty |=yx}q X=wN `} RwD |ovwoJ w |UOvy Q=DN=U hQat xm pmW|]wk
C3 w C2 'C1 u} w=va =@ 'CU= pmW|]wk `]kt =@ Q}D |[Qa `]kt |a@=D w

"CU= xOW |iQat

|OOa p}rLD "4
QO Vv=tm |v=QL@ Q=@ QO |m}t=QU |x}q Ct=N[ C@Uv QF= "1"4

�SS� xO=U QU wO Q}D
|QwLt Q=@ ZQat QO 'pmW|]wk |xDU@ lR=vQ=OH Q}D Vv=tm |xr�Ut =OD@= QO
xOW ZQi =DU=Q u}= QO "CU= xOW |UQQ@ �2 pmW� C2 pOt QO xOW x�=Q= Q}D
Q}D u=H |m}t=QU |xDUy w =yp=@ |m}t=QU |=yx}q Ct=N[ C@Uv xm CU=
Q=Owtv '6 pmW QO "CU= xOw@ �1 = �2 = �3 = �4 = � Q@=Q@ w u=Um}
Q=Okt 6 |=Q@ '\qDN= |v=wD XN=W C=Q}}eD Q@=Q@ QO Vv=tm |v=QL@ |wQ}v C=Q}}eD
'u; j@=]t xm &OwW|t x_Lqt ��� |m}t=QU |x}q Ct=N[ C@Uv R= hrDNt

Ovy=wN 27 w 26 \@=wQ sQi x@ |UOvy w |DNU T} QD=t <=[a= 'ODi}@ j=iD=
:Ow@

K =

26666664
[K11

IJ ][2�2] [K12
IJ ][2�4] [K13

IJ ][2�4] [K14
IJ ][2�4]

... [K22
IJ ][2�4] [K23

IJ ][2�4] [K24
IJ ][2�4]

... � � � [K33
IJ ][2�4] [K34

IJ ][2�4]

sym: � � � � � � [K44
IJ ][2�4]

37777775
(26)

G =

26666664
[0]2�2 [0][2�4] [0][2�4] [0][2�4]

... [G22
IJ ][2�4] [0][2�4] [G24

ij ][2�4]

... � � � [G33
IJ ][2�4] [G34

IJ ][2�4]

sym: � � � � � � [G44
IJ ][2�4]

37777775 (27)

|OOa |R=UpOt "3
Vv=tm |}=tR;|DU=Q "1"3

[44]'�2015�Vv=Q=mtywlvq Q=DWwv x@=Wt 'Q[=LpOtG}=Dv|}=tR;|DU=Q Qw_vt x@
'b1=h = 20O=a@=C@Uv =@ x}qlD |a@=D GQOt pmW|]wk Q}D xmCU= xOW ZQi
C=YNWt =@ |m}t=QU <RH wO R= xOW xDN=U L=h = 1600 w b2=h = 40
Em = �0GPa =@ |Rri|tHL<RH w vc = 0=3 wEc = 380Gpa|m}v=mt
[44]`HQt j@=]t '=DU=Q u}= QO "OQ=O Q=Qk |QwLt Q=@ Q}F-=D CLD �m = 0=3 w
Q=OQ}o QUwO �hr= % ẁv wO R= Q}D |=yx@r Q@ sm =L |RQt \}=QW xm CU= xOW ZQi
G}=Dv |:tm |xU}=kt '5 pmW QO "CU= �SS� lQLDt=v |xO=U QU wO �? '�CC�
Vv=tm C}iQ_ C=Q}}eD |=Q@ [44]'Q}N= `HQt G}=Dv =@ Q[=L VywSB R= GQNDUt
Q}N= |RQt \}=QW R= Cr=L wO |=Q@ |tHL \qDN= QUm XN=W QDt=Q=B Q@=Q@ QO
=@ |@ wN Q=}U@ j=@]v= 'Q[=L pOt R= pY=L G}=Dv 'u; j@=]t xm &OwW|t xOy=Wt

"OQ=O [44]Vv=Q=mty w lvq VywSB QO xOt; CUOx@ Q_=vDt G}=Dv

|QwLt |Q=PoQ=@ CLD lR=vQ=OH |a@=D GQOt Q}D "2"3
=D \Uw O=a@= w h Q=OH Ct=N[ =@ xDU@ |r}]DUt |[Qa `]kt =@ lR=vQ=OH Q}D
'u}vJty "CU= xOW ZQi xO=U|y=ox}mD |RQt\}=QWCLD �b1�b2� Q=OH\Uw
'h = 5mm pO=at CN=wvm} Qw]x@ Q=OH Ct=N[ 'ZwQit `]kt x@ xHwD =@
Q_vt C@Uv pO=at R}v L=b2 C@Uv "CU= xOW ZQi b1 = 40h w b2 = 20h
w u=H R= sa= Q}D |[Qa `]=kt xm CU= xOW ZQi ,=vt[ "CU= xOW |iQat Q}D
OvtiOy |x}q xm |wLv x@ 'OvDUy �|}x}qOvJ =} |D} RwBt=m � pmW|J} wOv=U 'p=@
xOW xDN=U (Al=Al2O3) |m}t=QU |Rri |=yR=i |Q=DN=UR} Q ?}mQD R= u; |a@=D
Qo}O R=i x@ R=i l} R= O=wt X=wN p=kDv= 'QwmPt |=yx}q QO xm |Qw]x@ &CU=
pwOt xm CU= xOW ZQi '=DU=Q u}= QO "ODi=|t j=iD= xDUw}B w |H} QOD CQwYx@
�Al� |Rri <RH w Ec = 320=7GPa Q@=Q@ �Al2O3� |m}t=QU <RH u=UWm
xm CU= xOW ZQi |oO=U |=Q@ u}vJty "CU= Em = 105=69GPa Q@=Q@
ZQi Qo}O hQ] R= "CU= � = 0=3 Q@=Q@ w |w=Ut <RH wO Qy uwU=wB C@Uv
uoty |=yx}q Ct=N[ C@Uv |xOvyOu=Wv ?}DQD x@ �2 w �1xm CU= xOW
Ct=N[ C@Uv pO=at R}v �3 w OvDUy `]=kt |v=DLD w |v=kwi |=yp=@ |m}t=QU
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Wv=t
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=yQ=
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UQQ
@

"� hrDNt Q}O=kt <=R= x@ CS |=ypOt =@ Q}D QO Pcr � p C=Q}}eD "8 pmW

&CU= xO=Di= j=iD= QDlJwm |=yQ=@ QO Vv=tm '\qDN= |v=wD XN=W V}=Ri= =@
CtU x@ \qDN= |v=wD XN=W V}=Ri= |xt=O= =@ =yCr=L |t=tD QO xm |wLv x@
|Wy=m OvwQ Vy=m '|Y=N Q=Okt l} QO uOW C}@FD =D |v=QL@ Q=@ '|Rri X=wN
�C2� |}x}qwO |=ypOt |=Q@ pY=L G}=Dv |xU}=kt 'Qo}O hQ] R= "CU= xDW=O
|UOvy C=YNWt <=R= x@ xm CU= C}ak=w u}= |xOvyOu=Wv '�C3� |}x}qxU w
xU}=kt QO |}x}qxU X=wN `} RwD =@ `]kt Vv=tm '�R= X=N Q=Okt Qy w u=Um}
QDW}@ x@ R}v u; p}rO "CU= xO=Di= j=iD= |QDu}}=B |=yQ=@ QO |}x}qwO X=wN =@
"CU= pOt =@ xU}=kt C3 QO C2 pOt QO |m}t=QU <RH \qDN= |tHL QUm uOw@
QO |m}t=QU <RH CmQ=Wt syU V}=Ri= ?@U � C@Uv V}=Ri= 'Qo}O hQ] R=
QDnQR@ Q}O=kt =Q} R &CU= xOW |Rri <RH syU =@ xU}=kt QO `]kt |Dtw=kt ptLD
u; `@D x@ w p=@ w u=H |m}t=QU |x}q Ct=N[ C@Uv uOw@ QDnQR@ =@ Q_=vDt �
'|m}t=QU <RH QUm V}=Ri= Ot=}B 'xH}Dv QO "CU= |m}t=QU |tHL QUm V}=Ri=
`]kt |Wv=tm Q=@ ptLD |xvt=O OwW|t Ea=@ xm CU= Q}D |Wv=tm |DNU V}=Ri=
� = 1 =@ Q_=vDt |vLvt 'pOt wO Qy QO 'Q}N= pmW j@=]t u}vJty "O@=} Ow@y@
Q=Okt |xv}W}@ Q}D 'xOW QmP \}=QW QO xm CU= `]kt pm uOW |m}t=QU Qov=}@

"CW=O Oy=wN =Q |v=QL@ Q=@ u} QDW}@ =@ Q_=vDt |DNU

|RQt \}=QW =@ Vv=tm QO |m}t=QU |x}q Ct=N[ C@Uv QF= "3"4
CF

QO \qDN= |v=wD XN=W C=Q}}eD Q@=Q@ QO Vv=tm |v=QL@ Q=@ C=Q}}eD '9 pmW QO
xOy=Wt '�C2� x}qwO `]kt =@ O=R; QUl} � Q=OQ}o QUl} Q}D QO �hrDNt Q}O=kt
'\qDN= |v=wD XN=W V}=Ri= =@ '|r@k |=yCr=L x@=Wt 'u; j@=]t xm OwW|t
Vy=m |m}t=QU <RH syU Vy=m R= |W=v |DNU Vy=m Cra x@ Vv=tm Q=@ Q=Okt
Ct=N[ C@Uv V}=Ri= xm Ci=} QO u=wD|t Q}N= pmW R= u}vJty "CU= xDi=}
R}v Q}D |DNU '� V}=Ri= =@ 'Q}N= pmW j@] =Q} R &OQ=O xOvvmQ=O}=B QF= |m}t=QU

"CU= xO=Di= j=iD= xOQ=w Q=@ R= |QDnQR@ Q}O=kt QO Q}D Vv=tm w xDi=} V}=Ri=

|Wv=tm C}iQ_ QO |m}t=QU |x}q Ct=N[ C@Uv QF= "4"4
QO '�1 = �2 = �3 = �4 = � |m}t=QU Ct=N[ C@Uv QF= 'Q[=L VN@ QO
'10 pmW QO "CU= xOW |UQQ@ C3 ẁv pOt =@ 'xO=UQU wO Q}D Vv=tm C}iQ_
GvB |=Q@ '|m}t=QU Ct=N[ C@Uv Q@=Q@ QO |Wv=tm C}iQ_ C=Q}}eD |=y|vLvt

"�hrDNt Q}O=kt <=R= x@ C2 w C3 |=ypOt =@ Q}D QO Pcr � pC=Q}}eD "7 pmW

x@ u; `@D x@ w p V}=Ri= =@ '|m}t=QU Ct=N[ C@Uv R= X=N Q=Okt Qy |=Q@
CQwY x@ R}v Vv=tm =@ Q_=vDt |v=QL@ Q=@ Q=Okt '|m}t=QU <RH syU Vy=m Cra
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w C3 ẁv pOt =@ 'xO=U QU wO |=yQ}D |=Q@ Q}N= |=yQ=Owtv "OvwW|t xOy=Wt
"Ov=xOW s}UQD �i = 0=3 pO=at |m}t=QU |=yx}q Ct=N[ C@Uv ZQi =@
Ec=Em < |xOwOLt QO xm OwW|t x_Lqt Kw[w x@ 'QwmPt pmW j@=]t
|DNU V}=Ri= Crax@ |Wv=tm C}iQ_ '\qDN= |v=wD XN=W V}=Ri= =@ 1
QO xm CU=O}B u}vJty "CU= xDi=} V}=Ri= |Y=N Q=Okt QO uOW C}@FD =D
p !x@ p = 1 R= \qDN= |v=wD XN=W V}=Ri= =@ 'Ec=Em > 1 |xOwOLt
|Y=N Q=Okt QO uOW C}@FD =D |DNU Vy=m Cra x@ |Wv=tm C}iQ_ '1
Ec=Ec = 1 Cr=L QO xm CU= C}ty= R�=L xDmv u}= x@ xHwD "O@=}|t Vy=m
C}iQ_ OwQ|t Q=_Dv= xJv=vJty Cr=L u}= QO w xOW uoty '`]kt Q=DN=U
Oy=wN |D@=F Q=Okt |=Q=O 0=25 � Ec=Em � 3 |xOwOLt QO |Wv=tm

"Ow@

47



"""|
a@=D

GQO
t|

=yQ}
D|

Wv=t
m|

=yQ=
@|

UQQ
@

\}=QW QO � Q}O=kt <=R= x@ |v=wD XN=W Q@=Q@ QO |Wv=tm Q=@ C=Q}}eD "19 pmW
"�C2� |}x}qwO `]kt QO SS |RQt

\}=QW QO � Q}O=kt <=R= x@ |v=wD XN=W Q@=Q@ QO |Wv=tm Q=@ C=Q}}eD "20 pmW
"�C3� |}x}qxU `]kt QO SS |RQt

Qy QO 'u; j@=]t xm &OvwW|t x_Lqt CS |y=ox}mD |RQt \}=QW |=Q@ 'L=b2 Q}D
X=wN Q}}eD =@ 'Q}D Q_vt C@Uv Q}O=kt |t=tD <=R= x@ w |[Qa p}iwQB R= pOt xU
C}iQ_ '\qDN= |v=wD XN=W V}=Ri= |x]U=wx@ |Rri X=wN CtU x@ |m}t=QU
G}=Dv |xU}=kt 'Q_vOQwt |=yQ=Owtv QO 'Qo}O hQ] R= "CU= xDi=} Vy=m |Wv=tm
Q=Okt Qy QO xm CU= C}ak=w u}= |xOvyOu=Wv 'xOW x�=Q= pOt xU |=Q@ pY=L
R= QDW}@ 'C2 `]kt pOt =@ Q}D |Wv=tm C}iQ_ 'L=b2 Q_vt C@Uv R= |Y=N
'C2 pOt |m}t=QU |tHL QUm =Q} R "CU= C3 w C1 |=ypOt |Wv=tm C}iQ_
pOt wO x@=Wt C1 pOt QO uwJ ,=vt[ "CU= QDW}@ Qo}O pOt wO =@ xU}=kt QO
x@� C1 pOt |Wv=tm C}iQ_ 'xH}Dv QO &OQ=Ov OwHw Xr=N |m}t=QU |x}q 'Qo}O
Q=Owtv j@=]t u}vJty "CU= Qo}O pOt wO R= QDtm �pm |DNU uOw@ QDu}}=B Cra
Q_vt C@Uv V}=Ri= |xH}Dv 'xOW xQ=W= pOt xU Qy QO xm OwW|t xOy=Wt QwmPt
QO Q=DiQ u}ty x@=Wt "CU= |Wv=tm |Q@ Q=@ C}iQ_ Vy=m '�Q}D uOW p} w]� Q}D
"CU= xOW xOy=Wt R}v CF w SS |RQt \}=QW =@ Q}D QO 'Q[=L C=YNWt =@ Q}D

C}iQ_ QO `]kt p=@ w u=H |m}t=QU Ct=N[ C@Uv QF= "10"4
|Wv=tm

C}iQ_ QO `]kt p=@ w u=H |m}t=QU |x}q Ct=N[ Cw=iD QF= |UQQ@ |=Q@
"OwW|t x_Lqt �2 pmW j@=]t� C2 pOt |[Qa `]kt pmW ẁv wO '|Wv=tm
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1. shear-lag
2. Palermo
3. Brueggen
4. Shi & Wang

5. Zhang & Li
6. Liu
7. Ni & Cao
8. Hoult
9. Lu & Li
10. evolutionary polynomial regression
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11. concrete damage plasticity
12. Jiaxing
13. e�ective width
14. Ray
15. european seismic design code
16. uniform building code
17. british standard
18. axial load ratio
19. drift
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2. maximom dry density
3. optimom moisture content
4. Ojury
5. uncon�ned compressive strength
6. cohesion
7. Zeety
8. Pham
9. Hydrate Lime
10. Masjedsoleyman
11. plastisity index
12. uni�ed soil classi�cation system
13. soshlet extractor
14. Ec meter
15. centerfuge
16. SEM
17. XRD
18. peak
19. curing day
20. stress
21. CSH
22. CAH
23. calcite
24. quartz
25. sepiolite
26. cordierite
27. Anorthite
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'CU} R\}Lt '|vt}= '|Qw;OwU 'C}i}m 'u=tR 'xv} Ry %|=yxRwL QO =Q Q=mv=t}B x=oO}O
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umtt 'OwW|t xOy=Wt xm Qw]u=ty "Ov=xDW=O jraD swU x=oO}O x@ 3 KQ] C} Q}Ot
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27 "OUQ@ xv}W}@ u=R}t x@ u=QoQ=m |QwxQy@ |v=Uv= |wQ}v 3
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u} QDq=@ |=Q=O �xv} Ry� w �|vt}=� ' �C}i}m� '�u=tR� |=yxRwL |=yXN=W
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"CU= OwN h=Oy= x@ xSwQB uO}UQ |=Q@ xSwQB `kwt x@ |r=t u}t-=D x@ xHwD
Q_vt R= |O}rm |=yXN=W |rY= C} wrw= 'swO x=oO}O QO %swO x=oO}O p}rLD �
"Ov=xOw@ �lU} Q� w �|vt}=� '�CU} R\}Lt� |=yxRwL |=yXN=W 'u=Qw=Wt
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"KQ] C} Q}Ot x=oO}O R= OQmrta |O}rm |=yXN=W "6 pwOH

xQ=tW XN=W xRwL O=OaD
1 "OQ}o@ Q=Qk XNWt |}xOwOLt QO xQ=wty O}=@ u=tR OQmrta XN=W w |Ov@u=tR u=tOv=Q u=tR 2
12 "OW=@ xHwD OQwt C=t}tYD QO xQ=wty u=v; C=Q=_Dv= w xSwQB |O}rm u=aiv|P C}=[Q u=aiv|P 2
5 "OQ}o@ Q=Qk XNWt |}xOwOLt QO xQ=wty O}=@ xv} Ry OQmrta XN=W w xv} Ry u=tOv=Q xv} Ry 2

KQ] C} Q}Ot |=yx=oO}O C}wrw= 13 QO Q=QmDQB |=yXN=W
3 "OQ}PB CQwY O}=@v xSwQB |r=t u}t-=D QO |Q}N-=D u=tR 3
13 "OW=@ QDtm x@=Wt |=yxSwQB x@ C@Uv w OUQ@ umtt |xv}tm u=R}t x@ EO=wL MQv |vt}= 3

lQDWt x=oO}O |awv 'KQ] u=Q}Ot R= �71 "CU= xOt; CUO x@ =RHt x=oO}O ẁv 3
"CU= xOW Tmavt pw= OQm} wQ QO xm 'OvDW=O

|O}rm |=yXN=W 'KQ] u=Q}Ot Q_vt R= pw= x=oO}O QO %pw= x=oO}O p}rLD �
|}xS} w C}ty= '�xv} Ry� w �|v=Uv= |wQ}v� '�u=tR� |xRwL x@ \w@ Qt OQmrta
u=Q=mv=t}B pw= x=oO}O w u=}=tQiQ=m x=oO}O |Ov@`tH x@ 'pw= x=oO}O G}=Dv "Ov=xDW=O
O}=@v xSwQB |r=t u}t-=D QO |Q}N-=D� XN=W 'Q}N= x=oO}O QO "CU= xOw@ l}ORv
C} Q}Ot x@ \w@ Qt |=yXN=W uDiQo Q=Qk w xOw@ QDQ@ XN=W '�"OQ}PB CQwY
QO QwmPt |xRwL |xS} w C}ty= R= |m =L R}v swU w swO |=yC} wrw= QO u=tR

"CU= KQ] C} Q}Ot x=oO}O
|O}rm |=yXN=W 'KQ] u=Q}Ot Q_vt R= swO x=oO}O QO %swO x=oO}O p}rLD �
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xv}tm 'CU= xOW s=Hv= |Q=mxi=[= '|v=tR |xt=vQ@ x@ uO}UQ |=Q@ xm |}=yRwQ

"CU= xOW xDiQo Q_v QO QDQ@ XN=W u=wva x@ �"OwW
QO "OQ=O |}xS} w C}ty= '�u=tR� |xRwL R}v swU x=oO}O QO %swU x=oO}O p}rLD �
QO xm 'CU= xOW �|vt}=� |xRwL Q@ |O=} R O}m -=D 'u=tR Q@ xwqa 'swU x=oO}O
|}=Hu; R= |vt}= Q@ O}m -=D "OUQ|t Q_v x@ OQix@ QYLvt Qo}O |=yOQm} wQ u}@
|xv}tm u=R}t x@ EO=wL MQv� 'Q[=L x=oO}O QDQ@ XN=W xm OwW|t XNWt

"CU= xOW |iQat �"OW=@ QDtm x@=Wt |=yxSwQB x@ C@Uv w OUQ@ umtt
'�u=tR� |=yxRwL |=yXN=W KQ] C} Q}Ot |xv=oxU |=yx=oO}O ' ẁtHt QO
CU} R\}Lt� |=yxRwL |=yXN=W wC} wrw= u} QDq=@ '�|vt}=� w �|v=Uv= |wQ}v�
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Abstract
In this research, according to the existing gaps and re-
search objectives, at �rst, a review of the literature on
the subject and research background in the �eld of key
performance indicators has been done. According to the
results of the research background, a list of frequent
indicators was obtained. In the rest of the research,
using Q method and related software as well as ques-
tionnaires (48 questionnaires completed by 4 groups of
stakeholders including employers, contractors, consul-
tants, and project managers) were analyzed by factor
analysis. Though this research has been done in the �eld
of residential, o�ce, and commercial buildings, the over-
all research process can be implemented in all projects
and identify the views of di�erent stakeholders. By iden-
tifying the di�erent views of stakeholders, their serious
similarities and di�erences were identi�ed and con
ict-
ing views analyzed.

The evaluation results show that there are many simi-
larities between the views of one of the identi�ed factors
in one stakeholder group, with another factor in another
stakeholder group. For instance, the second view of the
contractor and the second view of the project manager
or the �rst view of the employer and the third view of
the project management are very close.
Generally, the key performance indicators including time,
quality, safety, and cost and procurement of construction
projects seem to be of great importance and can cover
the concerns of many stakeholders. Time and quality in-
dicators were present in the priorities of the �rst views
of all stakeholders.
Finally, the practical project management dashboard
should be designed with a small number of metrics that
have a signi�cant impact on project success. The results
of this research and the introduced priority indicators
that were agreed upon by all stakeholders (Like time
and quality) can be appropriate indicators for evaluat-
ing the performance of the project.

Key Words: Key performance indicators, Q methodol-
ogy, stakeholders.
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hperformance of L-shaped RC shear walls. The numeri-
cal results including the axial strain and displacement
distributions have been attained for 42 L-shaped RC
shear walls with three di�erent aspect ratios, at which
the shear-lag e�ects have been taken into consideration.
In addition, on the basis of the evolutionary polynomial
regression (EPR) analyses, applicable formulations have
been established to be utilized for the initial estimation
of the e�ective width of the L-shaped sections. The ef-
fectiveness of the proposed expressions has been exam-
ined by assessing the R-factor of the estimations. On
account of the average R-factor of 0.88, the capability of
the proposed expressions has been ascertained in assess-
ing the e�ective width of L-shaped sections. Moreover,
in order to further highlight the unavoidable e�ects of
level of axial loading and drift values on the variation of
the e�ective width, di�erent curves have been presented.
Furthermore, calculation of the Mean Absolute Relative
Error (MARE) index demonstrates that uniform distri-
bution can well estimate the e�ective width of L-shaped
RC walls.

Key Words: L-shaped RC shear wall, e�ective width,
shear-lag, FE simulation, EPR analysis.
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Abstract
Global oil production exceeds two million tons per year,
contaminating the soil around oil facilities. Consequently,
the soil's geotechnical properties are modi�ed. Since
Iran is an oil-rich country with numerous re�neries and
oil extraction facilities, it is crucial to study the mechan-
ical behavior of contaminated clay soils. This study ex-

amines the stabilization of oil-contaminated clay (CH)
soils in the Masjedsoleyman contaminated clay soils by
adding lime. To this end, laboratory tests were con-
ducted to determine the chemical properties, Atterberg
limits, standard compaction, and uncon�ned compres-
sive strength (UCS) of the soil and conduct a microstruc-
tural analysis. As a result, 144 contaminated soil sam-
ples (76 mm in height and 38 mm in diameter) contain-
ing 0, 4, 7, and 10and 9microstructural analyses after 1,
14, and 28 curing days. The results of the standard com-
paction test revealed that the optimum moisture con-
tent (OMC) of samples with greater oil contamination
decreased by 44.4dry density (MDD) increased. The un-
con�ned compressive tests indicated that adding 6other
cases. As curing time increased for lime-stabilized sam-
ples, the uncon�ned compressive strength of the samples
improved due to the cementation of lime particles with
clay soil. The microstructural analysis results demon-
strated that the 7discontinuous structure and numerous
porous spaces between soil particles. However, longer
curing times reduced the porosity and cavities in sam-
ples stabilized with di�erent lime percentages. This con-
�rmed the high cation exchange capacity of lime and
the presence of pozzolanic reactions, which increased the
uncon�ned compressive strength of the samples. Over-
all, this study demonstrates the e�cacy of adding lime
in stabilizing the contaminated clay and the potential
use of stabilized contaminated clay as an alternative
construction material and practice in the environmen-
tal protection of sites.

Key Words: Uncon�ned compressive strength, mi-
crostructural analysis, oil-contaminated clay, stabilization,
lime.
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Abstract
From the past until now, monitoring the health of struc-
tures and identifying di�erent locations of damage to
their elements have always been one of the basic require-
ments of maintaining structures and ensuring the safety
of residents. Damage is de�ned as any modi�cation to
the shape or material characteristics of a structure that
could impair its overall performance. Irreversible dam-
ages to structures can be avoided by promptly identify-
ing, repairing, and replacing any damaged components
in early stages. Damage to columns, one of the most
vital elements of building structures and bridges, can
pose serious concerns about the overall health of the
structures compared to damage to other elements. This
study proposes a detection index based on the slope
and curvature of the mode and explores its usefulness
in identifying distinct sites of column damage under ax-
ial load. The preliminary �ndings of this research re-
vealed that as the axial load increases, the value of the
natural frequency of all modes drops in both healthy
and damaged conditions. Considering that the given
columns may buckle and become unstable under the im-
pact of axial load less than the design axial load due
to damage, this underlines the necessity of addressing

the problem of damage detection in columns under this
load. The results also demonstrate that the frequency
values of healthy and damaged conditions are di�erent
due to damage. Damage detection using the suggested
index indicates that it is sensitive to the position of the
damage, and that by establishing relative maxima in the
damaged area, it is possible to recognize the location of
the damage with an error less than one percent. In ad-
dition, the �ndings demonstrated that while the amount
of axial load a�ects frequency values, it does not have
any e�ect on the values of the damage detection index.

Key Words: Structural health monitoring, structural
safety, column damage detection, axial load, mode curva-
ture detection index.
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Abstract
E�ective width is known as an important parameter in
the analysis and design of non-rectangular Reinforced
Concrete (RC) shear walls. Current design codes, i.e.,
ACI, CEN, UBC, and BS, propose a constant value for
the e�ective width calculation of 
anged sections, which
proved to be conservative and ine�ective in some cases.
Of the conventional non-rectangular RC shear walls, the
L-shaped sections have rarely been investigated in the
technical literature. As the L-shaped RC shear walls
can extensively be employed for structural and architec-
tural reasons, a reliable assessment of the e�ective width
of L-shaped sections is essential. Therefore, this paper
attempts to propose applicable formulations for the ef-
fective width estimation of L-shaped RC shear walls. In
that regard, a number of numerical investigations in-
volving �nite element analyses have been conducted in
the ABAQUS software in order to evaluate the cyclic
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hworse case, if the signal is measured under noisy ambient
loads, the extracted features lead to unreliable results in
damage diagnosis. In this study, a robust feature extrac-
tion method is presented by using time series analysis
and correlation relationship generalized in the frequency
domain. At �rst, a time-series model of the response
signal is obtained, and the parameters of the model con-
taining inherent and dynamic characteristics of the sig-
nal are separated from the model residual, which is in
u-
enced by the noise of ambient loads. Upon measuring the
model parameters, the high-dimensional signal is trans-
ferred to a space with a lower value in size, and the issues
due to high-dimensional data are addressed. By using
the obtained parameters, the characteristic function of
the signal is calculated in the frequency domain. By uti-
lizing a generalized correlation coe�cient relationship in
the frequency domain, a 2D damage-sensitive feature be-
ing a complex value can be extracted from the character-
istic function. Structural damage is detected by investi-
gating the angle of the feature extracted. Moreover, by
attending to the real part of the feature, the location of
damage can be identi�ed. To investigate the abilities of
the new feature in damage diagnosis tasks, a real-world
structure, S101 Bridge, is examined. To demonstrate
the advantages of the new feature in structural damage
diagnosis, the outcomes of this study in di�erent levels
of damage diagnosis, i.e., damage detection and dam-
age localization, are compared to some state-of-the-art
techniques in the �eld of Structural Health Monitoring
(SHM). The achievements of this study clearly show the
abilities of the proposed feature for damage diagnosis
of real-world structures, especially in the case of high-
dimensional data and noisy ambient excitations. More-
over, in comparison to other techniques, the proposed
damage diagnosis algorithm in this paper can detect and
localize structural damage with more accuracy.

Key Words: Structural health monitoring, damage-
sensitive feature, frequency-domain characteristic function,
correlation coe�cient, noise.
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Abstract
Recently, the growing needs of the engineering commu-
nity for smart structures have led to targeted mate-
rial technology gradually replacing conventional homo-
geneous and laminated composite materials. Among the
sandwich-shaped structures with targeted core, the thin
walled closed beam of sandwich box (with functionally
graded core), due to having desirable properties such as
high 
exural sti�ness, low density, desirable static and
dynamic properties likewise high strength against me-
chanical loads and stresses have received much atten-
tion.
In some speci�c applications, components of modern
structures, such as thin walled functionally graded beams
with a closed box geometry, are subjected to axial or
concentrated or wide transverse loads. Under these con-
ditions, the choice of loading parameters may lead to
lateral or axial buckling, which results in irrecoverable
damage to the structure. Buckling of an axially loaded
thin-walled functionally Graded sandwich box beam in
presence of structural non-homogeneity is studied.
In this study, taking into account the e�ects of the struc-
tural heterogeneity (via power law distribution), poros-
ity and e�ect of the cross-sections warping by means of
Vlasov's beam assumptions and applying the Hamilton's
principal the governing equations of the Buckling insta-
bility of the thin-walled functionally graded sandwich
box porous beam were derived. Then the �nite element
method was developed to formulate the problem. In fol-
lowing, for the case of various boundary conditions, the
related governing eigenvalue problem was derived and
solved numerically. The validity of the results was ac-
complished by comparing the results with those of the
literature. In following beside by providing the charac-
teristic buckling curves, the e�ect of di�erent parameters
of the problem, including the beam aspect ratio, mixing
volume fraction index, porosity index, core component
modulus ratio and ceramic layer thickness on the buck-
ling load were investigated comprehensively. It was ob-
served that di�erent parameters, especially the mixing
index and structural porosity index has a considerable
in
uence in determining the buckling boundary.

Key Words: Thin-walled beam, functionally graded
box beam, �nite element method, mixing volume fraction
index, critical buckling force.
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h the social force modeling method. The proposed hy-
brid model allows one or more activities to be simulated
more accurately. The approach used in this paper is
evaluated based on the data from a real project. The
results clearly show the reduction in productivity due
to overcrowding. The outputs of this work can be used
to obtain the optimal number of workers in an activity.
The model proposed in this paper gives project man-
agers the chance to have more realistic simulations of
work processes.

Key Words: Productivity, spatial constraints, discrete
event simulation, social force modeling.
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Abstract
Functionally graded materials are the novel class of ad-
vanced composite structures with variable properties in
one or more directions. The mechanical properties of
Functionally Graded Materials (FGM) such as Poisson's
ratio, Young's modulus of elasticity, material density
and shear modulus of elasticity undergo changes grad-
ually and continuously between two surfaces in a pre-
determined manner. FGM structures are often made
of a combination of ceramics and metals in which the
metal component provides strength and fracture resis-
tance while ceramic component provides thermal resis-
tance. Due to desirable properties, FGM materials are
used in various �elds of engineering such as optics, elec-
tronics, space vehicles, shipbuilding, mechanical, biome-
chanical and other engineering structures subjected
to high thermal and residual stresses. Therefore, the
analytical study of thermoelastodynamic problems is of
great importance for the functionally graded media. The

use of potential functions to analyze three-dimensional
elastic problems is one of the most e�ective methods.
This method facilitates solving three-dimensional elas-
tic problems by uncoupling the set of governing dif-
ferential equations or at least simplifying them. In
the present study, the displacement potential func-
tions for solving thermoelastodynamic problems in the
transversely isotropic media with functionally graded
materials are introduced. For this purpose, �rst, the
three-dimensional kinematic and thermodynamic equa-
tions for the functionally graded materials in the trans-
versely isotropic materials are written and then using a
systematic method to separate the equations, the dis-
placement potential functions to solve thermoelastody-
namic problems are obtained, which can be used further
to solve problems of beams, plates, shells, and in�nite
and semi-in�nite media. The obtained potential func-
tions include two scalar functions F andX ; the scalar
function F satis�es the sixth-order partial di�erential
equation while the X -scalar function satis�es the second-
order partial di�erential equation. In addition, in the
present study, the thermal potential functions for the
speci�c state of the isotropic functional graded media
are presented.

Key Words: Functional graded materials, transversely
isotropic materials, displacement potential functions, exact
solution, thermoelastodynamic.
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Abstract
Damage diagnosis of a high-dimensional structural sig-
nal is a complicated and time-consuming task. In the
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Abstract
Optimizing productivity of construction has always been
a challenge for project managers and planners. In pre-

vious studies, it has been pointed out that productivity
is directly related to the number of workers unless the
excessive number of workers in the workshop causes con-
gestion. Discrete event simulation is one of the mathe-
matical modeling methods used by researchers to study
productivity in construction. Discrete event simulation
models the operations considering the 
ow of resources
and the state of entities within the system. In this
model, the entities are passive elements that are pro-
cessed during the work process. Due to the nature of
the entities in a discrete event simulation model, it is not
possible to investigate the e�ect of physical interaction
of individuals on productivity using this method alone.
Social Force Modeling has a great ability to model the
movement of people and physical interaction between
people and the environment. This study tries to investi-
gate the direct impact of manpower on productivity by
modeling the work process and the e�ect of physical in-
teractions of workers due to the increase in the number
of workers and workshop spatial constraints. For this
purpose, a hybrid model has been developed that in-
cludes a combination of two models. In the �rst model,
the discrete event simulation method is used to simulate
the work process. In the second model, the movement
and physical interaction of workers are modeled using
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